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Abstract 
 

The article reveals concept of ℓ𝑝
𝑁(𝑋), 1 ≤ 𝑝 < ∞, the p – absolutely summable neutrosophic valued sequence space. We 

have proved that it is a neutrosophic normed linear space valued sequence space. We have studied its different algebraic and 

topological properties. We have also established some inclusion results. The main aim is to introduce the notion of neutrosophic 

normed linear space ℓ𝑝
𝑁(𝑋), 1 ≤ 𝑝 < ∞, and to show that it is a complete neutrosophic sequence space. 
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1. Introduction  
 

 In today’s world we come across with many 

uncertainties which cannot always be dealt with the help of 

classical methods. To overcome such uncertainties, Zadeh 

(1965) introduced the concept of fuzzy sets. Regardless of 

many applications of it, fuzzy set cannot explain the 

indeterminacy states as it provides a truth value only. Kamthan 

and Gupta (1980) investigated sequence spaces and series. The 

notion of fuzzy metrices was introduced by Kelava and 

Seikkala (1984). Then Atanassov (1986) revealed intuitionistic 

fuzzy sets theory considering non - membership value along 

with membership one. Felbin (1992) investigated finite 

dimensional fuzzy normed linear spaces. Thereafter, concept of 

neutrosophic set was introduced by Smarandache (1998, 1999). 

Here membership, non - membership and indeterminacy are 

defined as independent of each other in neutrosophic set theory. 

Intuitionistic fuzzy set theory has a role to play in all areas of 

research where fuzzy set theory has been applied. Park (2004) 

defined metric space in intuitionistic fuzzy setting.  

Smarandache (2005) further investigated neutrosophic sets. 

Researchers    successfully   applied    the  notion  of  fuzzy  and 

 
intuitionistic fuzzy sets theory in studying several types of 

sequence spaces viz. (Das 2014a, 2014b; Karakus, Demirci, & 

Duman, 2008; Karakaya, Simsek, Erturk, & Gursoy, 2014; 

Komisaski, 2008; Kumar & Kumar, 2009; Saadati, 2009; 

Tripathy, Baruah, & Gungor, 2012; Tripathy & Dutta, 2014, 

2015; Tripathy & Sarma, 2008. Further Das (2017) introduced 

normed linear space sequence space in fuzzy setting. Bera and 

Mahapatra (2017, 2018) studied the neutrosophic soft linear 

spaces and their normed spaces. Tripathy and Das (2019) 

investigated a class of fuzzy number sequences b𝑣𝑝
𝐹. 

Muralikrishna and Kumar (2019) investigated neutrosophic 

approach to normed linear space.  Kirişci and Şimşek (2020) 

investigated statistical convergence in neutrosophic normed 

space (NNS). Omer (2021a, 2021b, 2022) investigated different 

types of convergence in neutrosophic normed spaces. Studies 

on different types of statistical convergence in neutrosophic 

normed spaces have been carried out by Gonul (2022, 2023a 

and 2023b) and Khan et al. (2023). In section 2, we mention 

some definitions and results relevant to the study.  

Main contribution: The main contributions are as follows: 

- We have defined neutrosophic normed linear 

space valued sequence space. We have also 

defined addition and scalar multiplication, 

monotonicity, symmetric, convergence, 

solidness, completeness, p – absolutely 

summable sequence etc. of this space.  
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- We have established that p – absolutely summable sequence space is neutrosophic normed linear space valued 

sequence space. 

- We have obtained completeness property of neutrosophic normed linear space valued sequence space. 

- With suitable counterexample, we have established that neutrosophic normed linear space valued sequence space is 

not convergence free 

- We have established symmetricity and inclusion property of neutrosophic normed linear space valued sequence 

space. 

 

2. Definitions and Preliminaries 
 

Here we procured different well-known definitions and results, which are used in getting our results. For Definitions 2.1 

to 2.8, one may refer to Das (2017); and for Definition 2.9, one may refer to Smarandache (1998). 

 

Definition 2.1. Let the collection of all bounded intervals [𝑎1,  𝑎2] on ℝ be C. Let  𝑋, 𝑌 ∈ 𝐶. 
Take 

𝑈 =  [𝑥1, 𝑥2] and 𝑉 =  [𝑦1, 𝑦2]. For𝑥1𝑦1 and 𝑥2 𝑦2, let 𝑈𝑉 and 

𝑑(𝑈, 𝑉) =  max(|𝑥1 − 𝑦1|, |𝑥2 − 𝑦2|). 
Then,  is a partial order in 𝐶 and (𝐶, 𝑑) is a complete metric space.  

 

Definition 2.2. The fuzzy real numbers are denoted by ℝ𝐹 = {(x,𝜇ℝ(𝑥)) : x ∈ℝ}where 𝜇ℝ ∶  ℝ ∈ [0, 1]}.  

 

Definition 2.3. Let [𝑋]𝛼  be denote α-level set of fuzzy real numbers 𝑋where 0 <  𝛼 ≤  1 and  [𝐹]𝛼 = {𝑡 ∈  ℝ ∶  𝐹(𝑡)  ≥  𝛼}.  

We get closure of strong 0-cut for 𝛼 =  0. 
Collection {𝑡 ∈ ℝ ∶  𝑋(𝑡)  > 𝛼} denotes strong α-cut, where 0 ≤  𝛼 ≤  1 . 
Take 𝑋, 𝑌 ∈  ℝ(𝐼) and consider  ≤, a partial ordering defined by 

𝑋 ≤  𝑌 if and only if 𝑎1
𝛼 ≤ 𝑎2

𝛼 and 𝑏1
𝛼 ≤ 𝑏2

𝛼 , ∀ 𝛼 ∈ (0, 1], 
where [𝑋]𝛼 =  [𝑎1

𝛼  ,  𝑏1
𝛼  ] and [𝑌]𝛼 = [𝑎2

𝛼  ,  𝑏2
𝛼]. 

 

Definition 2.4. Consider  𝑋, 𝑌 ∈  ℝ(𝐼) and let their α-level sets be [𝑋]𝛼 =  [𝑎1
𝛼  ,  𝑏1

𝛼  ],  [𝑌 ]𝛼 =  [𝑎2
𝛼  ,  𝑏2

𝛼  ], 𝛼 ∈  [0, 1]. We define 

arithmetic operations on ℝ(I) with 𝛼 − level sets as below: 

[𝑋 ⊕  𝑌 ]𝛼  =  [ 𝑎1
𝛼 + 𝑎2

𝛼 , 𝑏1
𝛼 +  𝑏2

𝛼] , 
[𝑋 ⊖  𝑌 ]𝛼  = [ 𝑎1

𝛼 − 𝑏2
𝛼 , 𝑏1

𝛼 −  𝑎2
𝛼] , 

[𝑋 ⊗ 𝑌 ]𝛼 = [min𝑖,𝑗∈{1,2}𝑎𝑖
𝛼𝑏𝑗

𝛼   , min𝑖,𝑗∈{1,2}𝑎𝑖
𝛼𝑏𝑗

𝛼] 

and [1̅ ÷ 𝑌]𝛼 = [
1

𝑏2
𝛼 ,

1

𝑎2
𝛼] , 0 ∉ 𝑌 

 

Definition 2.5. Let F be a fuzzy real number. Then its absolute value |𝐹| 𝑜𝑓 𝑋 ∈ ℝ(𝐼) is given by  

|𝐹|(𝑡) = {
max(𝐹(𝑡), 𝐹(−𝑡)), for 𝑡 ≥ 0,
0,                                      for 𝑡 < 0.

 

 

Definition 2.6. A fuzzy real number 𝐹 is said to be non-negative whenever 𝐹(𝑡) takes zero ∀ 𝑡 <  0 and we denote such collection 

by ℝ∗(𝐼). 
 

Definition 2.7. Consider 𝑉as a vector space, and let 𝜔(𝑉) denote the collection of sequences in 𝑉. Then with respect to pointwise 

addition and scalar multiplication, 𝜔(𝑉) is a vector space. If 𝛤(𝑉)is a subspace of 𝜔(𝑉), then it is said to be vector valued as well 

as fuzzy normed linear space-valued sequence space on fuzzy normed linear space (𝑋, ||  ·  ||). 

 

Definition 2.8. Let X be a vector space over R. Assume that the mappings L, R : [0, 1] × [0, 1] → [0, 1] 𝑎𝑟𝑒 𝑠𝑦𝑚𝑚𝑒𝑡𝑟𝑖𝑐 𝑎𝑛𝑑 𝑛𝑜𝑛 − 

decreasing in both arguments and that L(0, 0) = 0 and R(1, 1) = 1. Let || · || : X→ F*(R). The quadruple (X, || · ||, L, R) is  

called a fuzzy normed space with the fuzzy number || · ||, if the following conditions are satisfied:  

(i) If x ≠ 0, then inf||𝑥||𝛼 > 0 whenever 0 < x < 1. 

(ii) ||𝑥|| = 0̅ if and only if x = 0. 

(iii) ||𝑟𝑥|| = |𝑟|||𝑥|| for x ∈ X and r ∈ R. 

(iv) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋, 

(𝑎)||𝑥 + 𝑦||(s + t) ≥ L (||𝑥||(𝑠), ||𝑦||(𝑡))whenever s ≤ ||𝑥||
1
, t ≤ ||𝑦||, s + t ≤ ||𝑥 + 𝑦||

1
. 

(𝑏)||𝑥 + 𝑦||(s + t) ≤ L (||𝑥||(𝑠), ||𝑦||(𝑡)) whenever s ≥ ||𝑥||1, t ≥ ||𝑦||, s + t ≥ ||𝑥 + 𝑦||1. 

 

Definition 2.9. The neutrosophic real numbers are denoted by ℝ𝑁 = {(x,  𝑇ℝ(𝑥),  𝐹ℝ(𝑥), 𝐼ℝ(𝑥)) : x ∈ℝ} where 𝑇ℝ ∶  ℝ → [0, 1], 
𝐹ℝ ∶  ℝ → [0, 1], 𝐼ℝ ∶  ℝ → [0, 1]. 
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3. Neutrosophic Normal Linear Space 
 

Now we introduce the notions of normed linear space in neutrosophic set of real numbers. 

 

Definition 3.1. We denote linear space over ℝ by X. Consider mapping || · ||: X → ℝ∗(𝐼). We also consider symmetric mappings 

𝐿, 𝑀: [0,1] × [0,1] → [0,1] which is non-decreasing in both arguments and satisfies 𝐿(0, 0) = 0, 𝑀(1, 1) = 1.  Define [||x ||]𝛼 =
max {|𝑥|1

𝛼  , |𝑥|2
𝛼  ] , for 𝑥 ∈ 𝑋, 𝑥𝛼 = [𝑥1

𝛼 , 𝑥2
𝛼], 0 < 𝛼 ≤ 1 and suppose ∀𝑥 ∈ 𝑋, 𝑥 ≠ 0, ∃ 𝛼0 ∈ (0, 1] independent of x such that 

∀ 𝛼 ≤ 𝛼0, 
(a) |𝑥|2

𝛼 < ∞, 
(b) 𝑖𝑛𝑓𝛼 ∈ (0,1][|𝑥|1

𝛼} > 0. 

Then (𝑋, || · ||, 𝐿, 𝑀) is said to be a neutrosophic normed linear space. Here || · || denotes neutrosophic norm, provided 

(i) ||𝑥𝑇|| = ||𝑥𝐼|| = ||𝑥𝐹|| = 0̅ if and only if 𝑥 = 𝜃̅, the null element of X. 

(ii) ||𝑟𝑥𝑇|| = |r|||𝑥𝑇||, ||𝑟𝑥𝐼|| = |𝑟|||𝑥𝐼||, ||𝑟𝑥𝐹|| = |𝑟|||𝑥𝐹||, 𝑥 ∈ 𝑋, 𝑟 ∈ ℝ. 

(iii) 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥, 𝑦 ∈ 𝑋, 

(𝑎)||𝑥𝑇 + 𝑦𝑇||(s + t) ≥ L (||𝑥𝑇||(𝑠), ||𝑦𝑇||(𝑡)), 

||𝑥𝐼 + 𝑦𝐼||(s + t) ≥ L (||𝑥𝐼||(𝑠), ||𝑦𝐼||(𝑡)) 

||𝑥𝐹 + 𝑦𝐹||(s + t) ≥ L (||𝑥𝐹||(𝑠), ||𝑦𝐹||(𝑡)), 

whenever 𝑠 ≤ |||𝑥𝑇|||1
1, |||𝑥𝐼|||1

1, |||𝑥𝐹|||1
1 

𝑡 ≤ |||𝑦𝑇|||1
1, |||𝑦𝐼|||1

1, |||𝑦𝐹|||1
1 

𝑠 + 𝑡 ≤ |||𝑥𝑇 + 𝑦𝑇|||1
1, |||𝑥𝐼 + 𝑦𝐼|||1

1, |||𝑥𝐹 +  𝑦𝐹|||1
1. 

(b) ||𝑥𝐼 + 𝑦𝐼||(s + t) ≥ M(||𝑥𝐼||)(𝑠), ||𝑦𝐼||(𝑡)) 

||𝑥𝑇 + 𝑦𝑇||(s + t) ≥ M(||𝑥𝑇||)(𝑠), ||𝑦𝑇||(𝑡)) 

||𝑥𝐹 + 𝑦𝐹||(s + t) ≥ M(||𝑥𝐹||)(𝑠), ||𝑦𝐹||(𝑡)) 

whenever  𝑠 ≥ |||𝑥𝑇|||1
1, |||𝑥𝐼|||1

1, |||𝑥𝐹|||1
1 

𝑡 ≥ |||𝑦𝑇|||1
1, |||𝑦𝐼|||1

1, |||𝑦𝐹|||1
1 

𝑠 + 𝑡 ≥ |||𝑥𝑇 + 𝑦𝑇|||1
1, |||𝑥𝐼 + 𝑦𝐼|||1

1, |||𝑥𝐹 +  𝑦𝐹|||1
1 

In the sequel we take 𝐿(𝑥, 𝑦) = min (𝑥, 𝑦) and 𝑀(𝑥, 𝑦) = max(𝑥, 𝑦) for 𝑥, 𝑦 ∈ [0, 1] and we here consider the 

space (𝑋, || · ||, 𝐿, 𝑀), for short denoted by (𝑋, || · ||) or simply by X. 

Here ||𝑥𝑇||, ||𝑥𝐼|| and ||𝑥𝐹|| denote symbolically the norms of truthness, indetermancy and falseness, respectively. 

 

Definition 3.2. Consider X that is a vector space. Let 𝜔(𝑋) be the set of all sequences of it. Then with respect to pointwise addition 

and scalar multiplication, 𝜔(𝑋) is a vector space. Consider a subspace 𝛤(𝑋) of 𝜔(𝑋). Then 𝛤(𝑋) is said to be vector valued 

sequence space and it is called neutrosophic normed linear space valued sequence space when (X,  || · |) is a neutrosophic normed 

linear space. 

 

Definition 3.3. Consider 𝐸𝑁(X) that is a neutrosophic normed linear space valued sequence space. Then it is called normal (or 

solid) if (𝑦𝑘) ∈ 𝐸𝑁(X), as and when ||𝑦𝑘
𝑇|| ≤ ||𝑥𝑘

𝑇||, ||𝑦𝑘
𝐼 || ≥  ||𝑥𝑘

𝐼 ||, ||𝑦𝑘
𝐹|| ≥  ||𝑥𝑘

𝐹||, for all k ∈ ℕ and (𝑥𝑘) ∈ 𝐸𝑁(X). 

 

Definition 3.4. The 𝐸𝑁(X), a neutrosophic normed linear space valued sequence space, is called monotone when it takes canonical 

pre-images of all its step sets. 

In Kamthan and Gupta (1980), for the sequences of real or complex numbers, a sequence space is solid implies it is 

monotone. This also holds for the sequences of fuzzy real numbers. In view of these, we have the following remark.  

 

Remark 3.5. A solid neutrosophic normed linear space valued sequence space implies that it is also monotone. 

 

Definition 3.6. A neutrosophic normed linear space valued sequence space  𝐸𝑁(X) is termed symmetric when (𝑥(𝑛)) ∈ 𝐸𝑁(𝑋), 

for(𝑥𝑘) ∈ 𝐸𝑁(𝑋). Here  indicates a permutation of ℕ. 

 

Definition 3.7. A neutrosophic normed linear space valued sequence space  𝐸𝑁(X) is called convergence free when (𝑦𝑘) ∈ 𝐸𝑁(𝑋), 

for(𝑥𝑘) ∈ 𝐸𝑁(X) and 𝑦𝑘 = 0̅ 

whenever 𝑥𝑘 = 0̅. 

 

Definition 3.8. A neutrosophic normed linear space (𝑋, || · ||) is called complete whenever each of its Cauchy sequences converges 

to some point of it. 

 

Definition 3.9. The neutrosophic normed linear space valued sequence space ℓ𝑝
𝑁(𝑋) can be defined with the help of neutrosophic 

norm as given below: 

ℓ𝑝
𝑁(𝑋) = {𝑥 = (𝑥𝑘) ∈  𝑤𝑁(𝑋): ∑ ||𝑥𝑘||𝑝∞

𝑘=1 ≤ 𝜆, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝜆 ∈ ℝ∗(𝐼)}. 
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Definition 3.10. The collection of all p- absolutely summable sequences in (𝑋, || · ||) for a sequence 𝑥 = (𝑥𝑘) ∈ 𝑙𝑝
𝑁(𝑋), 1 ≤ 𝑝 <

∞, can be defined as below: 

||𝑥|| = {∑(||

∞

𝑘=1

𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐼 ||𝑝+||𝑥𝑝
𝐹||𝑝)}1/𝑝 

Here ||𝑥|| indicates a norm on X. 

Here 𝑤𝑁(𝑋), ℓ𝑝
𝑁(𝑋) and 𝑐𝑁(𝑋) indicate spaces of all, p-absolutely summable, and convergent sequences of X, respectively. 

 

4. Prime Findings 
 

Theorem 4.1. The collection of p-absolutely summable sequences ℓ𝑝
𝑁(𝑋) is neutrosophic normed linear space valued sequence 

space. 

 

Proof. Consider (𝑋, || · ||) as a neutrosophic normed linear space valued sequence space and 𝑥 = (𝑥𝑘), 𝑦 = (𝑦𝑘) ∈ ℓ𝑝
𝑁(𝑋). We 

have for  

𝑘 ∈ ℕ, ||𝑥𝑘 + 𝑦𝑘||𝑝 ≤ 2𝑝 max{(||𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐼 ||𝑝 + ||𝑥𝑘
𝐹||𝑝), (||𝑦𝑘

𝑇||𝑝 + ||𝑦𝑘
𝐼 ||𝑝 + ||𝑦𝑘

𝐹||𝑝)} 

≤ 2𝑝{||𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐼 ||𝑝 + ||𝑥𝑘
𝐹||𝑝) ⊕ (||𝑦𝑘

𝑇||𝑝 + ||𝑦||𝑝 + ||𝑦𝑘
𝐹||𝑝)} 

It follows that ∑ ||∞
𝑘=1 𝑥𝑘 + 𝑦𝑘||𝑝 < ∞.Thus, (𝑥𝑘 + 𝑦𝑘) ∈ ℓ𝑝

𝑁(𝑋). 

Let  𝑟 ∈ ℝ. We have 

∑ ||𝑟𝑥𝑘||𝑝 = |𝑟|𝑝 ∑ ||𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐼 ||𝑝 + ||𝑥𝑘
𝐹||𝑝) < ∞∞

𝑘=1
∞
𝑘=1 . 

Thus, 𝑟𝑥𝑘 ∈ ℓ𝑝
𝑁(𝑋), ∀r ∈ ℝ. 

So, ℓ𝑝
𝑁(𝑋) is a subspace in 𝑤𝑁(𝑋) and thus neutrosophic normed linear space valued sequence space. 

 

Theorem 4.2. Consider X that is a complete metric space. The space ℓ𝑝
𝑁(𝑋), 1 ≤ 𝑝 < ∞, is complete with the norm 

||𝑥|| =  {∑ (||𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐹||𝑝 +∞
𝑘=1 ||𝑥𝑘

𝐼 ||𝑝)}1/𝑝, 

where 𝑥 = (𝑥𝑘) ∈ ℓ𝑝
𝑁(𝑋), and 𝑘 ∈ ℕ . 

 

Proof. Consider  (𝑥(𝑛)) that is a Cauchy sequence in ℓ𝑝
𝑁(𝑋). 

Here 𝑥(𝑛) = (𝑥𝑘
(𝑛)

) =  (𝑥1
(𝑛)

, 𝑥2
(𝑛)

, 𝑥3
(𝑛)

, … ) ∈ 𝑙𝑝
𝑁, ∀ 𝑛 ∈ ℕ. 

Then for a given 𝜖̅ > 0, ∀ 𝑛0 ∈ ℕ such that ||𝑥(𝑛) − 𝑥(𝑚)|| =  {∑((||𝑥𝑘
𝑇(𝑛)

− 𝑥𝑘
𝑇(𝑚)

||𝑝 + (||𝑥𝑘
𝐼 (𝑛)

− 𝑥𝑘
𝐼 (𝑚)

||𝑝 + (||𝑥𝑘
𝐹(𝑛)

−

𝑥𝑘
𝐹(𝑚)

||𝑝)}
1

𝑝 < 𝜖,̅ ∀ 𝑚, 𝑛 ≥ 𝑛0. 

⟹ ||𝑥(𝑛) − 𝑥(𝑚)|| < 𝜖 ̅

⟹ Sequence (𝑥𝑘
(𝑛)

) is Cauchy in 𝑋 for every 𝑘 in ℕ. 

 As X is complete, ∃𝑥𝑘 ∈ 𝑋 such that 

||𝑥𝑘
(𝑛)

− 𝑥𝑘|| → 0̅, 𝑎𝑠 𝑛 → ∞, 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑘. 

⟹ (|||𝑥𝑘
𝑇(𝑛)

− 𝑥𝑘
𝑇|||2

𝛼) + (|||𝑥𝑘
𝐹(𝑛)

− 𝑥𝑘
𝐹|||2

𝛼) + (|||𝑥𝑘
𝐼 (𝑛)

− 𝑥𝑘
𝐼 |||2

𝛼) → 0, 

𝑎𝑠 𝑛 → ∞, for every 𝛼 ∈ (0, 1]. 
𝑎𝑠 𝑛 → ∞, for every 𝛼 ∈ (0, 1]. 

Here sequence 𝑥(𝑛) is also Cauchy. So, for every  𝜖̅ > 0, ∃  𝑛0 = 𝑛0(𝜖)̅ such that  

{∑((|| 𝑥𝑘
𝑇(𝑛)

− 𝑥𝑘
𝑇(𝑚)

||𝑝 + (||𝑥𝑘
𝐼 (𝑛)

− 𝑥𝑘
𝐼 (𝑚)

||𝑝 + (||𝑥𝑘
𝐹(𝑛)

− 𝑥𝑘
𝐹(𝑚)

||𝑝)}1/𝑝 < 𝜖,̅ 

⟹ [∑{( (|||𝑥𝑘
𝑇(𝑛)

− 𝑥𝑘
𝑇|||2

𝛼)𝑝 + (|||𝑥𝑘
𝐹(𝑛)

− 𝑥𝑘
𝐹|||2

𝛼)𝑝 + (|||𝑥𝑘
𝐼 (𝑛)

− 𝑥𝑘
𝐼 |||2

𝛼)𝑝]
1
𝑝 < 𝜖 for each 𝛼 ∈ (0, 1]. 

Now fix 𝑛 ≥ 𝑛0 and let  𝑚 → ∞, to have 

[∑{( (|||𝑥𝑘
𝑇(𝑛)

− 𝑥𝑘
𝑇|||2

𝛼)𝑝 + (|||𝑥𝑘
𝐹(𝑛)

− 𝑥𝑘
𝐹|||2

𝛼)𝑝 + (|||𝑥𝑘
𝐼 (𝑛)

− 𝑥𝑘
𝐼 |||2

𝛼)𝑝]
1

𝑝 < 𝜖,  

for all 𝑛 ≥ 𝑛0 and 𝛼 ∈ (0,1]. 

=> [∑((|| 𝑥𝑘
𝑇(𝑛)

− 𝑥𝑘
𝑇||𝑝 + (||𝑥𝑘

𝐼 (𝑛)
− 𝑥𝑘

𝐼 ||𝑝 + (||𝑥𝑘
𝐹(𝑛)

− 𝑥𝑘
𝐹||𝑝)}1/𝑝 < 𝜖 ̅, ∀ 𝑛 ≥ 𝑛0. ... ...(1) 

=> {∑(||𝑥𝑇(𝑛)
− 𝑥||)𝑝 + (||𝑥𝐹(𝑛)

− 𝑥||)𝑝 + (||𝑥𝐼(𝑛)
− 𝑥||)𝑝}1/𝑝 ≤ 𝜖,̅ ∀ 𝑛 ≥ 𝑛0, where 𝑥 = (𝑥𝑘) ... ...(2) 

Hence, 𝑥(𝑛) → 𝑥, as 𝑛 → ∞. 

Now we show that 𝑥 = (𝑥𝑘) ∈ ℓ𝑝
𝑁(𝑥). 

From (2), we have, {∑(|| 𝑥𝑇(𝑛)
− 𝑥||)𝑝 + (||𝑥𝐹(𝑛)

− 𝑥||)𝑝 + (||𝑥𝐼(𝑛)
− 𝑥||)𝑝} ≤ 𝜖̅𝑝, 

⟹ (𝑥(𝑛) − 𝑥) ∈ 𝑙𝑝
𝑁(𝑥). 

Here 𝑥 = 𝑥(𝑛) + (𝑥 − 𝑥(𝑛)). Thus by Minkowski inequality and using (1), we get 
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{∑ ||𝑥||𝑝}
1
𝑝

∞

𝑘=1

≤ {∑ ||𝑥(𝑛)| |𝑝}
1
𝑝 ⊕

∞

𝑘=1

{∑ ||𝑥 − 𝑥𝑛||𝑝}
1
𝑝

∞

𝑘=1

 

⟹ {∑(||𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐹||𝑝 + ||𝑥𝑘
𝐼 ||𝑝)}1/𝑝 ≤

∞

𝑘=1

(||𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐹||𝑝 + ||𝑥𝑘
𝐼 ||𝑝)}1/𝑝 ⊕ 𝜖 ̅

⟹ ∑[||𝑥𝑘
𝑇(𝑛)

||𝑝.1/𝑝 + ||𝑥𝑘
𝐹(𝑛)

||𝑝.1/𝑝 + ||𝑥𝑘
𝐼 (𝑛)

||𝑝.1/𝑝

∞

𝑘=1

] < ∞, 𝑠𝑖𝑛𝑐𝑒 𝑥(𝑛) = (𝑥𝑘
(𝑛)

) ∈ 𝑙𝑝
𝑁(𝑋) 

Thus 𝑥 ∈ ℓ𝑝
𝑁(𝑋). 

Thus, the result follows. 

 

Theorem 4.3. Sequence space ℓ𝑝
𝑁(𝑋) is solid as well as monotone. 

 

Proof. Let 𝑥 = (𝑥𝑘) and 𝑦 = (𝑦𝑘) be two sequences such that 

||𝑥𝑘
𝑇 + 𝑥𝑘

𝐹 + 𝑥𝑘
𝐼 || ≤ ||𝑦𝑘

𝑇 + 𝑦𝑘
𝐹 + 𝑦𝑘

𝐼 || ∀ 𝑘 ∈ 𝑁 and (𝑦𝑘) ∈ 𝑙𝑝
𝑁(𝑋). 

⟹ ∑(||𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐹||𝑝 + ||𝑥𝑘
𝐼 ||𝑝) ≤ ∑ ||𝑦𝑘

𝑇||𝑝 + ||𝑦𝑘
𝐹||𝑝 + ||𝑦𝑘

𝐼 ||𝑝) < ∞, 

⟹ ∑(||𝑥𝑘
𝑇||𝑝 + ||𝑥𝑘

𝐹||𝑝 + ||𝑥𝑘
𝐼 ||𝑝) ≤ ∑ ||𝑦𝑘

𝑇||𝑝 + ||𝑦𝑘
𝐹||𝑝 + ||𝑦𝑘

𝐼 ||𝑝) < ∞, 

Thus 𝑥 = (𝑥𝑘) ∈ ℓ𝑝
𝑁(𝑋) and ℓ𝑝

𝑁(𝑋) is solid. 

Hence the space ℓ𝑝
𝑁(𝑋) is monotone.  

 

Theorem 4.4. Space ℓ𝑝
𝑁(𝑋) cannot be convergent free.  

 

Proof. Theorem is verified with the following example. 

 

Example 4.5. Consider 𝑥 = (𝑥𝑘) as a sequence given below: 

𝑥𝑘 = {
𝑘−4, 𝑓𝑜𝑟 𝑘 𝑒𝑣𝑒𝑛

0, 𝑓𝑜𝑟 𝑘 𝑜𝑑𝑑
… … (3) 

Consider X as a neutrosophic normed linear space and 𝑧 = (𝑧𝑘) ∈ 𝑋.  Consider ||𝑧𝑘
𝑇|| given below: 

Take k that is a natural number and let 𝑧𝑘 ≠ 0, ||𝑧𝑘
𝑇||(𝑡) = {

5𝑡

|𝑧𝑘|
− 4, 𝑓𝑜𝑟

4|𝑧𝑘|

5
≤ 𝑡 ≤ |𝑧𝑘|

0, otherwise
… … (4) 

and for ||𝑧𝑘|| = 0, ||𝑧𝑘||(𝑡) = {
1, for𝑡 = 0

0, otherwise
… … (5). 

Using (3), we have for  

k even and 𝑥𝑘 ≠ 0, ||𝑥𝑘
𝑇|| (𝑡) = {

5𝑡

|𝑥𝑘|
− 4, 𝑓𝑜𝑟

4|𝑥𝑘|

5
≤ 𝑡 ≤ |𝑥𝑘| = 𝑘−4,

0, otherwise,
… … (6) 

and for k odd, 

||𝑥𝑘|| = 0, ||𝑥𝑘||(𝑡) = {
1, 𝑓𝑜𝑟 𝑡 = 0,
0, otherwise.

… … (7) 

Again, for each 𝛼 ∈ (0, 1], we have 

[||𝑥𝑘
𝑇|| = {[

𝛼 + 4

5
𝑘−4, 𝑘−4], 𝑓𝑜𝑟 𝑘 𝑒𝑣𝑒𝑛

[0, 0], 𝑓𝑜𝑟 𝑘 𝑜𝑑𝑑
 

Hence for each 𝛼 ∈ (0,1], 

∑ [|||𝑥𝑘
𝑇|||2

𝛼]𝑝 = [∑ (
1

𝑘4)𝑝 − ∑ [
1

(2𝑘+1)4] < ∞∞
𝑘=0

∞
𝑘=1

∞
𝑘=1 , 

⟹ ∑ ||𝑥𝑘
𝑇||𝑝 < ∞∞

𝑘=1 . 

Similarly, we can show that 

∑ ||𝑥𝑘
𝐹||𝑝 < ∞ and ∑ ||𝑥𝑘

𝐼 ||𝑝 < ∞∞
𝑘=1

∞
𝑘=1 . 

Thus, 𝑥 = (𝑥𝑘) ∈ ℓ𝑝
𝑁(𝑋). 

Let 𝑦 = (𝑦𝑘) be this sequence: 

𝑦𝑘 = {𝑘
−

1
𝑝, 𝑓𝑜𝑟 𝑘 𝑒𝑣𝑒𝑛

0, 𝑓𝑜𝑟 𝑘 𝑜𝑑𝑑.
, 

Then for k even and using (4), we have 

||𝑦𝑘
𝑇||(𝑡) = {

5𝑡

|𝑦𝑘|
− 4, 𝑓𝑜𝑟

4|𝑦𝑘|

5
≤ 𝑡 ≤ |𝑦𝑘| = 𝑘

−
1

𝑝

0, otherwise.
, 
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Further when k is odd, ||𝑦𝑘||(𝑡) = {
1, when t = 0,
0, otherwise.

 

Further, every 𝛼 ∈ (0, 1] gives 

[||𝑦𝑘
𝑇||]𝛼 = {

[(
α + 4

5
) k

−
1
p, k

−
1
p] , for k even,

[0,0], for k odd.

 

Thus, for every 𝛼 ∈ (0, 1],  

∑ [|||𝑦𝑘
𝑇|||2

𝛼]𝑝∞
𝑘=1 = ∑ (𝑘

−
1

𝑝)𝑝∞
𝑘=1 − ∑ {(2𝑘 + 1)

−
1

𝑝}𝑝∞
𝑘=0 , 

which is unbounded. 

⟹∑ ||𝑦𝑘
𝑇||𝑝∞

𝑘=1 𝑖𝑠 𝑢𝑛𝑏𝑜𝑢𝑛𝑑𝑒𝑑. 

Thus 𝑦 = (𝑦𝑘) ∉ ℓ𝑝
𝑁(𝑥) and 𝑙𝑝

𝑋(𝑋) is not convergence free. 

 

Theorem 4.6.  Symmetricity of ℓ𝑝
𝑁(𝑋) holds. 

 

Proof. Consider  𝑥 = (𝑥𝑘) ∈ ℓ𝑝
𝑁(𝑋). 

Consider 𝑦 = (𝑦𝑘) as rearrangement of 𝑥 = (𝑥𝑘)where 𝑥𝑘 = 𝑦𝑚𝑘
 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑘 ∈ ℕ. 

Then, ∑ ||𝑦𝑚𝑘

𝑇 ||𝑝 = ∑ ||𝑥𝑘
𝑇||𝑝 < ∞. 

Similarly, we can show that ∑ ||𝑥𝑘
𝐹||𝑝 < ∞. 

and ∑ ||𝑥𝑘
𝐼 ||𝑝 < ∞. 

Thus, 𝑦 = (𝑦𝑘) ∈ ℓ𝑝
𝑁(𝑋). 

Thus, the result follows. 

 

Theorem 4.7.  ℓ𝑝
𝑁(𝑋) ⊆ ℓ𝑞

𝑁(𝑋), for 1 ≤ 𝑝 < 𝑞 < ∞. 

 

Proof. Let 𝑥 = (𝑥𝑘) ∈ ℓ𝑝
𝑁(𝑋). Then we have 

∑ ||𝑥𝑘
𝑇||𝑝 < ∞ ⟹ ∑[|||𝑥𝑘

𝑇|||2
𝛼]𝑝 < ∞, for every 𝛼 ∈ (0, 1]. 

Since, lim
𝑘→∞

||𝑥𝑘
𝑇 − 0|| = 0̅ (as (𝑥𝑘) ∈ ℓ𝑝

𝑁(𝑋)), so ∃ 𝑛0 of ℕ where  

||𝑥𝑘
𝑇 − 0|| ≤ 1̅. Here every k is greater than equal to n0. 

Thus, ∑ ||𝑥𝑘
𝑇||𝑞 = ∑ ||𝑥𝑘

𝑇||𝑞 ⊕ ∑ ||𝑥𝑘
𝑇||𝑞 .∞

𝑛=𝑛0

𝑛0−1
𝑘=1  

Clearly,  

∑ ||𝑥𝑘
𝑇||𝑞 ≤ ∑ ||𝑥𝑘

𝑇||𝑝 < ∞∞
𝑘=1

∞
𝑘=𝑛0

. 

Further we have, 

∑ ||𝑥𝑘
𝑇||𝑞𝑛−1

𝑘=1 𝑖𝑠 𝑓𝑖𝑛𝑖𝑡𝑒 𝑠𝑢𝑚. 

Hence, ∑ ||𝑥𝑘
𝑇||𝑞 < ∞. 

Similarly, we can have ∑ ||𝑥𝑘
𝐹||𝑞 < ∞. and ∑ ||𝑥𝑘

𝐼 ||𝑞 < ∞. 

Thus, 𝑥 = (𝑥𝑘) ∈ ℓ𝑝
𝑁(𝑋)and hence the result. 

 

5. Conclusions  
 

In this article, we introduced the notion of p - 

absolutely summable sequences ℓ𝑝
𝑁, 1 ≤ 𝑝 < ∞ , of 

neutrosophic real numbers and investigated some of their 

algebraic and topological properties. We further examined 

some relationships involving this space. The methodology 

adopted to establish the results can be applied to study the class 

of p - absolutely summable double sequences. This space can 

be examined from a neutrosophic metric aspect.  If we remove 

the indeterminacy, i.e., if we consider value of indeterminacy 

as zero, then we get intuitionistic fuzzy normed spaces, Again, 

if we remove the indeterminacy and falseness, i.e., if we 

consider both indeterminacy and falseness as zero, then we get 

fuzzy normed spaces 

 

Acknowledgements 
 

The authors are grateful to the reviewers for 

comments that helped improve the presentation in the article. 

References 
 

Atanassov, K. (1986). Intuitionistic fuzzy sets. Fuzzy Sets and 

Systems, 20, 87-96. 

Bera, T., & Mahapatra, N. K. (2017). Neutrosophic soft linear 

spaces. Fuzzy Information and Engineering, 9, 299-

324. 

Bera, T., & Mahapatra, N. K. (2018). Neutrosophic soft normed 

linear spaces. Neutrosophic Sets and Systems, 23, 52-

71.  

Das, P. C. (2014a). Statistically convergent fuzzy sequence 

spaces by fuzzy metric. Kyungpook Mathematical 

Journal, 54(3), 413-423.  

Das, P. C. (2014b). p-absolutely summable type fuzzy sequence 

spaces by fuzzy metric. Boletim da Sociedade 

Paranaense de Matemtica, 32(2), 35-43. 

Das, P. C. (2017). Fuzzy normed linear space valued sequence 

space 𝑙𝑝
𝐹(X). Proyecciones Journal of Mathematics, 

36(2), 245-255.  



308 A. Debroy et al. / Songklanakarin J. Sci. Technol. 46 (3), 302-308, 2024 

Felbin, C. (1992). Finite dimensional fuzzy normed linear 

space. Fuzzy Sets and Systems, 48, 239-248. 

Gonul Bilgin, N. (2022). Hibrid Δ-statistical convergence for 

neutrosophic normed space. Journal of Mathematics, 

2022, 1-10. 

Gonul Bilgin, N. (2023a). Arithmetic statistically convergent 

on neutrosophic normed spaces. Gümüşhane 

Üniversitesi Fen Bilimleri Dergisi, 13(2), 270-280. 

Gonul Bilgin, N. (2023b). Hilbert I-statistical convergence on 

neutrosophic normed spaces. Gazi University Journal 

of Science Part A: Engineering and Innovation, 10(1), 

1-8. 

Kamthan, P. K. & Gupta, M. (1980). Sequence spaces and 

series, New York, NY: Marcel Dekker Inc. 

Karakaya, V., Simsek, N., Erturk, M., & Gursoy, F. (2014). On 

ideal convergence of sequences of functions in 

intuitionistic fuzzy normed spaces. Applied 

Mathematics and Information Sciences, 8, 2307-2313.  

Karakus, S., Demirci, K., & Duman, O. (2008). Statistical 

convergence on intuitionistic fuzzy normed spaces. 

Chaos Solitons and Fractals, 35, 763-769. 

Kelava, O., & Seikkala, S. (1984). On fuzzy metric spaces. 

Fuzzy Sets and Systems, 12, 215-229. 

Khan, V. A., Daud Khan, M., & Kumar, A. (2023). Statistical 

convergence of sequences of functions in 

neutrosophic normed spaces. Numerical Functional 

Analysis and Optimization, 44(13), 1443-1463. 

Kirisci, M., & Simsek, N. (2020). Neutrosophic normed spaces 

and statistical convergence. The Journal of Analysis, 

28, 1059-1073. 

Kisi, Omer. (2021a). Ideal convergence of sequences in 

neutrosophic normed spaces. Journal of Intelligence 

and Fuzzy Systems, 41(2), 2581-2590. 

Kisi, Omer. (2021b). On Iθ– convergence in neutrosophic 

normed spaces. Fundamental Journal of Mathematics 

and Applications, 4(2), 67-76. 

Kisi, Omer. (2022). On triple difference sequences of real 

numbers in neutrosophic normed spaces. 

Communications in Advanced Mathematical 

Sciences, 5(1), 35-45. 

Komisaski, A. (2008). Pointwise I-convergence and I∗-

convergence in measure of sequences of functions. 

Journal of Mathematical Analysis and Applications, 

340, 770-779. 

Kumar, V., & Kumar, K. (2009). On ideal convergence of 

sequences in intuitionistic fuzzy normed spaces. 

Selcuk Journal of Applied Mathematics, 10, 27-36.   

Muralikrishna, P., & Kumar, D. S. (2019). Neutrosophic 

approach on normed linear Space. Neutrosophic Sets 

and Systems, 30(1), 1-18.  

Park, J. H. (2004). Intuitionistic fuzzy metric spaces. Chaos, 

Solitons and Fractals, 22, 1039-1046.  

Saadati, R. (2009). A note on some results on the IF-normed 

spaces. Chaos Solitons and Fractals, 41, 206-213.  

Smarandache, F. (1998). Neutrosophy. Neutrosophic 

probability, set and logic. Ann Arbor, MI: ProQuest 

Information and Learning. 

Smarandache, F. (1999). A unifying field in logics, 

neutrosophy: Neutrosophic probability, set and logic. 

New York, NY: American Research Press. 

Smarandache, F. (2005). Neutrosophic set: A generalization of 

the intuitionistic fuzzy sets. International Journal of 

Pure and Applied Mathematics, 24, 287-297. 

Tripathy, B.  C., & Sarma, B. (2008). Sequence spaces of fuzzy 

real numbers defined by Orlicz functions. 

Mathematica Slovaca, 58(5), 621-628.  

Tripathy, B. C., Baruah, A. M. Et., & Gungor, M. (2012). On 

almost statistical convergence of new type of 

generalized difference sequence of fuzzy numbers. 

Iranian Journal of Science and Technology, 

Transacations A Science, 36(2), 147-155. 

Tripathy, B.  C., & Dutta, A. J. (2014). Statistically pre-Cauchy 

fuzzy real-valued sequences defined by Orlicz 

function. Proyecciones Journal of Mathematics, 

33(3), 235-243. 

Tripathy, B. C., & Dutta, A. J. (2015). Lacunary I-convergent 

sequences of fuzzy real numbers. Proyecciones 

Journal of Mathematics, 34(3), 205-218.  

Tripathy, B. C., & Das, P. C. (2019). On the class of fuzzy 

number sequences b𝑣𝑝
𝐹. Songklanakarin Journal of 

Science Technology, 41(4), 934-941.  

Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8, 

338-353. 

 

 

 

 

 

 

 

 

  


