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1. Introduction

Schein (1992) cogitated the system of the form (X;0,)),
where X is the set of functions closed under the composition
"o of functions (and hence (X, °) is a function semigroup)
and the set theoretical subtraction " (and hence (X,\) isa
subtraction algebra in the sense of Abbot (1969). He proved
that every subtraction semigroup is isomorphic to a differ-
ence semigroup of invertible functions. He suggested a
problem concerning the structure of multiplication in a
subtraction semigroup. It was explained by Zelinka (1995),
and he had solved the problem for subtraction algebras of
a special type known as the “atomic subtraction algebras”.
The notion of ideals in subtraction algebras was introduced
by Jun et al. (2005). For detailed study of subtraction algebras
see (Ceven and Ozturk, 2009 and Jun et al., 2007).
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The most appropriate theory for dealing with un-
certainties is the theory of fuzzy sets developed by Zadeh
(1965). Since then the notion of fuzzy sets is actively appli-
cable in different algebraic structures. The fuzzification of
ideals in subtraction algebras were discussed in Lee and Park
(2007). Atanassov (1986) introduced the idea of intuitionistic
fuzzy set, which is more general one as compared to a fuzzy
set.

Bhakat and Das (1996) introduced a new type of fuzzy
subgroups, that is, the (e,e \/q) -fuzzy subgroups. Jun ef al.
(2011) introduced the notion of (&, vg, ) -fuzzy subgroup.
In fact, the (&, vq, ) -fuzzy subgroup is an important gener-
alization of Rosenfeld’s fuzzy subgroup. Shabir ef al. (2010)
characterized semigroups by (€, € vq, )-fuzzy ideals, also see
Shabir and Mahmood (2011, 2013).

Molodtsov (1999) introduced the concept of soft set
as a new mathematical tool for dealing with uncertainties that
are free from the difficulties that have troubled the usual
theoretical approaches. Molodtsov pointed out several direc-
tions for the applications of soft sets. At present, work on the
soft set theory is progressing rapidly. Maji et al. (2002)
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described the application of soft set theory to a decision-
making problem. Maji et al. (2003) also studied several
operations on the theory of soft sets. Maji et al. (2001b, 2004)
studied intuitionistic fuzzy soft sets.

The notion of fuzzy soft sets, as a generalization of the
standard soft sets, was introduced by Maji (2001a), and an
application of fuzzy soft sets in a decision-making problem
was presented. Ahmad et al. (2009) have introduced arbitrary
fuzzy soft union and fuzzy soft intersection. Aygunoglu et al.
(2009) introduced the notion of fuzzy soft group and studied
its properties. Yaqoob et al. (2013) studied the properties of
intuitionistic fuzzy soft groups in terms of intuitionistic
double t-norm. Jun et al. (2010) introduced the notion of
fuzzy soft BCK/BCl-algebras and (closed) fuzzy soft ideals,
and then derived their basic properties. Williams and Saeid
(2012) studied fuzzy soft ideals in subtraction algebras.
Recently, Yang (2011) have studied fuzzy soft semigroups
and fuzzy soft (left, right) ideals, and have discussed fuzzy
soft image and fuzzy soft inverse image of fuzzy soft semi-
groups (ideals) in detail. Liu and Xin (2013) studied the idea
of generalized fuzzy soft groups and fuzzy normal soft groups.

In this article, we study the concept of (e,e Vg, )-
intuitionistic fuzzy (soft) ideals of subtraction algebras. Here
we consider some basic properties of (e, evg, )-intuitionistic
fuzzy (soft) ideals of subtraction algebras.

2. Preliminaries

In this section we recall some of the basic concepts
of subtraction algebra which will be very helpful in further
study of the paper. Throughout the paper X denotes the
subtraction algebra unless otherwise specified.

Definition 2.1 (Jun et al., 2005) A non-empty set X together
with a binary operation “-” is said to be a subtraction algebra
ifit satisfies the following:

() x=(y-x)=x,
(S,) x=(x-y)=y—(y—x),

(8:) (x=y)=z=(x-

The last identity permits us to omit parentheses in
expression of the form (x - y) —z. The subtraction determines
an order relationon X :a<b<a—-b=0, where 0=a—a
is an element that does not depends upon the choice of
a € X. The ordered set (.X;<) is a semi-Boolean algebra in
the sense of Abbot (1969), that is, it is a meet semi lattice with
zero, in which every interval [0, a] is a Boolean algebra with
respect to the induced order. Here a Ab=a—(a—b); the
complement of an element b € [0 a] is a —b andis denoted
by v'; andif b,c €[0,a]; then

bve :(b AcC ) = ((a—b)/\(a—c)) = a—(a—b)—((a—b)—(a—c)).
In a subtraction algebra, the following are true see
(Jun et al.,2005) :

(al) (x—

z)—y, forall x,y,z€X.

y)-y=x-y,
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a2) x—0=x and 0—x=0,
ald) (x— y)
a4) x=(x-y)<y,

as) (x=y)—(y-x)=x-y,

IS

6) x—(x-(x-y)=x-y,
al) (x—y)—-(z=y)<x-z,
a8) x<y ifand onlyif x=y—w forsome we X,

a9) x<y implies x—z<y—z and z—y<z—x,

(a2)
(a3)
(a4)
(a5)
(a6)
(a7)
(a8)
(a9)

forall ze X,

(al()) x,y < z implies x—y:x/\(z—y),
( 1)(x/\y) (x/\z)Sx/\(y—z),

(al2) (x=y)=z=(x=2)=(y-2).

Definition 2.2 (Jun et al., 2005) A non-empty subset 4 of a
subtraction algebra X is called an ideal of X, denoted by
A< X : ifit satisfies:

(b1) a—xe A4 forall ge 4 and x e X,

(b2) forall a,b € A, whenever a v b exists in X then

avbeA.

Proposition 2.3 (Jun et al., 2005) A non-empty subset 4 of a
subtraction algebra X is called an ideal of X, if and only if it
satisfies:

(b3) 0e A,
(b4) forall xe X and for all ye 4, x—yed=

xe A

Proposition 2.4 (Jun et al., 2005) Let X be a subtraction
algebraand x,y € X. If we X is an upper bound for x and
y, then the element xv y=w—((w—y)—x) is the least
upper bound for x and y.

Definition 2.5 (Jun et al., 2005) Let Y be a non-empty subset
of X'then Yis called a subalgebra of X if x—y €Y, whenever
x,yet.

Definition 2.6 (Lee and Park, 2007) Let /" be a fuzzy subset
of X. Then fis called a fuzzy subalgebra of X if it satisfies:

(FS) f(x—y)=min{f(x), f(»)}, whenever x,y € X.

Definition 2.7 (Lee and Park, 2007) A fuzzy subset £ is said
to be a fuzzy ideal of X if satisfies:

(FI1) f(x=y) = f(x),

(F12) Ifthereexists XV y, then f(xvy)2
min{f(x), f(y)}, forall x,yeX.
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3. (€,€ vq, ) -intuitionistic fuzzy ideals

In this section we will discuss some properties related
to (&€ vq, )-intuitionistic fuzzy ideals of subtraction
algebras.

Definition 3.1 An intuitionistic fuzzy set 4 in X is an object
of the form A={(x,u,(x),y,(x)): xe X}, where the
function u, : X —»[0,1] and y, : X —[0,1] denote the
degree of membership and degree of non-membership of each
element x € X, and 0< u,(x)+7,(x) <1 forall xe X. For
simplicity, we will use the symbol 4= (u,,y,) for the
intuitionistic fuzzy set A4 = {(x,u,(x),y,(x)): xe X}. We
define 0(x) =0 and I(x) =1 forall x e X.

Definition 3.2 Let X be a subtraction algebra. An intuition-

istic fuzzy set 4= {(x,u,(x),y,(x)): x € X}, ofthe form

- {(a,m

“0% 1 (0,1)

is said to be an intuitionistic fuzzy point with support x and

ify=x
ify#x,

value (a,ﬁ) and is denoted by X, 45)- A fuzzy point X, s
is said to intuitionistic belongs to (resp., intuitionistic
quasi-coincident) with intuitionistic fuzzy set A =
{(x, 1, (x),7,(x)): x € X} written x, ;) € 4 (resp., x(a'ﬁ)qA)
if pg,(x)>a and y,(x)< B (resp., pu,(x)+a>land y,(x)+ S <1)
By the symbol X, ;9,4 we mean u,(x)+a+k>1 and
y,(x)+ B+k <1, where ke(0,1).

We use the symbol x, € u, implies pu,(x)>¢ and
L[ely, implies y,(x) <¢, in the whole paper.

Definition 3.3 An intuitionistic fuzzy set 4= (u,,y,) of X
is said to be an (€,€ vg, )-intuitionistic fuzzy subalgebra of

Xifx . ed
(n.5) i

Y )eA:>(x—y) evgq, A,

ity (i Aty 13 vty

forall x,ye X, t,t,,t,,t,,k €(0,1).
OR
An intuitionistic fuzzy set 4= (u,,y,) of Xis said to be an
(e,e Vg, )-intuitionistic fuzzy subalgebra of X if it satisfy
the following conditions,
(i) X €My v, €= (x-y),  €vau,, for all
x,yeX, t,t,,ke(0,1],

i) 2[€]y,, “lelr,=[e]ala]r,. for all
x,yelX, t,t,,kel0,1).

Example 3.4 Let X ={0,a,b} be a subtraction algebra with
the following Cayley table
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S [ol O
S| oo
(=N IR ~T el IS

Let us define the intuitionistic fuzzy set 4 = (u,,y,) of X as

X 0 a |b
U, (x)]05]061(0.7 |,

7,(x) [0.1]0.2]0.21
and

t, |04

t, 105

t, 1022

t, 1023

k |05

then A=(u,,y,) is an (e,e vqols)-intuitionistic fuzzy

subalgebra of X.

Definition 3.5 An intuitionistic fuzzy set 4= (u,,y,) of X
is said to be an (&€ vq, ) -intuitionistic fuzzy ideal of X if
it satisfy the following conditions,
() Xy €4 yeX= (x=y), € vg, 4,
(ii) If there exist XV y, then ¥, ,) €4, ¥, )€ 4=
(xv y)(llwl3vl4) evq, A, forall x,ye X, t,t,t,,t,t,,k € (0,1).
OR
An intuitionistic fuzzy set 4 =(u,,y,) of X is said
to be an (€, € vg, )-intuitionistic fuzzy ideal of X if it satisfy
the following conditions,
@) x, euy,, yeXz(x—y)t evq, iy,
(ii) If thereexist xVv y in Xthen X, € K, V, €U, =
(XVJ’)W2 evq iy, forall x,ye X, t,t,t,,k €(0,1],
(iii) L[e]y,, ve X =5 [e]lala]r.,
(iv) If there exist xvVy in X then %[e] 74

[

“lely, = =2 [e]la[a]r,. forall x,y € X, t,t,,t,,k €[0,1).

Example 3.6 Let X ={0,a,b} be a subtraction algebra with
the Cayley table define in Example 3.4, and let us define an
intuitionistic fuzzy set 4 =(u,,7,) of Xas

X 0 |(a |b
U, (x)05]06 0.7 |,
7,(x) 1 0.1[0.2]03

and
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t |04
t |04
t, | 0.45
t, | 0.42
t, | 0.47
k|02

then 4= (u,,y,) isan (€€ vq,,)-intuitionistic fuzzy ideal
of X.

Theorem 3.7 An intuitionistic fuzzy set 4= (u,,y,) of X
is said to be an (&, vg, )-intuitionistic fuzzy subalgebra of
X if and only if p,(x—y)>min{u,(x),u, ()5} and
y.(x—y) <max{y, (x)ayA(,V)a% .

Proof. Let 4=(u,,7,) bean (€,€ vq, ) -intuitionistic fuzzy
subalgebra of X, and assume on contrary that there exist
some ¢ € (0,1] and » €[0,1) such that

(=) <t <minta, (x), 1 (D
and

7= > 7> maxty, (1),7, (D
This implies that

py(X)2t p, (v)2t, w(x—y)<t

1 1
= u,(x- y)+t+k<Tk+Tk k=1

= (x_y)te qu,u,qs
which is a contradiction. Hence

. 1-k
py(x—p) = min{u, (x), 1, )=

Also from

1-k
yA(x_y)>r>maX{7/A (x)syA(y)sT}

we get

va(x)<r v (v) Sy (=) >

1 1
=y,(x- y)+r+k>7k+7k+k_l

[e] [2. . (),

which is a contradiction. Hence

1-k
yA(x_y)gmaX{yA (x)syA(y)sT}~
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Conversely, let g, (x—y)=min{u, (x),u,(y),"3
and VA(x_J/)SmaX{VA (x)ayA(y)a% Let 'xt‘ € Hy»
Y, €4, for all x,yeX, t,,,ke(0,1] and =[e]y,,

%[e]“ for all x,yeX, t,t,,ke[0,1). This implies

that u,(x)>¢, p,(v)=t, and 7, (x)<z, 7,(y)<t,.
Consider
My (x— y)>mm{1u/1(x) g (), }>mln{t L, 2}'
If £, At, >5E, then u, (x—y)>55 So p,(x—y)+

@t AL +k> %+%+k =1, which implies that (X =)y p, Debos
If t, At, <55, then p,(x—y) >t At,. So (X=¥), ., € Hy-
Thus (x—), ., €Vq,H,. Also consider

J/A(x_J/)<maX{7/A( )yA(Y) }<max{l 45 2k}~

If t,vt, <5t then y,(x—y)<5E So yA(x )+
(L, Vi) +hk <5+ 5 "+k—1 which implies that ==-[¢,17 -
If ;v >4, then y,(x—y)<t vt,. So 22t[€ly,. Thus
22 lelvig, ]y, Hence A=(u,y,) is an (gevq,)-
intuitionistic fuzzy subalgebra of X.

Theorem 3.8 An intuitionistic fuzzy set 4= (u,,y,) of X
is said to be an (&, vq, ) -intuitionistic fuzzy ideal of X if
and only if

(i) p,(x—y)=min{u, (x),554,
(ii) y,(x—y)<max{y, (x),'5},
(i) p,(xv y) 2min{p, (x), 1, ()15},

() 7,(xvy) <max{y, (x)a A(y)’%

Proof. The proof'is similar to the proof of the Theorem 3.7.

Proposition Every (€, € vg, )-intuitionistic fuzzy ideal
of X is an (&€ vg, )-intuitionistic fuzzy subalgebra of X,
but converse is not true.

Example 3.9 Let X ={0,a,b} be a subtraction algebra with
the Cayley table define in Example 3.4, and let

X 0 a |b
U, (x)0.9]03|0.6
7,(x) 0206|004

then by Theorem 3.7, A=(u,y,) is an (&evg,)-
intuitionistic fuzzy subalgebra of X. But by Theorem 3.8,
we observe that A=(u,y,) is not a (&e€vq,)-
intuitionistic fuzzy ideal of X. As

Hy(avb)=pu,(0-((0-b)-a))=p,,(0)=09
zmin{u, (a),u,(b),5} = min{0.3,0.6,0.3} = 0.3.
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Definition 3.10 Let 4 = (u,,y,) is an intuitionistic fuzzy set
of X. Define the intuitionistic level set as 4, ; =
{xeX|u,(x)2a, y,(x)< B, where a € (0,5], B [3,1)}.

Theorem 3.11 An intuitionistic fuzzy set 4= (u,,y,) of X
is said to be an (&€ vg, ) -intuitionistic fuzzy subalgebra of
Xifand onlyif 4, s # @ is a subalgebra of X.

Proof. Let A= (u,,y,) bean (e,e Vg, )-intuitionistic fuzzy
subalgebra of X. Suppose that X,y € A(m p then u,(x)2a,

uy(y)za and y,(x)< B, y,(y)<pB. Since A=(u,.7,)
isan (& e vq, )-intuitionistic fuzzy subalgebra of X, so

. 1-k
py(x=p) 2 min{u, (x), 1, W)=
. 1-k . 1-k
2 Ay = T T
min{o, o 2} min{o 2} a
and
1-k
yA(x_y)SmaX{yA(x)ayA(y)sT}

< max{ﬁ,ﬂ,%} = max{ﬂ,%} = L.

Thus (x—y) € 4, 5)- Hence 4, 5 # ¢ is a subalgebra of X.
Conversely, assume that 4, ;5 # @ is a subalgebra of X.
Assume on contrary that there exist some x,y € X such
that p,(x—y) <min{, (x), 1,5} and y,(x—y) >
max {7, (x),7,(). 5. Choose ae(0.%], fe[)
such that 1, (x—y)<a<min{u,(x),u,(»),5
y,(x=y)> B >max{y,(x),7,(»),"5}. This implies that
(x—=y) &4, ;> which is a contradiction to the hypothesis.
Hence u,(x—y)2min{u, (x),,(»),55} and y,(x—y) <
max{y, (x),7,(»),"5}. Thus A= (p,,7,)isan (€,€vq,)-
intuitionistic fuzzy subalgebra of X.

and

Theorem 3.12 An intuitionistic fuzzy set 4= (u,,7,) of X
is said to be an (€€ vg, )-intuitionistic fuzzy ideal of X if
and onlyif 4, 5 # ¢ isan ideal of X.

Proof. The proof'is similar to the proof of the Theorem 3.12.

Definition 3.13 Let X be a subtraction algebra and 4 c X, an

(€,€ vg, )-intuitionistic characteristic function
X4 =xp, (x),7, (X))[xeS},

where M, and 7, are fuzzy sets respectively, defined as

follows:
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X >[0,1] (=gt e
X >[0,1]|x— X) =

Ha Ha97 0 ifxe 4
and

1 ifxed
Vo P X2OMlx oy, D=y, 0

2

Lemma 3.14 For a non-empty subset A of a subtraction
algebra X, we have
(i) A is a subalgebra of X if and only if the charac-
teristic intuitionistic set ¥, =<,um,7m> of 4 in X is an
(e, evg, )-intuitionistic fuzzy subalgebra of X.
(ii) A is an ideal of X if and only if the characteristic
> of 4in Xisan (€€ vq,)-

intuitionistic set y, = <,um Y4,

intuitionistic fuzzy ideal of X.

Proof. The proofis straightforward.
4. (e, evg, )-intuitionistic fuzzy softideals

Molodtsov defined the notion of a soft set as follows.

Definition 4.1 (Molodtsov, 1999) A pair (F, A) is called a
soft set over U, where F is a mapping given by
F : A— P(U). In other words a soft set over U is a para-
metrized family of subsets of U.

The class of all intuitionistic fuzzy sets on X will be
denoted by IF(X).

Definition 4.2 (Maji et al., 2001b) Let U be an initial universe
and E be the set of parameters. Let 4 ¢ E. A pair (F, 4) is
called an intuitionistic fuzzy soft set over U, where Fisa
mapping given by F : 4 — IF(U).

In general, for every s e 4, Fle] =<,uﬁ~[€]37/ﬁ[6]> is

an intuitionistic fuzzy set in U and it is called intuitionistic
fuzzy value set of parameter &.

Definition 4.3 Let U be an initial universe and E be a set of
parameters. Suppose that 4,B < E, (F,A) and (G,B) are
two intuitionistic fuzzy soft sets, we say that (F,4) is an
intuitionistic fuzzy soft subset of (G, B) if and only if

() Ac B,

(2) forall & € A, F[¢] is an intuitionistic fuzzy subset
of G[e], thatis, forall xeU and ¢ € 4, M (X) <t (),
and ¥z,,(X) 27¢,,(x). This relationship is denoted by
(F,A) < (G,B).

Definition 4.4 Let (F, ) and (G,B) be two intuitionistic
fuzzy soft sets over a common universe U. Then
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(F,A)A(G,B) is defined by (F,A4)A(G,B)=(0,AxB),
where Og,e]= Fle]NGle] forall (g,¢) € Ax B, thatis,

é[gs g] = <:uﬁ‘[g](x) N ”G[S](x)’ )/ﬁ‘[g](x)v y@[g](x)>a
forall (e,6)e AxB, xeU.

Definition 4.5 Let (F, 4) and (G,B) be two intuitionistic
fuzzy soft sets over a common universe U. Then
(F,A)< (G,B) is defined by (F, 4)V (G,B)=(Q, AxB),
where Q[e,¢] = Fle]uGle] forall (¢,6) e Ax B, thatis,

fj[gsg] = <:uﬁ‘[6](x)v ”G[S](x)’ yﬁ‘[g](x) N y@[g](x)>!
forall (¢,6)e AxB, xeU.

Definition 4.6 Let (F, 4) and (G,B) be two intuitionistic
fuzzy soft sets over a common universe U. Then the inter-
section (©,C), where C=A4UB and for all ¢eC and
xeU,

#ﬁ[é‘](x) lf € € A—B
‘u(:)[e](x) = ﬂé[é‘](x) lf & e B—A

”ﬁ[e](x)/\#é[g](x) if PO S AﬁB’

Y iy () if ecA-B
Yo () = 1761 (X) if ceB-4

Ve (D V75, (X) if 6€ ANB.
We denote it by (£, 4)N(G,B) = (6, 0).

Definition 4.7 Let (F, 4) and (G,B) be two intuitionistic
fuzzy soft sets over a common universe U. Then the union
(©,C), where C=AUB andforall e C and xeU,

#ﬁ[é‘](x) lf € € A—B
‘u(:)[e](x) = ﬂé[é‘](x) lf & e B—A

:uﬁ[g](x)v,ué[g](x) if ¢e AﬁB’

Y iy () if ec A-B
Yo () = 171 (X) if ceB-4

yﬁ[e](x)AJ/G[g](x) if ee AN B.

We denote it by (£, 4)U(G,B) = (0, 0).

In contrast with the above definitions of IF-soft set
union and intersection, we may sometimes adopt different
definitions of union and intersection given as follows.

Definition 4.8 Let (F,4) and (G,B) be two IF-soft sets
over a common universe U and AN B # ¢. Then the bi-
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intersection of (F, 4) and (G, B) is defined to be the fuzzy
soft set (©,C), where C=ANB and O[g]=F[e]NGle]
for all € € C. Thisis denoted by (0,C) = (F, 4)(G, B).

Definition 4.9 Let (F,4) and (G,B) be two IF-soft sets
over a common universe U and AN B # ¢. Then the bi-
union of (F,4) and (G,B) is defined to be the fuzzy soft
set (0,C), where C=AnB and O¢] = Fle]uGle] for
all € € C. This is denoted by (6,C) = (¥, 4)U(G, B).

Definition 4.10 Let (F, A) be an IF-soft set over X. Then
(F,A4) is called an (€ vg, )-intuitionistic fuzzy soft
subtraction algebra if F[&]= <yﬁ[g],yﬁ[g]> isan (€,€vq,)-
intuitionistic fuzzy subalgebra of X, for all ¢ e 4.

Example 4.11 Let X = {0,q, b} be a subtraction algebra with
the following Cayley table

S [ol o
(=N IS ~T el IS

SO
S| oo

and let U is the set of cellular brands of mobile companies in
the market. Let ® = {attractive, expensive, cheap} is a para-
meter space and A4 = {attractive, cheap}. Define

F ([attractive]) = {(0,0.9,0.1),(a,0.8,0.2),(b,0.7,0.3)},
F ([cheap]) = {(0,0.5,0.12),(a,0.6,0.15),(b,0.7,0.2)}.

Let k = 0.4 then (F, 4) isan (€€ vq,, )-intuitionistic fuzzy
soft subalgebra of X.

Definition 4.12 An intuitionistic fuzzy soft set (¥, 4) of X is
called an (€, vg, )-intuitionistic fuzzy soft subalgebra of
X, if for all ee 4, F|g] =<yﬁ[£],yﬁ[g]> is an (e,evq,)
intuitionistic fuzzy subalgebra of X, if

(i) Mppy(x=p) 2 min{py o (x), mz, (0,55,
(id) V(=) Smax{y g (%),7 7, (0,55,

forall x,y e X.

Definition 4.13 An intuitionistic fuzzy soft set (F, 4) of
X is called an (€€ vg, )-intuitionistic fuzzy soft ideal of
.X, i.f .for.al.l ged, F[s] = <yﬁ[g.],yﬁ[g]> is an (e,evq,)
intuitionistic fuzzy soft ideal of X if

(i) Mg (= y) 2 min{ug, (x). 54,

(if) Vg (X = ¥) Smaxiy g (x),55,
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(i) Mg (v ¥) 2 min{pg (%), 10, (0,55,
(i) Vi (0 v ¥) Smax iy (%).70, (0055,
forall x,y e X.
Proposition 4.14 An (€, € vg, )-intuitionistic fuzzy soft ideal

of X is an (&€ vg, )-intuitionistic fuzzy soft subalgebra of
X, but converse is not true.

Example 4.15 From Example 4.11, (ﬁ, A)isnotan (e, evg, )-
intuitionistic fuzzy soft ideal of X. As

i (famserve]) (@ 0) = M acineg) (0 = (0 =0) = @) = 1 (e (0) = 0.9

. 1-k
z mm{fui‘([mtmcxive]) (@), qu‘([anmc&ive]) (), T}
=0.3=min{0.8,0.7,0.3}, for k =0.4.

Theorem 4.16 Let (¥, 4) and (G,B) be two (e.evg,)-
intuitionistic fuzzy soft subalgebras (resp., ideals) of X. Then
(F, Ay A(G,B) isalsoan (&€ vq, )-intuitionistic fuzzy soft
subalgebra (resp., ideal) of X.

Proof. Let (F, A)and (G,B) be two (e,e v, )-intuitionistic
fuzzy soft ideals of X. We know that (F, 4)X(G,B) =
(@, Ax B), where O¢,e]= F[e]n G[e] for all (g,&) € Ax B,
that is

Ole,£](x) = <:uﬁ[s] (x) A He (x)’ Ve (X)V Y11 (x)>

forall xe X. Let x,y € X, wehave

(510 At ) (2= 9) = g (x=9) A i, (x= )

and

(Vﬂ.s] \% 76[e])(x_y) =7 fie) (x —y)v Ve (x—y)
< (max{ym] (x),%}j A (max{%m (x),%}]
1-k
= (max{}/m] (x) VY10 (x)’T}j
= max{(}/ﬁm v 76‘[51)()()’?}'

Also we have
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(‘HFISJ /\‘uGISJ)(va)z‘uf'lsj(va)/\'uﬁlsj(xv}))

and

(yi[e] Vyd[s])(XVy):7i[e](XVy)V76[g](XVy)
1—

< i (9.7 (01550 st (.7, 01551

1-k
= [max{yi[e] (X)V Vére) (X),}’;[E] (y)v Vére) (y)’?})

= max{(yﬁ[s] V}/G[e])(x),(}/i[e] /\76[5])(}’)’%}'

Hence (F,AyA(G,B) is also an (&,& vg, )-intuitionistic
fuzzy soft ideal of X. The other case can be seen in a
simuar way.

Theorem 4.17 Let (F, A) and (G,B) be two (€,€vg, )-
intuitionistic fuzzy soft subalgebras (resp., ideals) of X. Then
(F, Ay (G,B) is also an (&,€ vg, )-intuitionistic fuzzy soft
subalgebra (resp., ideal) of X.

Proof. The proof'is similar to the proof of the Theorem 4.16.

Theorem 4.18 Let (¥, A) be an intuitionistic fuzzy soft set of
X. Then (F,A) is an (€,€ vq, )-intuitionistic fuzzy soft
subalgebra (resp., ideal) of X if and only if (F ,A)(“’ﬁ ) =

<]*:(a’ﬁ),A> ={xeX| M (x) >, Y el (x) < B, where
a €(0,55], B e[5E,1)} is a soft subalgebra (resp., ideal) of
X

Proof. Let (F, A) be an (€,€ vq, )-intuitionistic fuzzy soft
subalgebra of X. Let x,ye(F, 4" then Py (X)2 @,
Hgpy (v) 2 @cand 75, (x) < B, 7p, (v) < Bowhere o € (0,51,
B €[55£,1). Since (F, A)is an (€,€ vq, )-intuitionistic fuzzy
soft subalgebra of X, so

. 1-k
Hig (x—y) 2 mm{'“ﬁ[s] (x), Hire (y)’T}
-k

. 1
=min{a,at,—} =0,
{ 5 i

and

——

1-k
I (x— y) < max{yﬁ[g] (x)’yﬁ[s] (y)’T

- max{ﬁ,ﬁ,%} - .

Thus (x—y)e(ﬁ,/b(a’ﬁ). Hence (F, 4)*”) is a soft sub-
algebra of X.
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Conversely assume that (£ ,A)(“’ﬂ )is a soft sub-

algebra of X. Let there exist some r € (0,1] and s €[0,1) such
that

. 1-k
Hirg (x— y) <r< mln{,uﬁ[g] (x)"ur?[e] (y)’T}
and
. 1-k
Y el (x—y) >8> mln{)/ﬁ[g] (x)’yr?[s] (y)’T}
This implies that (x - y) & (¥, 4)'“"*), which is contradiction.
Thus
. 1-k
Hig (x—y) 2 mm{'“ﬁ[s] (x), Hirg (y)’T}

and

1-k
Y el (x—y) < max{)/ﬁ[s] (x)’yﬁ[s] (y)’T}

Hence (F, 4) is an (&€ vg, )-intuitionistic fuzzy soft sub-
algebra of X.

Proposition 4.19 Every (&, vg, )-intuitionistic fuzzy soft
ideal (F, 4) of X satisfies the following,

(1) ”F‘[sj (0) 2 min {luﬁ[g](x)sl;zk >
(i) 7,,,(0) <max{y  (x),55} forall xe X.

Proof: By letting x =y in the Definition 4.13, we get the
required proof.

Lemma 4.20 If an (&, vg, )-intuitionistic fuzzy soft set
(F, A) of X satisfies the followings,

(1) :uﬁ[s](o) 2 min{:uﬁ‘[g](x)al;zk b
(11) yﬁ[s] (0) < max {)/ﬁ[é‘] (x)al;zk s
(111) :u].“-[g] (x_ Z) 2 min{;u]:-[g]((x —)’) - 2)5 :uﬁ[g] ()’),%},

(IV) 7,&[5](')6_2) < maX{yﬁ[S]((x—y) _Z)syﬁ[g] (J’),%}
Then we have X<a= g (x)2min{y;, (a),'5"} and

Y iy (X) Smaxiy;  (a), 55, forall a,x,y,ze X.
Proof. Let a,x € X and x < a. Consider
Mo (X) =tz (x = 0) by (a2),

2 min{,uﬁ[g] ((x— a) -0), J7r (a),%} by (iii),

. 1-k .
= min{gz, (0), i, (a),T} byx<aiffx—a=0,

= min{fa, (@), by G
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Also consider
7/,5[5] (X) = 7,5[5](x _O) by (02),
1-k .
<max {7, ((v=a) =07, (a). 5 by (v)
1-k .
= max{yz,,(0), 77, (a),T} byx<aiffx—a=0,
1-k .

= max {yﬁ'[s](a)’ T} by (11)'

This complete the proof.

Theorem 4.21 An (e,€ vg, )-intuitionistic fuzzy soft set
(F,A) of X satisfies the conditions (i)-(iv) of the Lemma
4.20,ifand only if (£, Ay is an (€, € vg, )-intuitionistic fuzzy
soft ideal of X.

Proof. Suppose that (F', A), i.e, Fle]= <uﬁ[c],yﬁ[c]> satisfies
the conditions (i)-(iv) of the Lemma 4.20. Let x,y € X, then
by using (a3) we have x—y < x. Now by the use of Lemma
420, p, (x-y)zminfu (x),55 and y, (x-3)<
max{yﬁ[c] (). 5" forall x,y € X.

Also, p, (xvy)zminfu (x),5} and 7, (xv )<
max{;/ﬁ[c] (x),5*} whenever xV y exists in X and by using
the Lemma 4.20, we have u, (xvy)=min{u (x),u ()5
and 7, (xvy)<max{y (x)y, ()5 forall x,yeX.
Hence (F, 4) is an (&€ vg, )-intuitionistic fuzzy soft ideal
of X.

Conversely, assume that (F, 4) is an (&€ vq,)-
intuitionistic fuzzy soft ideal of X. Conditions (i) and (ii)
directly follows from the Proposition 4.19, let x, y,z € X. Put
x=y and y=x-2z in (a3) and (a4), We get from (a3),
(x—z)—y<x—-z and from (a4),wehave y —(y —((x—2)) <
x — z. Which indicates that is an upper bound for (x—z)—y
and y—(y—((x—z)). Byusing the Proposition 2.4, we have

(x=2)=y)v(y-(r-((x-2))
—2)-(x—2)—((x—2)= ) - (y—(y—(x—2))))

X
X—Z.

Thus
Mg =2 = i (x=2)=y) v (= = ((x=2)))

. -k
Zmm{/l,:[c]((xfz)fy)s/l,:[c](yf(yf(xfz))s 5 }

. -k
= mm{,ui[c]((x—y)—z),yilc] (y)’T} by (S,) and (a2) and x = y.

Which is (iii). And
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yﬁ[c](xfz) = yﬁ[c](((xfz)fy)\/ (yf(yf((xfz))))

<max {7y ((x=2) =) 7 (y*(y*(xfz)%%}

=max{y ((x—y)—z),yﬁ[c] (y),%} by (S;) and (a2) and x = y.
Which is (iv). Hence it completes the proof.
Theorem 4.22 An (€ vq, )-intuitionistic fuzzy soft set

(F,4) of Xis an (&€ vg, )-intuitionistic fuzzy soft ideal of
X ifand only if it satisfies:

(1) Mo (x —((x —a)—b)) = min {'uﬁ[g](a)’ Nﬁ[g](b),%} ,
(i) 77 (x—((x—a)-b)) < max{yﬁ[é_] (a), Vp[g](b),%
forall x,a,be X.

Proof. Let (€,€ vg, )-intuitionistic fuzzy set 4 = (uﬁ[s] Y ﬁ[g])
of X satisfies (i) and (ii). Consider

i (5= 2) = g, (k=) = ((x = ) —x) = x))) by (i)

. 1-k
= mln{:uﬁ[c] (), Hilg (x)’T}

. 1-k
= mm{,ul:-[g](x)’T}

and
Vi (=) =7y ((r =)= ((x = ») = x) = x))) by (ii)
-k
< maxc{yﬁ[g] (), 7,&[6]()5)’7}
-k
= max{yﬁ[g] (x)sT}
Also suppose that xV y exists in X and by using the Pro-

position 2.4, we have xv y=w—((w—x)—y). Now using
the given conditions

e 5V 3) = g0 (W= ((w=2) = »))
> it (0, Ay (D5} by ()
and
iV ) = 71 (= (=)= 7))
A7 (0030 ()} by G

Hence 4= (uﬁ[s],yﬁ[g]) is an (e,e v, )-intuitionistic fuzzy
soft ideal of X.

Conversely, let 4= (uﬁ[g], yﬁ[g]) be an (€,€vq,)-
intuitionistic fuzzy soft ideal of X. By Theorem 4.21,
. 1-k
,u;-[g] (x-2z)= mln{,“;—[g] (x-y)-2), ,“;:-[g] (y)sT}

and
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1-k
7/1?[5]()( -z)< max{yﬁ[g]((x_y) -z), 7ﬁ[g](y)sT}~
Let z=(x—a)—b and y =b, then

Hifg) (x=((x—a)-b))2 min{‘uile]((x—y)—((x—a)—b)),‘uile](b),%}
= min{gty (=)= (=) - sty 01T by 5)
= mi“{/‘i[s](a)’/‘i[s] (b),%} by puttingx =x—b and y = a in (a4)

and

7;[8](3' —((x—a)-b)) < max{yilg]((x_ »-((x-a) _b))v}’;lg](b)v%}
=ty (03 = (=8 -7 (B 5 by (5,)

1—
= max{y;lg](a),yile](b),Tk} by putting x =x—b and y = a in (a4).

Hence 4 = ( Hifa)» yﬁ[g]) satisfy condition (i) and (ii).

Lemma 4.23 An intuitionistic fuzzy set 4 = (#ﬁ[g] 2V i) ) of X
isan (€,€ vq, )-intuitionistic fuzzy soft ideal of X if and only
if fuzzy sets p1,, and 7 s, are (€,€ vq, )- fuzzy soft ideals
of X.

Proof. The proofis straightforward.

Theorem 4.24 An intuitionistic fuzzy set 4= (#ﬁ[g] 2V i) ) of
X is an (&€ vg, )-intuitionistic fuzzy soft ideal of X if
> A= (#ﬁ[g], M

(€,€ vq, )- intuitionistic fuzzy soft ideal of X.

and only if and < 4= (7/}3[8]’ ?/ﬁ[g]) are

Proof. The proofis straightforward.

Theorem 4.251f A = (yﬁ[g], i) ) isan (&€ vg, )-intuition-
istic fuzzy soft ideal of X then

. 1-k
X'u,‘:‘[g] ={xeX : ,uﬁ[g](x) = mm{,uﬁ[g] (x)sT} = Hipe 0)}

and

1-k
XyF.[E] ={xeX : 7/,?[5] (x)= max{yﬁ[g](x),T} = 7ﬁ[g] 0)}

are soft ideals of X.

Proof. Let ae X

Hels)
min {10, (0), 5 = 41,1 (0). Since A= (uﬁ[g],yﬁ[g]) is an
(e, evg, )-intuitionistic fuzzy soft ideal of X so we have

@)ty (@=x) = min{pg ) (@), 55 = ug,) (0), which
implies that (a—x) e X .
(i1) 7,6[5](‘1 —x) < max {7,&[6] (a),3}= Y Fle] (0), which
implies that (a - x) eX

and xeX. Then by definition

Yie)
Let xV y exists in X, we get
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(i) f17q, e v p) = min{pz ) (), g, (0,555 = 1y, (0)
which implies that (xvy)e XyF,M . Yagxvy) <
max iy s, (x)syﬁ[g](y)sl;zk} =Y el (0), which implies that
(xvy)e X, Hence

. 1-k
X'u,‘:‘[g] ={xeX : ,uﬁ[g](x) = mm{,uﬁ[g] (x)sT} = ,uﬁ[g] 0)}

and

1-k
XyF.[E] ={xeX : 7/,?[5] (x)= max{yﬁ[g](x),T} = 7ﬁ[g] 0)}

are soft ideals of X.

Theorem 4.26 Let (F, 4) and (G,B) be two (c,€ vq, )-
intuitionistic fuzzy soft subalgebras (resp., ideals) of X. Then
sois (F,4)N(G,B).

Proof. Let (F, Ay and (G, B) betwo (&,€ vg, )-intuitionistic
fuzzy soft subalgebras of X. We know that (F, AN(G,B)
=(0,C), where C = AU B. Now forany ¢ € C and x,y € X,
we consider the following cases

Case 1: Forany ¢ € 4A— B, we have

. 1-k
Hop (¥ =) = typ (x=p) > min{u (%), s, W)=
. 1-k
= min{sg,, (%), u@[s](y),T},

and

1-k
y(:)[s](x_y) = yﬁ[s](x_y)gmax{yﬁ[g](x)ayﬁ[g](y)s 2 }

1-k
= max{y@[s] (x)a y(:)[s] (y)aT}

Case2: Forany ¢ € B— A, we have

. 1—k
Hop (X =) = Hgp, (x=y) 2 min{ug (%), g, (y),—2 }
. 1-k
= min{yy | (x),u@[s](y),T},

and

1-k
y(:)[s](x_y) = y@[s](x_y) < max{yé[s] (x)’)/G_[é‘](y)’ 2 }

1-k
= max{y@[s] (x)a y(:)[s] (y)aT}

Case 3: For any ¢e AnB, we have Hg,, MHg,, and

Yi1e1 YV 610y Analogous to the proof of Theorem 4.16. Hence
(F,AyN(G,B) isan (&, vq, )-intuitionistic fuzzy soft sub-
algebra of X.
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Theorem 4.27 Let (F,4) and (G,B) be two (€,€ vq, )-
intuitionistic fuzzy soft subalgebra (resp., ideals) of X. Then
sois (F,4YU(G,B).

Proof. The proof'is similar to the proof of the Theorem 4.26.
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