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Abstract

This study introduces a novel numerical method for solving first-order VVolterra-Fredholm Integro-Differential Equations
(V-FIDEs). The proposed approach reformulates V-FIDEs as integral equations, which are then approximated using power series
polynomials. The resulting problem is converted into a system of algebraic equations and solved using the standard collocation
method. After establishing the uniqueness and convergence of the approach, numerical examples were employed to evaluate its
effectiveness. The results indicate that the method performs competitively compared to existing techniques.
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1. Introduction

Integro-differential equations (IDEs) are powerful
mathematical tools that combine integral and derivative
operators, making them essential for modeling complex
phenomena in engineering, physics, biology, and economics
(Rahman, 2007). These equations are classified into Fredholm,
Volterra, and Fredholm-Volterra types, each with distinct
applications ranging from fluid dynamics and heat transfer to
population growth models. For instance, Vito Volterra
pioneered the use of IDEs in 1926 to study hereditary effects in
population dynamics (Rahman, 2007).

The analytical solution of IDEs is often intractable,
necessitating robust numerical methods. Recent advances
include the Bernstein polynomial method for linear Volterra-
Fredholm equations (Shahooth, Jameel, & Ameen, 2020),
collocation techniques for first-order and fractional-order
equations (Ajileye & Aminu, 2022) and (Ajileye, James,
Ayinde, & Oyedepo, 2022), and spectral methods employing
Chebyshev-wavelets and Rational Chebyshev functions.
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Hybrid approaches, such as the Adomian decomposition
method (Bakodah & Darwish 2013) and the simplified
reproducing kernel method combined with homotopy
perturbation (Hou, Niu, Xu, & Ngolo, 2021), have also proven
effective for nonlinear Volterra-Fredholm IDEs. (Amiraliyev,
Durmaz & Kudu 2018) have recently constructed an
exponential-difference scheme with an accuracy of 0 N~ for
the first-order linear singularly perturbed Fredholm integro-
differential equation (SPFIDE) on a uniform grid. (Amiraliyev,
Durmaz & Kudu 2016). Delay forms of SPVIDEs were
discretized.

This work proposes a novel collocation approach for
numerically solving first-order VV-FIDEs of the form

2@ + h@z(@) + f pa (1, OHy (2(6)) dt
0

1
+ ity f P26, OH,E(O)de = (@) (1)
0

with initial condition
z(o) =v 2

Here p,(7,t) and p,(z, t) represent the Volterra and Fredholm
integral kernel functions, respectively,
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Ui, 1, 0,v and h are predefined constants, n(t) is the given
function, and z(t) represents the unknown function to be
solved.

2. Basic Definitions and Terms

In this section, we provide certain definitions and
fundamental concepts for problem formulation.

Definition 1. (Ajileye & Amoo, 2023) Let (a,,),m=0
represent a sequence of real numbers. The power series in k,
with coefficients a,,, is expressed as:

M

yw) = ) apw™ = h(w)A ®)

m=0
where  YyWw) =[1ww? .. wM],A=[agay..ay]”

Definition 2. The method determines the desired collocation
points within the interval, i.e. [a, b], which are given by:

(b—a)u

U= 1,2,3,..M “4)

ly=a+
(Ajileye, James, Ayinde, & Oyedepo, 2022)

Definition 3. Let w(s) be an integrable function, then

o1 @) = s ] (=9 0l)0s )

(Ajileye, James, Ayinde, & Oyedepo, 2022)

Definition 4. Let z(x) be a continuous function, then

7 (6)

N @) =2 -3 2 O

< k!

where M — 1 < B < 1. (Ajileye, James, Ayinde, & Oyedepo,
2022)

Definition 5. A metricon aset M isa functiond: M x M — R
that satisfies the following properties for all x,y € M

(@ d(x,y) = 0;

®dx,y)=0=x=y

©dx,y) =dy,x)

@ dlx,y) <d(x,z) +d(x,y)
If dis a metric on M, the pair (M, d) is referred to as a metric
space. (Ajileye, James, Ayinde, & Oyedepo, 2022)

Definition 6. Berinde, V. (2007). (Strict Contraction) Let
(X, d) be ametric space. A mapping T: X — X is called a strict
contraction if T is Lipschitz continuous with « € [0,1].

d(T(x), T(y)) < Ld(x,y) Vx,y € X
Definition 7. The inner product is jointly continuous in both

arguments. That is, if x, —» x and y,, — y, then:
(xn, Yn) = (x,v). (Boyd & Vandenberghe, 2004).

Definition 8. (Quarteroni, Sacco & Saleri, 2020). An error
norm is a mathematical measure used to quantify the difference
between a numerical solution and the exact (or reference)
solution in computational mathematics. It provides a way to
assess the accuracy and convergence of numerical methods,
such as finite difference, finite element, or spectral methods.

2.1 Relative error

Uu —u i
Relative error = ” exact numerlcal”

lttexace |l

useful when the exact solution has large magnitude variations,
(Quarteroni, Sacco & Saleri 2007).

Theorem 1. (Berinde, 2007). (Banach fixed point theorem) Let
(X,d) be a complete metric space, and let T:X — X be a
contraction mapping, then T has a unique fixed point T € X
such thatT (t) = 7, Furthermore, the iterative scheme

T =TTh

Converges to this unique solution from any arbitrary starting
point.

3. Materials and Methods

In this section, we demonstrate the uniqueness of the
solution and apply the collocation approach to obtain the
numerical solution of Volterra-Fredholm integro-differential
equations.

Lemma 1. (Integral form): Let y € C ((0,1), R) be the solution
to equation (1), then it is equivalent to

z(1) + %f:(r —5)* Y(h(1)z(1))ds

Lo s [ o1 oM, e +
+%f CED i ds=0() (7)
’ o [ po(m O G(0)de

0

where

5 2((0) 1 [t -
o T"’+mf0 (t—s)* n(s)ds

Q) =

Proof. Multiply equation (1) by 1= (:) gives

1« 1«

0T Z@)+ 07 (h(z(@))

|« Ihf pi(z, f)H1(Z(f))dt+
0

+ 0"z )
#2f p2(z, f)Hz(Z(f))dt
0
0 I ;
=7 (@)

Using equation (5) gives
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1 [ ~
20+ s f (- 5)e 1(h(r)rzm)
@,
/ I f p1(t, OH; (2(0))dt +\
—s)et 0 1 ds
Ha f p2 (T, t)H, (2(6))dt
— N Z(k)(o) k 1 * a-1 d
_k:() v +Ta)f0 (t—9)*"n(s)ds
50 + s | (- 9 (h0)2(D)
1 T
), @
/ I f p1(x, )H, (2(8))dt +\
—s)ot ° ds
Ha f p2(x, )H, (2(t))dt
=Q(7)
z(1)

- Q(r)—% f (= )% (h(D)2(D))

{,ul J:pl(r, OH, (z(t))dt +\
\ 1y folpz(‘r, £)H,(2(t))dt /

1 ’ a-1 d
_mfo (T—9) s 6)

where

N
Q(r)=zz (0)rk+ !

= ra)fo (t—8)* h(s)ds

k=0
3.1 Uniqueness of the method

In order to establish the method’s uniqueness, we
provide the following hypotheses:

Ui There exist a constant, G, G, such that for any z;,z, €
C ((0,1),R) then

1G1(z1) — G1(22)| < Gylzy — 25|
and
1G2(z1) — G2(z2)| < Galzy — 7,
U2: There exist two functions giand g3 € C([0,1] X

[0,1], R)the set of all positive functions
such that

* _ T
9i = Tgl[gﬁllull Jylp(z, )ldt <

. 1
g = max lu,| [y lp(z,H)ldt < 0

Us: The function g € R is continuous and satisfies:

n = xrg[gﬁ]lh(f)l

Theorem 2. Let T: X — X be a mapping defined by (8) then T
is a strict contraction in C([0,1]) if

K+ gi+ g;
g1 T 92 <1
[(a+1)

A function f: R™ - R™ is called Lipschitz continuous if there
exists a constant L > 0 such that for all x,y € R™

If G = fFIF < Lllx = yli

The smallest such constant L is called the Lipschitz
constant of f (Goodfellow, Bengio & Courville 2016).

Proof. Let z(t),z(t) € X applying Banach fixed point to
equation (8)

(T2)() )
- 9(’)‘%) f (t = )% (D)2, (D))

1 / u1 f p1(7, )Gy (2 (1)) dt +\
“tal e ds ©
o lizf p2(z, t)Gz(Z1(t))dt

and

(T2)() )
- @) —%a) f (T - 9" (h) 2, @)

1 / u1 f p1(T,)Gy (2, (8))dt +\
"l eI “
o lizf p2(z, t)Gz(Zz(t))dt

Subtracting equation (10) from equation (9) gives

(10)

(2@ = (T2)(D

- % f (T = )% [h(D) (2(0) — 7, (D) ]ds
1 f T(T

" T@ ),

b [ 215006 (2200 = 7, (©)de +
— S)a—l 0 ) ds (11)
s f P2 (1,006 (23(8) — 2, (8))de
0

Taking the absolute value of both sides gives

(T2,)(7) = (T2,) (D]

< % f (2 — ) |[h(D) (2(0) — 7 ()]l ds
Lo bl [ 10,01y (720 = 7,(0) e +
a-1 0
+r(a)f =5 X ds
0 ™ f 1025, 1[Gy (2,() — 2,(0))de
0

Taking maximum of both sides and applying Uz - Us gives

h+gi+ 95

d(Tz,,Tzy) < <W

)d(ZIvZZ)
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By the Banach contraction principle, T is a strict contraction
mapping.

Theorem 3. (Continuity) Let (X, d) be a metric space €([0,1])
and T: X — X be a mapping in C, let z,(z),z(t) € X and
the éi[ronu z,(t) = z(7). T is continuous if

T )

d(Tz,,Tz) > 0asn — »
Proof.

[Tz, (7) — Tz(7)|

< ﬁ fOT(r = )@ (2() - z,(6))]lds

(10l [ 1@ 016, (20 = 20 de +)
0

1 T
+—— | (z—s)*? 1 ds
r
@l k ol [ 1020116 () = 2 (0)
1 T
= i |, =97 mah ] ma |(2(0) - 2,(0) ds
1 T
*@), @
g /Iullrrg[gff]fo lp1(z, D) Trgﬁ)l(]IGl(Z(t) - z,(1))|dt +\ N

T
Il s [ 105,01 max 62 (a60) — 2,0 e

1+ g7+ gs

T(a + 1) )d(z”’z)

d(Tz,,Tz) < (

Since d(z,,z) — 0asn — wthend(Tz,,Tz) —» 0asn —
oo therefore T is continuous.

3.2 Method of solution
Let the solution of equation (1) and equation (2) be
approximated by

M

z(1) = Z ant™ = ¢P(1)A

m=0

(12)

where ¢ (1) = [1,7,72, ..., t™], A = [ag, ay, .., ay]"
Substituting equation (11) into equation (8) gives

(DA L
=000~ o f (= )% (@D P(D)A)

I f Tpl (T, G, (¢p(D)A)dt +
0
1 ds

(13)
o [ pa( G (@M
0

1 T _
“r@ ), €

Collocating at ; in equation (12) gives
pp(r)A

1
=Q(z) —mfo

(= )% (@) p(z)A)
i [ o106, @ @A +

1 (o
—— (r;—9)? 0 1 ds
el o [ ool 06, @A)
0

Extracting the value of A from equation (14) yields

(14

[

o(t;) + f i(fi —s)*t (h(fi)¢(Ti))d5

1
()
/H1f iP1(Ti:t)G1(¢(f)A)df+

1 (u
+—— | (r;—s)*1 | 0 1
F(“)L \ b [ 2l 06 @A)
0

\|ds=-!A
)"

=0(z) (15

Equation (14) can be put in the form

J(@)A = Q(ry) (16)

3.3 Convergence of the method

Theorem 4. (Berinde, 2007a) (Convergence of
method) Let (X,0) be a metric space and T:X — X be a
continuous mapping and zy(t),zy_,(t) are approximate
solutions of equation (7). Let Ay(t) = |zy (1) — zy_4(2) |if
limy_o(An(7)) = 0, then the method converges to exact
solution.

Proof. Let z, (1) and z,(t) be approximated by

N

N
@ = ) @yt = $(DA and zy 1) = ) byt = (OB
n=0

n=0

Substitute the approximate solution into equation (8) gives

1 T
Tan(D) = 00) ~ s [ (7= 9 @A
0

_ﬁfo’@

i [ 21E 06 @OM +
0

—§)e1 § ds
Hzf p2 (T, )G, (¢ (t)A)dt
0
Similarly
1 T
Tzy_1(7) = Q1) — @f (t —s)* 1 (h(™)p(r)B)ds
0
1 T
“@, ¢
i [ 150G @OB)E +
—s)et 0 ds

Hzf p2(7, )G, (¢p(t)B)dt
0
|TZN(T) - TaN—1(T)|
- f (T = )™ h(D)()|B — Alds
Lo s [ 9@ 06 @O)B -~ Alde +
+mf (T—S)a_l 0 1 dS

0 e [ P50, @B - alde

0

Sincet € [0,1]and |B — A| # 0, hence limy_o(An(2)) = 0
Hence, the solution method is shown to converge.
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4. Numerical Examples

This section presents numerical examples to evaluate
the method's applicability and accuracy. Let the approximate
and exact solutions be z, (t)and z(7) respectively.

Errory = |z,(7) — z(7)|

Example 1. (Hou, Niu, Xu, & Ngolo, 2021) considering first
order Volterra-Fredholm integro-differential equation

z (1) +z(7) + %forrzz(t)dt - %J:tf (t)dt

1
=2t+71% 4+ —1°——

10 32 an

Subject to the initial condition
z(0)=0

Exact solution: z(t) = 2
The approximate solution of equation (17) with N = 7 gives

z, = (—2.13717932240343 x 10715¢° + 1.0000000000291072
+0.0 X 73 + 9.31322574615479 x 10~107*
+ 1.86264514923096 x 10~°7°
+ 1.86264514923096 x 107°7°
—6.98491930961609 x 1071°77)

Example 2. Hou et al. (2021) considering first order Volterra-
Fredholm integro-differential equation

T

2(0) + 2(0) — 2 f sin(D)22(t)dt
0

= cos(t) + (1 — 1) sin(z)
+ cos(1) sin2(1) (18)
Subject to the initial conditions

y(0)=0

Exact solution: z(17) = sin(t)

The approximate solution of equation (18) with N = 7 yields

2, = (—5.34615685054973 x 107'17° 4+ 0.999999981849015t
+0.00036683641519630372
—0.17094293318223273
+0.02076484146527957*

Example 3. Hou et al. (2021) Considering first order Volterra-
Fredholm integro-differential equation

z(t) + fr(rz(t) —2)dt = %TZ (19)
0

subject to the initial conditions
Exact solution: z(z) = 72
The approximate solution of equation (19) with N = 8 yields

zg = (—4.99600361081320 x 107167° — 1.42108547152020
x 10717 4+ 0.99999999993451672
+ 5.82076609134674 x 1071173
— 2.79396772384644 x 107°t*
+ 6.05359673500061 x 107975
—3.72529029846191 x 10~°7¢
+ 2.32830643653870 x 107°77
+ 1.16415321826935 x 1071°78)

5. Results and Discussion

This section presents and discusses the numerical
results obtained from the solved examples using the proposed
numerical approach.

For Example 1, the results displayed in Table 1
indicate that the approximate solution with N = 7 yields

z, = (—2.13717932240343 x 107*57° + 1.000000000029107>
+ 0.0 x 73 4+ 9.31322574615479 x 107107*
+ 1.86264514923096 x 107975
+ 1.86264514923096 x 10~°7¢
—6.98491930961609 x 1071°77)

The numerical results converge to the exact solution,
confirming that our method performs more favorably than the
approach proposed by Hou et al. (2021).

In Numerical Example 2, as presented in Table 2, the
approximate solution with N=7 yields

z, = (—5.34615685054973 x 10~17° + 0.9999999818490157
+0.00036683641519630372
—0.17094293318223273
+0.02076484146527957*

— 0.04409007052890967°
+0.07087307772599167°
—0.025803088559769117)

The numerical results demonstrate improved

— 0.044090070528909675 accuracy compared to those obtained by Hou et al. (2021) at N
+0.07087307772599167° =12.
—0.025803088559769117)
Table 1.  Exact values, approximate values and absolute error for example 1

T Exact values Our methody-7 Error; Hou et al (2021) Errory,

0.2 0.040000000000 0.040000000000 0.00 9.3974e-5

04 0.160000000000 0.160000000000 0.00 1.9813e-4

0.6 0.360000000000 0.360000000300 3.00e-10 2.8891e-4

0.8 0.640000000000 0.640000001400 1.40e-9 4.0786e-4

1.0 1.000000000000 1.000000004000 4.00e-9 5.1647e-4
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The approximate solution obtained in Example 3 at
N = 8 gives

zg = (—4.99600361081320 x 107%67° — 1.42108547152020
x 1077 4+ 0.99999999993451672
+ 5.82076609134674 x 1071173
— 2.79396772384644 x 107°7*
+ 6.05359673500061 x 10~97°
—3.72529029846191 x 107%7¢
+ 2.32830643653870 x 107%77
+ 1.16415321826935 x 1071078)

The numerical result converged to the exact solution,
confirming that our method performed favorably than the
approach proposed in Hou et al. (2021), as shown in Table 3.

6. Conclusions

For the numerical solution of the Volterra-Fredholm
integral-differential equations, the collocation approach was
investigated in this paper. This approach is straightforward,
reliable, and effective. For all computations in this work, Maple
18 was employed.
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