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Abstract

In this paper, we introduce a new special combined matrix H(A), where A is a nonsingular square matrix and then we
discuss some properties that are related to this matrix, including its sum of rows. Additionally, we also study applications of the
discussed results, showing that our results can be practically applied in many situations.
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1. Introduction

In recent years, the combined matrices have been
widely studied by many authors. Fiedler (2010) studied the
special combined matrix of A, which was defined as C(A) =
AoAT where o is the Hadamard product of matrices. The
properties of combined matrices have been studied; for
example, Bru, Gassé, Giménez, and Santana (2016) studied
some classes of matrices such that their combined matrices are
non-negative and obtained the relation with the sign pattern of
A. Alonso and Serrano (2019) analyzed the properties of the
combined matrix associated with the almost strictly sign
regular matrices.

In this work, we introduce a new combined matrix
as follows:

H(A) = AcA™, 6

where A™ is the inverse h-transpose of matrix A, introduced by
Hamza and Hussein (2015), and o denotes a new product of
matrices, which will be presented in Section 2.
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Moreover, we discuss the properties of these
matrices and apply our results to practical applications, such
as cryptography and the identification of real solutions for
equations. In the field of cryptography, various authors have
delved into this area, presenting diverse encoding and
decoding algorithms. For instance, refer to Simeyra, Nihal,
and Ozgr (2019), Salman and Yassein (2019), and
Khompurngson and Sompong (2023). In this work, we focus
on the Affine-Hill cipher and introduce new encoding and
decoding algorithms for encryption.

Additionally, one of the applications of the
combined matrix C(A) is finding the real solution of the

equation C(A) zljn, where Jn is an n x n all-one matrix, a
n

question first posed by Johnson and Shapiro (1986). In the
study conducted by Zhang, Yang, and Cao (2000), they found

the real solution of the equation Ct(A):ljn for any
n

positive integer t, where C! represents the map C applied t
times.

In this paper, we propose this problem. Let Kn =
[Kij] be an n x n matrix whose entries are defined by Kij =

(1)i*! for 1 < i, j < n. When does the equation H(A) _1 K
n n

have a real solution?

We organize our work into sections as follows. In
Section 2, we provide new definitions and discuss their
properties. Applications are studied in Section 3, and finally,
conclusions are presented in Section 4.
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2. h-Combined Matrix and Its Properties

First, we present definitions as follows.

Definition 2.1 Let A:[ai’j] and B =[b;] be nxm matrices for 1<i<n, 1< j<m.
A new product of matrices, denoted by A®B, isa nxm matrix given by

AcB = [ai,jbi,m—j+1] 2
Definition 2.2 Let A=[a, ;] be a Nnxm nonsingular matrix. A new combined matrix, which we call h -combined matrix,
denoted by H(A), is defined by

H(A), = Ae AN, 3)
where A" = [a:j] = I:a(n+1—j),(n+1—i)] is h-transpose and A™ is the inverse of matrix A",
Definition 2.3 Let P =[p, ;] be unitary n>m matrix whose entries are defined by

1 ifi+j=n+l
Py = {O, otherwise. @)

By the definitions, we have the following:
1. Leth ,- be the entries of H (A), then we have
i+]
_ (_1) ai,jMn—Hl,j (5)

h;
’ det A

where |\/|ij is the minor of the entry in the j** row and j* column.
2. Let A=[a ;] be Nxn matrix. Then AP =[a, ] and PA=[a

3. The h-combined matrix can be written as H(A) = Ao AP,
Now, let's provide the following examples:

Example 2.4 Let Q be the Fibonacci matrix defined by F 1]
10

n—i+1,j]'

F, F

n n-1

Then Q" :{Fnﬂ F ]Where F, is the classical Fibonacci sequence.

Then, we have H(Q") = (-1)" {_le':n FoaFo }
Fn anl _Fn Fn—l

7 2 1 -35 14 21

Example 2.5 Let A be the nonsingular 3x3 matrix defined byA: 0 3 -1l Then, we have H(A)=| 0 -33 34

4

-3 -2 6 12 -18

Next, we will present lemmas and theorems.
Lemma 2.6 Let A=[a, ;] and B =[b, ;] be nxn nonsingular matrices and D =[d, ;] be @ nxn nonsingular diagonal matrix.

We have

1. (AoB)P=APoBP
2. A"=PAP
3. A'P=PA)"
4. PD=D"P
Proof.  Now, we will prove 1. — 4. by using Definitions 2.1-2.3. Then, we have
1. (AeB)P= [ai,jbi,j]P = [ai,n—j+1bi‘n—j+1] = [ai‘j]P O[bi,j]P = AP-BP.
2. We have PAt = [an—j+1,i] ! then PAtP = [an—j+l,n—i+1] = Ah'
3. Wehave (A")' = (PA'P)"' = P'AP' = PAP, then P(A") " =P(PAP) ' =PP*A'P ' = AP,
4. DhP = [dn—i+1,n—j+1]P = [dn—i+l,j] = PD
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Theorem 2.7 Let A= [a, ].] be an nxn nonsingular matrix and H (A) =[h, j] . The rwo sums of H (A) satisfy these relations.
1. Ifnisan odd integer, then the row sums of the h-combined matrix are

1  where i= nTJrl;

Zhi,j = (6)
j=1

0, otherwise.

2. Ifnisan even integer, then the row sums of the h-combined matrix are zero, namely Zn:h. o
1)
j=1

Proof. First, we calculate the sum for row izn_+1, when n is an odd integer. Then, we have n=2k +1, where k is a

nonnegative integer. So,

n
1
hk+ j ( 1)k+1+1ak+ M K+ K+1)+
=1 v detAZ 1, V7 (2k+1)—(K+1)+1,
K+1+j
detAz( 1) Jak+1j k+1,j
=1.

We next consider the sum of elements in row 1, excluding the case proven above. Since the sum by rows of H(A) is
computed as the sum of the products of each entry in that row with the corresponding cofactors of some other rows, it is obvious
that the sum by rows is zero.

Theorem 2.8 Let A= [ai‘j] be an nxn nonsingular matrix, D be a nonsingular diagonal matrix, and P be the unitary matrix
defined in (4). Then we have

1. H(A)=H(AD)=H(AD")=H(AD™")=PH(PA)

2. H(AP)=H(A")=H(AP

3. H(A")=PH(A)P=H(AY)P.

Proof.  We prove 1. by the following:
i. H(AD)=ADo(AD)"P=AD-A"D"P=A-A"D"PD=A-A""D"D"P

=AoA"P=H(A)

ii. H(AD")=AD"o(AD")"P=AD"-A"D'P=AD"-A"PD"=A-A"PD"D"
=AcA"P=H(A)

iii. H(AD')=AD'o(AD)"P=AD'cA"D"P=AD?cA""PD=A-A"PDD™*
=AcA"P=H(A)

iv.  PH(PA)=P(PAc(PA)"P)=AcPP"A"P=AcA"P=H(A)
Hence, H(A) =H (AD) =H (AD") = H(AD™) = PH (PA), and we prove this similarly in both 2. and 3.
Theorem 2.9 Let A = [ai’j] be a Nxn nonsingular matrix and D be a nonsingular diagonal matrix. We have

1. ADOA"=AGAMD"
2. DAGAN=AGDA"
Proof.  We will prove 1. and 2., respectively, as follows:

1. ADGANT= ADoA"P=AcA"PD = Ao A""D"P =AGAND"

2. DAGA"= DAocA"P=AoDA™"P = AGDA™
We note that D is a nonsingular diagonal matrix, and consequently, D%, D", and D™ are also nonsingular diagonal
matrices. Therefore, it holds for D1, D", and D™ in Theorem 2.9.

3. Applications

3.1 Cryptography

In this section, we focus on the Affine-Hill cipher, introducing novel encoding and decoding algorithms for encryption.
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Firstly, let m be the smallest positive integer greater than the length of plain text divided by 9, and let Pi be the i message matrix
of size 3x 3 for 1 <i<m. If Piis not suitable, zero will be added to complete message matrix. Now, we will present algorithms
for encryption and decryption.

Encryption:

C,= PH(A)+A (mod p), )

i
Decryption:

P= (C-AH"(A) (modp), (8)
where p is a prime number that is not less than the length of the plaintext, Ci is the 3 x 3 cipher text matrix, H(A) is the 3 x 3
nonsingular key matrix, and A is the shifting matrix.

3.1.1 Numerical example

Let us consider the 37-alphabet, in which A-Z correspond to the numbers 1-26, the digits 0-9 corresponds to the
numbers 27—-36, and the blank character is zero.

0 -1 1
Example 3.1 We consider the plain text “CONGRATULATIONS”, the matrix o—(2 1 o |andP=37.
1 2 -1
So, the plain text matrices P1 and P2 are given by
3 15 14 1 20 9
P=|7 18 1|ad p=15 14 19|
20 21 12 0 0 O
0 -2 2
Encryption: Firstly, we construct the key matrix H(A). So, we have 1 (A= 2 -1 0 _Then, we have C1 and C,
-1 4 -3

which are
16 34 -35 16 34 2

C,=PH(A)+A=|37 27 11 |=|0 10 11|(mod37)’
31 -11 3| [31 26 3
31 13 24| [31 13 13
C,=PH(A)+A=|11 33 —27|=|11 33 10| (mod37)’
1 2 1] |1 2 36

The cipher text is “P7B JK4ZC4AMMKG6JAB9” corresponding to the plain text “CONGRATULATIONS”.
Decryption: We have to calculate the inverse of H(A), denoted by H(A).

Then, H—l(A):% 2 ; j . So, we have decrypted P1 and P2, which are
72 4
265 104 176] [6 30 28
2P =2(C,—~A)H'(A)=[125 36 76 |=|14 36 2 | (mod37).
262 116 172| |3 5 24
3 15 14 1 20 9]
Hence, p=| 7 18 1| (mod37)-Similarly, p =115 14 19|(mod37).
20 21 12 0 0 0]

After decryption, the plain text is “CONGRATULATIONS”.

3.2 Real solutions of H(A) = 1 K,
n

In this application, we have the following theorems.
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Theorem 3.2 Let A=Ja, ] be a 2 x 2 nonsingular matrix. Then A is a real solution of H (A) = 1 K, if and only if the condition
' n

holds: —2a,,a, , = det(A) = 2a,,a,,-

Proof. ~Let A=[a, ;] beareal solution of H(A) len.
n

Then, H(A) :%KZ, ie. 1 |:_a1,1a1,2 a4, , }:1{1 —1}.

]det(A) az,laz,z _az,laz,z 211 -1
It follows that —2a, ,a, , = det(A) = 2a,,a, ,.

Conversely, if A satisfies the condition, then A is a real solution of H (A) = l K .
n

n

2 -6

2 6

Example 3.3 Let A:{
1 -1

] then we have H(A):l[l _1}22&. So, A is a real solution to the equation
2 2

1
H(A) ==K,

n
Theorem 3.4 Let n be an odd integer with n>3, and let A=[a J.] be a Nxn nonsingular matrix. Then, the equation
H(A) = 1 K, has no solution.

n
Proof. We assume that matrix A is the real solution of H (A) = 1 K, According to Theorem 2.7, for n an odd integer, the row

n
" 1

sums of H(A) are zero, except for the [nLj row. This contradicts the condition — K, where the sum of rows is nonzero

2 n

for nas an odd integer. Therefore, the equation H (A) = 1 K, has no solution.
n

3.3 Open problems

Lastly, we propose the following two open problems. First, we inquire about the existence of real solutions to the

equation H (A) = E K, for n > 4 when n is an even integer. Second, if we define a new matrix Kn, when does the equation
n

H(A) = 1 K, have areal solution for n > 2?
n

4, Conclusions

A new combined matrix, namely the h-combined matrix, has been proposed in this study. Moreover, some of its
properties are given, such as the sum by rows and columns, as well as the relationship between the h-combined matrix, the
diagonal matrix, and the unitary matrix.

In addition, applications are studied in various fields. First, we applied the proposed combined matrix to construct a
method for encryption and decryption based on the Affine-Hill cipher. The proposed method appears to be effective and secure,
but caution should be exercised because the key matrix should be a nonsingular matrix. And then, we investigated the real

solution matrix of H (A) = E K, for n a positive integer. We found the general solution of these equations for n = 2 and proved
n

that there is no solution for n an odd integer with n > 3.
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