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Abstract 
 
Influenza (flu) is a contagious respiratory illness caused by influenza viruses. Bangkok, the densely populated capital of 

Thailand, had the second-highest illness rate for this disease. To better understand this situation, mathematical models have been 
developed and expressed through equations. This study presents a SEIRS compartmental model to investigate the transmission 
dynamics of influenza in Bangkok, with a particular focus on the impact of mask-wearing and vaccination interventions. The basic 
reproduction number was calculated using mathematical analysis, and the local stability of both disease-free and endemic 
equilibrium points was examined. Numerical simulations were conducted to assess how changes in transmission rates, mask-
wearing, and vaccination coverage influence influenza outbreaks. The results indicate that higher transmission rates accelerate 
outbreak progression, whereas increased mask usage and vaccination rates substantially reduce disease spread. These findings 
highlight the critical role of public health measures, such as mask mandates and vaccination campaigns, in controlling influenza 
epidemics and minimizing their societal impact. 
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1. Introduction  
 

Influenza, commonly called the flu, is a contagious 
infection of the respiratory tract caused by influenza viruses. 
The illness typically begins suddenly and is marked by 
symptoms such as fever, cough, sore throat, nasal congestion, 
headaches, muscle or body aches, and pronounced fatigue 
(Centers for Disease Control and Prevention, 2024). Influenza 
virus primarily spreads through respiratory droplets released 
when an infected person coughs, sneezes, or talks, especially in 
crowded areas. Additionally, transmission can occur when a 
person touches surfaces contaminated with the virus and then 
touches their nose, mouth, or eyes, allowing the virus to enter 
the respiratory tract (Jan, 2024).  

 
The incubation period lasts approximately 2 days. 

The patient is contagious starting 1 day before symptoms 
appear. Moreover, the appearance of symptoms has a spread of 
about 1 to 4 days. In most cases, fever and other symptoms 
typically resolve within 2 weeks or less without requiring 
medical treatment (Seladi-Schulman, 2023). Influenza can lead 
to severe illness or death, particularly in high-risk groups. 
These include individuals aged 65 years or older, pregnant 
women, children under 5 years old, people of any age with 
certain chronic medical conditions such as diabetes, asthma, or 
heart disease, and those with a body mass index (BMI) of 40 
kg/m² or higher (Coleman, Fadel, Fitzpatrick, & Thomas, 
2018).  

Every year, seasonal influenza affects about one 
billion people globally, with 3 to 5 million cases developing 
into severe illness. This leads to approximately 290,000 to 
650,000 deaths due to respiratory complications. In developing 
countries, 99 percent of deaths in children under five years old 
are caused by influenza-related lower respiratory tract 
infections (World Health Organization, 2025). It was reported 
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that in Thailand during 2024, there were 663,173 cases of 
influenza with 51 deaths recorded. The overall incidence rate 
was approximately 1,021.65 cases per 100,000 population. 
Children under 5 years old were identified as the highest risk 
group, with an incidence rate of 3,396.95 per 100,000 
population, highlighting their vulnerability to influenza 
infection. Influenza A viruses have been identified as the main 
cause of the illness. In Bangkok, the incidence rate was 
recorded at 1,856.12 cases per 100,000 population, making it 
the second highest rate in Thailand for this disease (Division of 
Epidemiology, 2025).  

Mathematical models have been developed and 
expressed through equations to better understand and represent 
the situation. These models have successfully predicted the 
behavior of the system (Tan, Yuan, Zhou, Zheng, & Yang, 
2013; Viriyapong, 2021; Wu & Cowling, 2011). Many 
researchers have extensively studied the spread of influenza. 
Early modeling work concentrated on the Susceptible-Infected-
Recovered (SIR) model, a basic framework that simplifies the 
process of disease spread by classifying individuals into 
separate categories (Furushima, Kawano, Ohno, & Kakehashi, 
2017; Laguzet & Turinici, 2015; Safan, 2019). Although the 
SIR model laid an essential groundwork, its limitations -
especially the assumption that immunity is permanent - 
revealed the necessity for more advanced and nuanced models. 

The Susceptible-Exposed-Infected-Recovered 
(SEIR) model developed as a logical extension by adding an 
exposed category to represent the latent period typical of 
influenza (Alzahrani, Saadeh, Abdoon, Qazza, El Guma, & 
Berir, 2024; Imran, McKinney, & Butt, 2025). This 
improvement enabled a more accurate depiction of the 
disease’s course, effectively modeling the crucial interval 
between becoming infected and becoming contagious. The 
SIRT and SEIRT models extend the traditional SIR and SEIR 
models by adding a new category, T, that usually denotes those 
who have been treated, quarantined, or placed in isolation 
(Maharany & Mardiningsih, 2022; Mohammad & 
Kamrujjaman, 2024). This modification helps better reflect 
public health strategies that emphasize isolating or controlling 
infectious cases to reduce disease transmission. 

The decline of immunity over time and the 
appearance of new influenza strains led to the creation of the 
Susceptible-Exposed-Infected-Recovered-Susceptible(SEIRS) 
model (Amin, Majeed, Aziz, & Mustafa, 2024; Jia & Xiao, 
2018). By allowing individuals to become susceptible again 
after recovery, the SEIRS model provides a more detailed 
perspective on the recurring patterns and long-term behavior of 
influenza. Additionally, recent research has expanded upon 
these foundational models by integrating elements such as co-
infection dynamics and the effects of interventions like mask-
wearing (Froese & Prempeh, 2022) and vaccination (Ho & 
Chao, 2020; Jonnalagadda, 2022), highlighting the continued 
importance of these modeling approaches in modern influenza 
studies.  

Building on previous research, this study aims to 
develop a SEIRS model for influenza transmission in Bangkok, 
Thailand, that explicitly integrates the effects of both mask-
wearing and vaccination. The objective is to analyze the 
model’s stability characteristics by determining the basic 
reproduction number and examining the local stability of the 
disease-free and endemic equilibrium points. Furthermore, the 
study is numerically explored with regard to how varying 

transmission, mask-wearing and vaccination rates influence 
influenza dynamics. Through this comprehensive mathematical 
framework, the research intends to enhance understanding of 
how these interventions interact to control influenza outbreaks 
and to provide valuable insights for public health policy and the 
design of effective intervention strategies. 
 
2. Materials and Methods 
 
2.1 Formulation of the SEIRS model  
 

In epidemiology, the SEIRS model mathematically 
describes the spread of influenza in Bangkok, incorporating 
factors with vaccination and mask-wearing. This model divides 
the population into four distinct groups that is susceptible (𝑆), 
exposed (𝐸), infected (𝐼), and recovered (𝑅). Figure 1 presents 
a block diagram of the SEIRS mathematical model of 
susceptible, exposed, infected, and recovered classes from the 
total population (𝑁). 
 

 
 
Figure 1. SEIRS mathematical model of influenza with mask-wearing 

and vaccination 
   
As shown in Figure 1, the population is divided into 

four classes. 𝑆 represents the susceptible group, consisting of 
individuals vulnerable to infection upon contact with the 
disease. 𝐸 denotes the exposed group, which includes people 
who have been infected but are currently asymptomatic and not 
contagious. 𝐼  stands for the infected group, comprising 
symptomatic patients who can transmit the disease. Lastly, 𝑅 
indicates the recovered group, made up of individuals who have 
recovered and possess temporary immunity. 

In the SEIRS model, the coefficient 𝛼 represents the 
birth rate, 𝜇  covers the death rate for susceptible, exposed, 
infected, and recovered classes, 𝜙 is the mask-wearing rate, 𝛿 
indicates the vaccination rate, 𝛽  corresponds to the 
transmission rate, 𝛾 captures the infected rate, 𝜎 describes the 
recovery rate, and 𝜈 reflects the rate at which immunity is lost. 
The mathematical representation of the SEIRS model is shown 
as a system of nonlinear ordinary differential equations which 
can be written as follows 
 

𝑑𝑆

𝑑𝑡
= 𝛼𝑁 −

(1 − 𝜙)𝛽𝑆𝐼

𝑁
+ 𝜈𝑅 − 𝜇𝑆 − 𝛿𝑆,

𝑑𝐸

𝑑𝑡
=

(1 − 𝜙)𝛽𝑆𝐼

𝑁
− 𝛾𝐸 − 𝜇𝐸,

𝑑𝐼

𝑑𝑡
= 𝛾𝐸 − 𝜎𝐼 − 𝜇𝐼,

𝑑𝑅

𝑑𝑡
= 𝜎𝐼 − 𝜈𝑅 + 𝛿𝑆 − 𝜇𝑅,

 (1) 

 
with initial conditions 𝑆(0) = 𝑆଴ ≥ 0, 𝐸(0) = 𝐸଴ ≥ 0, 𝐼(0) =
𝐼଴ ≥ 0, and 𝑅(0) = 𝑅଴ ≥ 0 for all time 𝑡 ≥ 0. 
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The total population is given by 𝑁(𝑡) = 𝑆(𝑡) +
𝐸(𝑡) + 𝐼(𝑡) + 𝑅(𝑡) . When differentiating this equation with 
respect to time 𝑡, the resulting differential equation is  

 
𝑑𝑁

𝑑𝑡
=

𝑑𝑆

𝑑𝑡
+

𝑑𝐸

𝑑𝑡
+

𝑑𝐼

𝑑𝑡
+

𝑑𝑅

𝑑𝑡
= 𝛼𝑁 − 𝜇(𝑆 + 𝐸 + 𝐼 + 𝑅)

= (𝛼 − 𝜇)𝑁. 
 
The solution to this linear differential equation is 
 

𝑁(𝑡) = 𝑁଴𝑒(ఈିఓ)௧, 
 
where 𝑁଴ = 𝑁(0) = 𝑆(0) + 𝐸(0) + 𝐼(0) + 𝑅(0) > 0  is the 
initial total population. 

If 𝛼 ≤ 𝜇, then 0 ≤ 𝑁(𝑡) ≤ 𝑁଴ for all 𝑡 ≥ 0. Since 𝑆, 
𝐸, 𝐼, and 𝑅 are non-negative and sum to 𝑁, it follows that 𝑆, 𝐸, 
𝐼, and 𝑅 are also bounded above by 𝑁଴.  

If 𝛼 > 𝜇, then 𝑁(𝑡) → ∞ as 𝑡 → ∞. In this case 𝑁(𝑡) 
is unbounded. For the basic analysis presented here, we restrict 
our attention primarily to the case where 𝛼 ≤ 𝜇, which prevents 
unbounded population growth. 
 
2.2 Existence and positivity of solutions for the model  

 
This section establishes the existence and positivity 

of solutions for the proposed system (1). The model parameters 
are assumed to be non-negative constants and the model is 
considered with non-negative initial conditions as stated in the 
previous section. 
 
2.2.1 Existence and uniqueness of local solutions 

 
The system of equations (1) can be rewritten using 

vector notation as the initial value problem 
 

𝑑𝑋

𝑑𝑡
= 𝑓(𝑋), 𝑋(0) = 𝑋଴, 

 
where 𝑋 = (𝑆, 𝐸, 𝐼, 𝑅)் , 𝑓: ℝସ → ℝସ  is defined by the right-
hand sides of the system (1), and 𝑋଴ = (𝑆଴, 𝐸଴, 𝐼଴, 𝑅଴)் . The 
function 𝑓 is composed of polynomial and rational terms in the 
state variables 𝑆, 𝐸, 𝐼, 𝑅,  and the total population 𝑁 . On the 
domain Ω = {𝑋 ∈ ℝସ: 𝑆 ≥ 0, 𝐸 ≥ 0, 𝐼 ≥ 0, 𝑅 ≥ 0  and 0 ≤
𝑁 ≤ 𝑁଴}, 𝑓 is continuous. 

Furthermore, the partial derivatives of the component 
functions of 𝑓 with respect to 𝑆, 𝐸, 𝐼, and 𝑅  are bounded on 
any compact subset of Ω . Therefore, 𝑓  is locally Lipschitz 
continuous on Ω. By the Picard–Lindelöf theorem (Coddington 
& Levinson, 1955), a unique solution 𝑋(𝑡)  exists on some 
maximal interval of existence [0, 𝑇௠௔௫), where 𝑇௠௔௫ > 0. 
 
2.2.2 Positivity of solutions 

 
To prove the positivity of the solutions, we need to 

analyze the equations and show that if the variables are non-
negative at some time 𝑡, their derivatives will not force them to 
become negative at the next instant. 

Firstly, consider the equation for 𝑑𝑆/𝑑𝑡 , assume 
𝑆(𝑡) = 0. Then  

 

𝑑𝑆

𝑑𝑡
= 𝛼𝑁 + 𝜈𝑅 ≥ 0, 

 
since all parameters and variables on the right-hand side are 
non-negative. This means that if 𝑆  reaches zero, it will not 
become negative. 

Secondly, consider the equation for 𝑑𝐸/𝑑𝑡, assume 
𝐸(𝑡) = 0. Then we obtain 

 
𝑑𝐸

𝑑𝑡
=

(1 − 𝜙)𝛽𝑆𝐼

𝑁
≥ 0. 

 
Again, if 𝐸 reaches zero, it will not become negative. 
Next, consider the equation for 𝑑𝐼/𝑑𝑡 , assume 

𝐼(𝑡) = 0. Then the equation becomes 
 

𝑑𝐼

𝑑𝑡
= 𝛾𝐸 ≥ 0. 

 
Thus, 𝐼 also remains non-negative. 
Finally, consider the equation for 𝑑𝑅/𝑑𝑡 , assume 

𝑅(𝑡) = 0. Then we get 
 

𝑑𝑅

𝑑𝑡
= 𝜎𝐼 + 𝛿𝑆 ≥ 0. 

 
So, 𝑅 also remains non-negative. 
In summary, we have shown that if any of the 

variables 𝑆, 𝐸, 𝐼, and 𝑅 become zero, their derivatives are non-
negative. This implies that these variables cannot become 
negative. Since the initial conditions 𝑆଴ , 𝐸଴ , 𝐼଴ , and 𝑅଴  are 
assumed to be non-negative, the solutions 𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), and 
𝑅(𝑡) will remain non-negative for all 𝑡 ≥ 0. 
 
2.3 Analysis of the SEIRS mathematical model  

 
We analyze the system using the dimensionless 

variables 𝑆̅ =
ௌ

ே
, 𝐸ത =

ா

ே
, 𝐼 ̅ =

ூ

ே
, and 𝑅ത =

ோ

ே
.  The resulting 

system of equations (see Appendix A for more details) is 
 

𝑑𝑆̅

𝑑𝑡
= 𝛼 − (1 − 𝜙)𝛽𝑆̅𝐼 ̅ + 𝜈𝑅ത − 𝛼𝑆̅ − 𝛿𝑆̅,

𝑑𝐸ത

𝑑𝑡
= (1 − 𝜙)𝛽𝑆̅𝐼 ̅ − 𝛾𝐸ത − 𝛼𝐸ത,

𝑑𝐼 ̅

𝑑𝑡
= 𝛾𝐸ത − 𝜎𝐼 ̅ − 𝛼𝐼,̅

𝑑𝑅ത

𝑑𝑡
= 𝜎𝐼 ̅ − 𝜈𝑅ത + 𝛿𝑆̅ − 𝛼𝑅ത.

 (2) 

  
Since 𝑅ത = 1 − 𝑆̅ − 𝐸ത − 𝐼 ̅ , the simplified model 

becomes 
 

𝑑𝑆̅

𝑑𝑡
= (𝜈 + 𝛼) − (1 − 𝜙)𝛽𝑆̅𝐼 ̅ − 𝜈𝐸ത − 𝜈𝐼 ̅ − (𝜈 + 𝛼 + 𝛿)𝑆̅,

𝑑𝐸ത

𝑑𝑡
= (1 − 𝜙)𝛽𝑆̅𝐼 ̅ − (𝛾 + 𝛼)𝐸ത,

𝑑𝐼 ̅

𝑑𝑡
= 𝛾𝐸ത − (𝜎 + 𝛼)𝐼.̅

 (3) 
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The stability analysis will help us understand the 
long-term behavior of the system and the conditions under 
which the disease can be controlled or eradicated. 
 
2.3.1 Equilibrium analysis 

 
From the system of nonlinear ordinary differential 

equations (3), stability analysis has been carried out for the 
disease-free equilibrium (DFE) point, namely, 𝐸଴ =
(𝑆̅଴, 𝐸ത଴, 𝐼଴̅), and the endemic equilibrium (EE) point, namely, 
𝐸ଵ = (𝑆̅∗, 𝐸ത∗, 𝐼∗̅) . To determine the two equilibrium points, 
each equation in the system of equations (3) must be equal to 

zero, that is, 
ௗௌ̅

ௗ௧
= 0, 

ௗாത

ௗ௧
= 0, and 

ௗூ̅

ௗ௧
= 0, then  

 
(𝜈 + 𝛼) − (1 − 𝜙)𝛽𝑆̅𝐼 ̅ − 𝜈𝐸ത − 𝜈𝐼 ̅ − (𝜈 + 𝛼 + 𝛿)𝑆̅

= 0, 
(4) 

 
(1 − 𝜙)𝛽𝑆̅𝐼 ̅ − (𝛾 + 𝛼)𝐸ത = 0, (5) 

 
𝛾𝐸ത − (𝜎 + 𝛼)𝐼 ̅ = 0. (6) 

 
1) Disease-free equilibrium 

 
The DFE point is a condition with no influenza 

spread, then 𝐸ത = 𝐼 ̅ = 0. 
From equation (4), (𝜈 + 𝛼) − (𝜈 + 𝛼 + 𝛿)𝑆̅ = 0, we 

get  𝑆̅଴ =
ఔାఈ

ఔାఈାఋ
.  

Therefore, the DFE point of the model is 
 

𝐸଴ = ൬
𝜈 + 𝛼

𝜈 + 𝛼 + 𝛿
, 0, 0൰. 

 
2) The basic reproduction number  

 
The fundamental reproduction number of the model 

will be determined at the DFE point. This is the specific steady 
state of the epidemiological system where no infection persists 
in the population. Diekmann, Heesterbeek, and Metz (1990) 
established a foundational framework for calculating the basic 
reproduction number (𝑅଴)  in epidemiological models by 
introducing the next-generation matrix (NGM) method. This 
approach defines 𝑅଴  as the spectral radius (dominant 
eigenvalue) of the NGM. This matrix represents the expected 
number of secondary infections generated by individuals in 
different compartments. Van Den Driessche and Watmough 
(2002) formalized the NGM framework for compartmental 
models, providing a systematic decomposition of the Jacobian 
matrix into transmission and transition components. This work 
established the formula 𝑅଴ = 𝜌(𝐹𝑉ିଵ) , where 𝐹  and 𝑉  are 
derived from transmission and transition components, and 𝜌 
denotes the spectral radius of the NGM.  

Let 𝑥 = (𝑆, 𝐸, 𝐼)், the system (3) can be rewritten in 
the matrix form  

 
ௗ௫

ௗ௧
= ℱ(𝑥) − Ѵ(𝑥),  

where  ℱ(𝑥) = ൭
0

(1 − 𝜙)𝛽𝑆̅𝐼 ̅

0
൱, 

and 

Ѵ(𝑥) =

ቌ

−(𝜈 + 𝛼) + (1 − 𝜙)𝛽𝑆̅𝐼 ̅ + 𝜈𝐸ത + 𝜈𝐼 ̅ + (𝜈 + 𝛼 + 𝛿)𝑆̅

(𝛾 + 𝛼)𝐸ത

−𝛾𝐸ത + (𝜎 + 𝛼)𝐼 ̅
ቍ. 

 
Consider the disease classes (𝐸 and 𝐼 compartment), 

the Jacobian matrices of ℱ(𝑥)  and Ѵ(𝑥)  are evaluated as 
follows 
 

𝐹 = ൬
0 (1 − 𝜙)𝛽𝑆̅

0 0
൰ and 𝑉 = ൬

𝛾 + 𝛼 0
−𝛾 𝜎 + 𝛼

൰. 

 
Thus,  

𝑉ିଵ =
ଵ

(ఊାఈ)(ఙାఈ)
൬

𝜎 + 𝛼 0
𝛾 𝛾 + 𝛼

൰ =  ቌ

ଵ

ఊାఈ
0

ఊ

(ఊାఈ)(ఙାఈ)

ଵ

ఙାఈ

ቍ. 

 
Therefore, the NGM of the system (3) is 

 

𝐹𝑉ିଵ = ൬
0 (1 − 𝜙)𝛽𝑆̅
0 0

൰ ቌ

ଵ

ఊାఈ
0

ఊ

(ఊାఈ)(ఙାఈ)

ଵ

ఙାఈ

ቍ =

ቆ
(ଵିథ)ఉఊௌ̅

(ఊାఈ)(ఙାఈ)

(ଵିథ)ఉௌ̅

ఙାఈ

0 0
ቇ. 

 
The basic reproduction number is defined as the spectral radius 
of the NGM. Hence, the spectral radius of 𝐹𝑉ିଵ is 
 

𝑅଴ = 𝜌(𝐹𝑉ିଵ) =
(1 − 𝜙)𝛽𝛾𝑆̅

(𝛾 + 𝛼)(𝜎 + 𝛼)
. 

 
 At the DFE point, we have derived 𝑆̅ = 𝑆̅଴ =

ఔାఈ

ఔାఈାఋ
. 

As a result, the basic reproduction number is 
 

𝑅଴ =
(1 − 𝜙)𝛽𝛾(𝜈 + 𝛼)

(𝛾 + 𝛼)(𝜎 + 𝛼)(𝜈 + 𝛼 + 𝛿)
. 

 
3) Endemic equilibrium 

 
The EE point is used to indicate the potential for 

disease transmission. Therefore, the population 𝑆̅∗ ≠ 0, 𝐸ത∗ ≠
0, and 𝐼∗̅ ≠ 0. 

From equation (6), 𝛾𝐸ത − (𝜎 + 𝛼)𝐼 ̅ = 0, thus we get 
 

𝐸ത∗ = ൬
𝜎 + 𝛼

𝛾
൰ 𝐼∗̅. 

 
By substituting 𝐸ത∗  into equation (5), we obtain the 

expression 
 

ቂ(1 − 𝜙)𝛽𝑆̅∗ − (𝛾 + 𝛼) ቀ
ఙାఈ

ఊ
ቁቃ 𝐼∗̅ = 0. 

 
Since 𝐼∗̅ ≠ 0, we have the equation 
 

(1 − 𝜙)𝛽𝑆̅∗ − (𝛾 + 𝛼) ቀ
ఙାఈ

ఊ
ቁ = 0. 
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Rearranging this equation, it follows that 𝑆̅∗ =
(ఊାఈ)(ఙାఈ)

(ଵିథ)ఉఊ
.  

We can express 𝑆̅∗ in terms of 𝑅଴ as 
 

𝑆̅∗ =
𝜈 + 𝛼

(𝜈 + 𝛼 + 𝛿)𝑅଴
. 

 
Substituting 𝑆̅∗  and 𝐸ത∗  into equation (4) and 

simplifying yields 
 

(𝜈 + 𝛼) −
(𝛾 + 𝛼)(𝜎 + 𝛼)

𝛾
𝐼∗̅ − 𝜈 ൬

𝜎 + 𝛼

𝛾
൰ 𝐼∗̅ − 𝜈𝐼∗̅ −

𝜈 + 𝛼

𝑅଴

= 0. 
 
Rearranging this equation, we obtain 
 

𝐼∗̅ =
𝛾(𝜈 + 𝛼)(𝑅଴ − 1)

𝑅଴[(𝛾 + 𝛼)(𝜎 + 𝛼) + 𝜈(𝜎 + 𝛼) + 𝜈𝛾]
. 

 
Therefore, the EE point of the model is 
 

𝐸ଵ =

⎝

⎜
⎛

(𝛾 + 𝛼)(𝜎 + 𝛼)

(1 − 𝜙)𝛽𝛾
, ൬

𝜎 + 𝛼

𝛾
൰ 𝐼∗̅,

𝛾(𝜈 + 𝛼)(𝑅଴ − 1)

𝑅଴[(𝛾 + 𝛼)(𝜎 + 𝛼) + 𝜈(𝜎 + 𝛼) + 𝜈𝛾]
⎠

⎟
⎞

. 

 
2.3.2 Local stability analysis 

 

To analyze the stability of the system, we evaluate 
the Jacobian matrix of system (3), which is 
 
𝐽 =

ቌ

−(1 − 𝜙)𝛽𝐼 ̅ − (𝜈 + 𝛼 + 𝛿) −𝜈 −(1 − 𝜙)𝛽𝑆̅ − 𝜈

(1 − 𝜙)𝛽𝐼 ̅ −(𝛾 + 𝛼) (1 − 𝜙)𝛽𝑆̅
0 𝛾 −(𝜎 + 𝛼)

ቍ. (7) 

 
1) Local stability of the DFE 

 
For examining local stability, the Jacobian matrix 

corresponding to system (3) is evaluated at the DFE point. If 
𝑅଴ < 1 , then all eigenvalues of this Jacobian matrix have 
negative real parts. This implies that the DFE is locally 
asymptotically stable, meaning the disease will die out in the 
population near this equilibrium. On the other hand, if 𝑅଴ > 1, 
the DFE becomes unstable, and the system tends to the EE 
where disease persists in the population (Adom-Konadu, 
Sackitey, & Anokye, 2023).  

 
Theorem 2.1 If 𝑅଴ < 1 , the DFE is locally asymptotically 
stable; otherwise, if 𝑅଴ > 1, the DFE becomes unstable. 

 
Proof. At the DFE point, by substituting 𝑆̅ = 𝑆̅଴ =
(ఊାఈ)(ఙାఈ)ோబ

(ଵିథ)ఉఊ
 and 𝐼 ̅ = 𝐼଴̅ = 0 into equation (7), we derive 

 

𝐽଴ =

⎝

⎜⎜
⎛

−(𝜈 + 𝛼 + 𝛿) −𝜈 −
(𝛾 + 𝛼)(𝜎 + 𝛼)𝑅଴

𝛾
− 𝜈

0 −(𝛾 + 𝛼)
(𝛾 + 𝛼)(𝜎 + 𝛼)𝑅଴

𝛾
0 𝛾 −(𝜎 + 𝛼) ⎠

⎟⎟
⎞

. 

The eigenvalues are determined by solving the 
characteristic equation given by det(𝐽଴ − 𝜆𝐼) = 0 , where 𝜆 
represents the eigenvalues and 𝐼 is the identity matrix.   

The computation yields one eigenvalue as  𝜆ଵ =
−(𝜈 + 𝛼 + 𝛿) < 0 . The other two eigenvalues satisfy the 
quadratic equation 

 
 𝜆ଶ + 𝐴𝜆 + 𝐵 = 0, (8) 

 
with 𝐴 = (𝛾 + 𝛼) + (𝜎 + 𝛼)  and 𝐵 = (𝛾 + 𝛼)(𝜎 + 𝛼)(1 −
𝑅଴). 

When 𝑅଴ < 1, it follows that both 𝐴 > 0 and 𝐵 > 0. 
By the Routh-Hurwitz criterion (Bodson, 2019), all eigenvalues 
of equation (8) have negative real parts.  

Therefore, the DFE is locally asymptotically stable. 
If 𝑅଴ > 1, then 𝐴 > 0, and 𝐵 < 0. According to the 

Routh-Hurwitz criterion, this implies that equation (8) has at 
least one eigenvalue with a positive real part.  

Therefore, the DFE is unstable.  
 
2) Local stability of the EE 

 
Local stability analysis involves evaluating the 

Jacobian matrix associated with system (3) at the EE point. If 
𝑅଴ > 1, all eigenvalues of this Jacobian matrix have negative 
real parts. This implies that the EE is locally asymptotically 
stable, indicating the disease remains endemic in the 
population. Conversely, if 𝑅଴ < 1, the EE becomes unstable, 
causing the system to move toward a state where the disease no 
longer persists (Adom-Konadu et al., 2023).  

 
Theorem 2.2 If 𝑅଴ > 1, the EE is locally asymptotically stable; 
conversely, if 𝑅଴ < 1, the EE becomes unstable. 
 

Proof. At the EE point, by substituting 𝑆̅ = 𝑆̅∗ =
(ఊାఈ)(ఙାఈ)

(ଵିథ)ఉఊ
 

and 

𝐼 ̅ = 𝐼∗̅ =
ఊ(ఔାఈ)(ோబିଵ)

ோబ[(ఊାఈ)(ఙାఈ)ାఔ(ఙାఈ)ାఊఔ]
 into equation (7), we obtain 

the Jacobian matrix 
 

𝐽ଵ = ൮

−𝑎ସ(𝑅଴ − 1) − 𝑎ଷ −𝜈 −
௔భ௔మ

ఊ
− 𝜈

𝑎ସ(𝑅଴ − 1) −𝑎ଵ
௔భ௔మ

ఊ

0 𝛾 −𝑎ଶ

൲, 

 
where the parameters are defined as 𝑎ଵ = 𝛾 + 𝛼, 𝑎ଶ = 𝜎 + 𝛼, 
𝑎ଷ = 𝜈 + 𝛼 + 𝛿, and 𝑎ସ =

௔భ௔మ௔య

௔భ௔మା௔మఔାఊఔ
. 

 The eigenvalues are found by solving the 
characteristic equation, which is given by det(𝐽ଵ − 𝜆𝐼) = 0.   

The characteristic equation can be expressed as 
 
 𝜆ଷ + 𝐴𝜆ଶ + 𝐵𝜆 + 𝐶 = 0, (9) 
 

where the coefficients are defined as 
 
𝐴 = 𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ(𝑅଴ − 1),  
𝐵 = (𝑎ଵ + 𝑎ଶ)𝑎ଷ + (𝑎ଵ + 𝑎ଶ + 𝜈)𝑎ସ(𝑅଴ − 1),  

and 𝐶 = 𝑎ଵ𝑎ଶ𝑎ଷ(𝑅଴ − 1). 
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When 𝑅଴ > 1, it follows that 𝐴, 𝐵, 𝐶 > 0, and 𝐴𝐵 >
𝐶 (see Appendix B for more details).  By the Routh-Hurwitz 
criterion (Bodson, 2019), all eigenvalues of equation (9) have 
negative real parts.  

Therefore, the EE is locally asymptotically stable. 
 If 𝑅଴ < 1, then 𝐴 < 0, 𝐵 < 0, and 𝐶 < 0. According 
to the Routh-Hurwitz criterion, this implies that equation (9) 
has at least one eigenvalue with a positive real part.  

Therefore, the EE is unstable.  
 
3. Results and Discussion 

 
In this section, we present numerical simulations of 

the SEIRS model (system (2)) to illustrate the impact of key 
epidemiological parameters on influenza dynamics. 
Specifically, we investigate the influence of the transmission 
rate, mask-wearing rate, and vaccination rate on the spread of 
influenza within a population.  

The parameters used in the model are estimated based 
on literature reviews and represent typical ranges for influenza 
dynamics. Abbasi, Zamani, Mehra, Ibeas, and Shafieirad 
(2021) employed a time-dependent transmission rate ( 𝛽 ), 
varying between 0.5 and 2 to reflect contact rates in day and 
night. The inverse of the infected rate (𝛾) and the recovery rate 
(𝜎) represent the average latent period and the average recovery 
period, respectively. The latent period of 2 days (1/𝛾 ) is a 
common assumption in influenza modeling and the recovery 
period for influenza is typically around 2 weeks (1/𝜎) (Seladi-
Schulman, 2023). The loss of immunity rate (𝜈) is often around 
1/365 per day, reflecting the need for annual vaccination due to 
waning immunity and viral evolution (Armitage, 2024). The 
remaining parameters are estimated using clinical data, public 
health surveys, vital statistics, or demographic data. Details of 
all parameter values are provided in Table 1. 
 Figure 2 presents the variation in the proportion of 
individuals in each compartment of the SEIRS model over time, 
specifically when the transmission rate (𝛽 ) is 0.5, with the 
initial conditions of (𝑆଴̅, 𝐸ത଴, 𝐼଴̅, 𝑅ത଴) = (0.99, 0.00, 0.01, 0.00) . 
The simulation shows a rapid decline in susceptible individuals 
as they become exposed, followed by a quick rise and fall in 
exposed individuals. The proportion of infected individuals 
rises sharply to a peak before declining to a low, stable level, 
while recovered individuals increase rapidly and reach a high, 
stable level, indicating a sharp epidemic peak that eventually 
stabilizes with a large proportion of the population recovering 
and a small proportion remaining susceptible and infected. 
 Figures 3 and 4 illustrate the impact of varying the 
transmission rate (𝛽 ) on the proportion of individuals in the 

infected (𝐼)̅ and recovered (𝑅ത) classes over time, respectively. 
The plots compare the dynamics of the infected and recovered 
populations for four different values of 𝛽: 0.5, 1.0, 1.5, and 2.0. 
As shown in the figures, higher values of 𝛽 lead to a larger and 
earlier peak in the proportion of infected individuals. This 
indicates that a higher transmission rate results in a more rapid 
and widespread outbreak. After the initial peak, the proportion 
of infected individuals declines over time for all values of 𝛽; 
however, the rate of decline and the final level of infected 
individuals vary depending on 𝛽 , with higher values of 𝛽 
resulting in a slower decline and a higher endemic level of 
infection. Similarly, the proportion of recovered individuals 
increases over time for all values of 𝛽, and higher values of 𝛽 
lead to a more rapid increase in the proportion of recovered 
individuals. This is because a higher transmission rate results 
in a larger number of individuals becoming infected and 
subsequently recovering. 
 

 
 
Figure 2. Compartmental dynamics of the SEIRS model with the 

transmission rate (𝛽) fixed at 0.5 
 

 
 

Figure 3. Impact of transmission rate (𝛽) on infected class (𝐼)̅ 
 
Table 1. Parameters used in the investigation 
 

Parameter Symbol Value Unit Source 

     

Birth rate 𝛼 2.615 × 10ିହ per day BORA (2024) 
Vaccination rate 𝛿 1.831 × 10ିସ per day DDC (2024) 

Mask-wearing rate 𝜙 0.194 per day Leowattana (2025) 
Transmission rate 𝛽 0.5 − 2.0 per day Abbasi et al. (2021) 

Infected rate 𝛾 0.5 per day Seladi-Schulman (2023) 
Recovery rate 𝜎 0.071 per day Seladi-Schulman (2023) 

Loss of immunity rate 𝜈 0.003 per day Armitage (2024) 
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Figure 4. Impact of transmission rate (𝛽) on recovered class (𝑅ത) 
 

Figures 5 and 6 demonstrate the impact of varying the 
mask-wearing rate ( 𝜙 ) on the proportion of infected and 
recovered individuals over time, with the transmission rate (𝛽) 
fixed at 0.5. The plot of infected individuals compares the 
dynamics of the infected population for five different values of 
𝜙: 0.2, 0.4, 0.6, and 0.8. As shown, increasing 𝜙 significantly 
reduces both the peak proportion of infected individuals and 
delays the timing of the peak. This indicates that higher mask-
wearing rates can effectively mitigate and slow down the spread 
of the influenza virus. Additionally, higher 𝜙 values lead to a 
lower endemic level of infection. The plot of recovered 
individuals shows that the proportion of recovered individuals 
increases over time for all values of 𝜙. The rate at which the 
recovered proportion approaches its maximum, and the final 
proportion of recovered individuals, both vary with 𝜙 . 
Specifically, higher mask-wearing rates (𝜙) lead to a slightly 
slower increase in the proportion of recovered individuals, as 
higher 𝜙  values lead to fewer infections, and recovery only 
occurs following infection. 

Figures 7 and 8 show how changing the vaccination 
rate (𝛿) affects the number of infected and recovered people 
over time, assuming the transmission rate (𝛽) is 0.5. The plot 
of infected individuals compares how the infected population 
changes for four different vaccination rates ( 𝛿 ): 
10ିସ, 10ିଷ, 10ିଶ, and 10ିଵ . The figure shows that when the 
vaccination rate ( 𝛿 ) increases, the proportion of infected 
individuals decreases over time, and the peak of the infection is 
lower. This means that higher vaccination rates help to reduce 
and slow down the spread of the flu. Also, higher 𝛿 values lead 
to  a  lower  endemic  level  of  infection.  The  plot  of  recovered 

 

 
 

Figure 5. Impact of mask-wearing rate (𝜙) on infected class (𝐼)̅ with 
the transmission rate (𝛽) fixed at 0.5 

 
 
Figure 6. Impact of mask-wearing rate (𝜙 ) on recovered class (𝑅ത ) 

with the transmission rate (𝛽) fixed at 0.5 
 
individuals shows that as the vaccination rate (𝛿) increases, the 
proportion of recovered individuals increases over time. Higher 
vaccination rates cause a more rapid increase in the proportion 
of recovered individuals. 

Our numerical simulations demonstrate the 
significant impact of transmission rate (𝛽), mask-wearing rate 
(𝜙 ), and vaccination rate (𝛿 ) on influenza dynamics. Higher 
transmission rates lead to larger and more rapid outbreaks, 
while increased mask-wearing and vaccination rates can 
effectively reduce the spread of influenza. These findings 
underscore the importance of public health interventions, such 
as mask mandates and vaccination campaigns, in mitigating the 
impact of influenza epidemics. 
 

 
 

Figure 7. Impact of vaccination rate (𝛿) on infected class (𝐼)̅ with the 
transmission rate (𝛽) fixed at 0.5 

 

 
 

Figure 8. Impact of vaccination rate (𝛿) on recovered class (𝑅ത) with 
the transmitssion rate (𝛽) fixed at 0.5 
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4. Conclusions 
 
This study developed a SEIRS model to describe 

influenza transmission dynamics in Bangkok, Thailand, 
explicitly incorporating the effects of both mask-wearing and 
vaccination interventions. Through mathematical analysis, we 
determined the basic reproduction number and examined the 
local stability of both disease-free and endemic equilibrium 
points. Numerical simulations further explored how variations 
in transmission, mask-wearing, and vaccination rates affect 
influenza dynamics. The numerical simulations illustrated that 
higher transmission rates led to larger and more rapid 
outbreaks, while increased mask-wearing and vaccination rates 
can effectively reduce the spread of influenza.  

Our findings are consistent with previous research, 
such as the study by Froese and Prempeh (2022), and 
Jonnalagadda (2022), which also demonstrated that widespread 
mask usage and vaccination campaigns significantly decrease 
influenza transmission within communities. These findings 
underscore the importance of public health interventions, such 
as mask mandates and vaccination campaigns, in mitigating the 
impact of influenza epidemics. Furthermore, this modeling 
framework can be adapted for use in other urban environments 
or for different respiratory infectious diseases by adjusting key 
parameters to reflect local epidemiological and behavioral 
characteristics.  
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Appendix 

 
Appendix A 

By substituting the dimensionless variables 𝑆̅ =
ௌ

ே
, 𝐸ത =

ா

ே
, 𝐼 ̅ =

ூ

ே
, and 𝑅ത =

ோ

ே
  into each equation of the system (1), then 

the equation 𝑑𝑆/𝑑𝑡 becomes 
 

𝑑𝑆

𝑑𝑡
=

𝑑(𝑆̅𝑁)

𝑑𝑡
= 𝛼𝑁 −

(1 − 𝜙)𝛽𝑆𝐼

𝑁
+ 𝜈𝑅 − 𝜇𝑆 − 𝛿𝑆, 

                 𝑆̅
𝑑𝑁

𝑑𝑡
+ 𝑁

𝑑𝑆̅

𝑑𝑡
= 𝛼𝑁 −

(1 − 𝜙)𝛽𝑆̅𝑁𝐼𝑁̅

𝑁
+ 𝜈𝑅ത𝑁 − 𝜇𝑆̅𝑁 − 𝛿𝑆̅𝑁, 

  𝑆̅(𝛼 − 𝜇)𝑁 + 𝑁
𝑑𝑆̅

𝑑𝑡
= 𝛼𝑁 − (1 − 𝜙)𝛽𝑆̅𝑁𝐼 ̅ + 𝜈𝑅ത𝑁 − 𝜇𝑆̅𝑁 − 𝛿𝑆̅𝑁, 

𝑆̅(𝛼 − 𝜇) +
𝑑𝑆̅

𝑑𝑡
= 𝛼 − (1 − 𝜙)𝛽𝑆̅𝐼 ̅ + 𝜈𝑅ത − 𝜇𝑆̅ − 𝛿𝑆̅,        

                                      
𝑑𝑆̅

𝑑𝑡
= 𝛼 − (1 − 𝜙)𝛽𝑆̅𝐼 ̅ + 𝜈𝑅ത − 𝜇𝑆̅ − 𝛿𝑆̅ − 𝑆̅(𝛼 − 𝜇), 

                  
𝑑𝑆̅

𝑑𝑡
= 𝛼 − (1 − 𝜙)𝛽𝑆̅𝐼 ̅ + 𝜈𝑅ത − 𝛼𝑆̅ − 𝛿𝑆̅. 

Next, the equation 𝑑𝐸/𝑑𝑡 simplifies to 
 

𝑑𝐸

𝑑𝑡
=

𝑑(𝐸ത𝑁)

𝑑𝑡
=

(1 − 𝜙)𝛽𝑆𝐼

𝑁
− 𝛾𝐸 − 𝜇𝐸,                        

𝐸ത
𝑑𝑁

𝑑𝑡
+ 𝑁

𝑑𝐸ത

𝑑𝑡
=

(1 − 𝜙)𝛽𝑆̅𝑁𝐼𝑁̅

𝑁
− 𝛾𝐸ത𝑁 − 𝜇𝐸ത𝑁,           

𝐸ത(𝛼 − 𝜇)𝑁 + 𝑁
𝑑𝐸ത

𝑑𝑡
= (1 − 𝜙)𝛽𝑆̅𝑁𝐼 ̅ − 𝛾𝐸ത𝑁 − 𝜇𝐸ത𝑁,                          

𝐸ത(𝛼 − 𝜇) +
𝑑𝐸ത

𝑑𝑡
= (1 − 𝜙)𝛽𝑆̅𝐼 ̅ − 𝛾𝐸ത − 𝜇𝐸ത,                             

                 
𝑑𝐸ത

𝑑𝑡
= (1 − 𝜙)𝛽𝑆̅𝐼 ̅ − 𝛾𝐸ത − 𝜇𝐸ത − 𝐸ത(𝛼 − 𝜇), 

𝑑𝐸ത

𝑑𝑡
= (1 − 𝜙)𝛽𝑆̅𝐼 ̅ − 𝛾𝐸ത − 𝛼𝐸ത.      
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Then, the equation 𝑑𝐼/𝑑𝑡 can be rewritten as 
𝑑𝐼

𝑑𝑡
=

𝑑(𝐼𝑁̅)

𝑑𝑡
= 𝛾𝐸 − 𝜎𝐼 − 𝜇𝐼,                                         

𝐼 ̅
𝑑𝑁

𝑑𝑡
+ 𝑁

𝑑𝐼 ̅

𝑑𝑡
= 𝛾𝐸ത𝑁 − 𝜎𝐼𝑁̅ − 𝜇𝐼𝑁̅,                               

𝐼(̅𝛼 − 𝜇)𝑁 + 𝑁
𝑑𝐼 ̅

𝑑𝑡
= 𝛾𝐸ത𝑁 − 𝜎𝐼𝑁̅ − 𝜇𝐼𝑁̅,                                           

𝐼(̅𝛼 − 𝜇) +
𝑑𝐼̅

𝑑𝑡
= 𝛾𝐸ത − 𝜎𝐼 ̅ − 𝜇𝐼,̅                                              

𝑑𝐼̅

𝑑𝑡
= 𝛾𝐸ത − 𝜎𝐼 ̅ − 𝜇𝐼 ̅ − 𝐼(̅𝛼 − 𝜇),  

𝑑𝐼 ̅

𝑑𝑡
= 𝛾𝐸ത − 𝜎𝐼̅ − 𝛼𝐼.̅                        

And the equation 𝑑𝑅/𝑑𝑡 is expressed as 
𝑑𝑅

𝑑𝑡
=

𝑑(𝑅ത𝑁)

𝑑𝑡
= 𝜎𝐼 − 𝜈𝑅 + 𝛿𝑆 − 𝜇𝑅,                                

𝑅ത
𝑑𝑁

𝑑𝑡
+ 𝑁

𝑑𝑅ത

𝑑𝑡
= 𝜎𝐼𝑁̅ − 𝜈𝑅ത𝑁 + 𝛿𝑆̅𝑁 − 𝜇𝑅ത𝑁,                  

𝑅ത(𝛼 − 𝜇)𝑁 + 𝑁
𝑑𝑅ത

𝑑𝑡
= 𝜎𝐼𝑁̅ − 𝜈𝑅ത𝑁 + 𝛿𝑆̅𝑁 − 𝜇𝑅ത𝑁,                              

𝑅ത(𝛼 − 𝜇) +
𝑑𝑅ത

𝑑𝑡
= 𝜎𝐼 ̅ − 𝜈𝑅ത + 𝛿𝑆̅ − 𝜇𝑅ത,                                    

           
𝑑𝑅ത

𝑑𝑡
= 𝜎𝐼 ̅ − 𝜈𝑅ത + 𝛿𝑆̅ − 𝜇𝑅ത  − 𝑅ത(𝛼 − 𝜇), 

𝑑𝑅ത

𝑑𝑡
= 𝜎𝐼 ̅ − 𝜈𝑅ത + 𝛿𝑆̅ − 𝛼𝑅ത.              

 
Appendix B 

This demonstrates that 𝐴𝐵 > 𝐶.  
          𝐴𝐵  = [𝑎ଵ + 𝑎ଶ + 𝑎ଷ + 𝑎ସ(𝑅଴ − 1)][(𝑎ଵ + 𝑎ଶ)𝑎ଷ + (𝑎ଵ + 𝑎ଶ + 𝜈)𝑎ସ(𝑅଴ − 1)] 
  = (𝑎ଵ + 𝑎ଶ + 𝑎ଷ)(𝑎ଵ + 𝑎ଶ)𝑎ଷ + (𝑎ଵ + 𝑎ଶ + 𝑎ଷ)(𝑎ଵ + 𝑎ଶ + 𝜈)𝑎ସ(𝑅଴ − 1) 
  +(𝑎ଵ + 𝑎ଶ)𝑎ଷ𝑎ସ(𝑅଴ − 1) + (𝑎ଵ + 𝑎ଶ + 𝜈)𝑎ସ

ଶ(𝑅଴ − 1)ଶ 
  > (𝑎ଵ + 𝑎ଶ + 𝑎ଷ)(𝑎ଵ + 𝑎ଶ + 𝜈)𝑎ସ(𝑅଴ − 1) 
  = (𝑎ଵ

ଶ + 𝑎ଶ
ଶ + 2𝑎ଵ𝑎ଶ + 𝑎ଵ𝑎ଷ + 𝑎ଶ𝑎ଷ + 𝑎ଵ𝜈 + 𝑎ଶ𝜈 + 𝑎ଷ𝜈)

௔భ௔మ௔య

௔భ௔మା௔మఔାఊఔ
(𝑅଴ − 1) 

  > (𝑎ଵ𝑎ଶ + 𝑎ଶ𝜈 + 𝑎ଵ𝑎ଷ)
௔భ௔మ௔య

௔భ௔మା௔మఔାఊఔ
(𝑅଴ − 1) 

  = ൫𝑎ଵ𝑎ଶ + 𝑎ଶ𝜈 + (𝛾 + 𝛼)(𝜈 + 𝛼 + 𝛿)൯
௔భ௔మ௔య

௔భ௔మା௔మఔାఊఔ
(𝑅଴ − 1) 

  = (𝑎ଵ𝑎ଶ + 𝑎ଶ𝜈 + 𝛾𝜈 + 𝛾𝛼 + 𝛾𝛿 + 𝛼𝜈 + 𝛼ଶ + 𝛼𝛿)
௔భ௔మ௔య

௔భ௔మା௔మఔାఊఔ
(𝑅଴ − 1) 

  > (𝑎ଵ𝑎ଶ + 𝑎ଶ𝜈 + 𝛾𝜈)
௔భ௔మ௔య

௔భ௔మା௔మఔାఊఔ
(𝑅଴ − 1) 

  = 𝑎ଵ𝑎ଶ𝑎ଷ(𝑅଴ − 1) 
  = 𝐶 
 


