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Abstract 
 

Let M be a semiprime Γ-semiring.  In this paper, we introduce the notion of orthogonal generalized reverse derivations 

in a semiprime Γ-semiring. Some characterizations of semiprime Γ-semirings are obtained by means of orthogonal generalized 

reverse derivations. We also establish the conditions for two reverse derivations in Γ-semiring to be orthogonal. 
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1. Introduction  
 

The concept of rings with derivations, which 

integrates the aspects of analysis, algebraic geometry and 

algebra, has a long history. Although the study of derivations 

in rings began early, it gained significant attention only after 

Posner's (1957) impactful results on derivations in prime rings. 

The concepts of derivation and reverse derivation have been 

widely studied in rings, semirings and other algebraic systems 

because of their role in characterizing algebraic properties. In 

particular, the conditions for the orthogonality of two reverse 

derivations have been studied in semiprime, prime and other 

algebraic structures. As the theory extends, researchers have 

turned their view to investigate reverse derivations and their 

orthogonality in Γ-semirings. In this paper, we introduce the 

concept of reverse derivations and establish the conditions of 

orthogonality in the context of Γ-semirings. 

Vandiver (1934) introduced the notion of semirings, 

while Nobusawa (1964) later expanded on this theory by 

proposing the concept of a Γ-ring to generalize rings. Sen 

(1981) introduced Γ-semigroups, which Rao (1995, 1997) 

further developed into   Γ-semirings. Herstein (1957) was the 

first  to introduce reverse derivation.  Later,  subsequent  studies 

 

(Aboubakr & Gonzalez, 2015; Bresar & Vukman,1989; 

Samman & Alyamani, 2007) expanded this topic. Javed, 

Aslam, and Hussain (2013) focused on the theory of derivations 

in prime Γ-semiring while Suganthameena and 

Chandramouleeswaran (2014) introduced orthogonal 

derivations in semirings. Venkateswarlu, Rao, & Narayana 

(2018, 2019) established conditions for orthogonal derivations 

and reverse derivations in semiprime Γ-semirings. Majeed and 

Hamil (2020) explored orthogonal generalized derivations in 

semiprime Γ-semirings while Kim (2022a, 2022b) studied 

orthogonal reverse derivations in semirings and Γ-semirings. 

Meanwhile, some significant results on non-associative rings, 

fuzzy ideals, ordered h-regular semirings and fuzzy bi-ideal in 

LA rings have been established (Anjum et al. 2020; Kausar, 

2019; Kausar, Alesemi, Salahuddin, & Munir, 2020; Kausar, 

Islam, Amjad, & Waqar 2019; Kausar, Islam, Javaid, Amjad, 

& Ijaz, 2019; Kausar et al. 2020; Kausar & Waqar, 2019a, 

2019b). 

  Recently, some results on the orthogonality of 

generalized symmetric reverse bi- (𝜎, 𝜏) -derivations in 

semiprime rings and generalized reverse (𝜎, 𝜏)-derivations in 

semiprime Γ-rings, Γ-near rings and Γ-semirings have been 

established (Jaya Subba Reddy, & Krishna Murty, 2024; 

Krishna Murty, Chennakesavulu, & Jaya Subba Reddy, 2024; 

Krishna Murty, & Jaya Subba Reddy, 2024a, 2024b; Krishna 

Murty, Jaya Subba Reddy, & Chennakesavulu, 2024; Krishna 

Murty, Jaya Subba Reddy, & Haseena, 2024; Krishna Murty, 

Jaya Subba Reddy, & Sukanya, 2024). 
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This study introduces orthogonal generalized reverse 

derivations on semiprime Γ-semirings. Our objective is to 

prove some results on generalized reverse derivations and 

establish some conditions for the orthogonality of two 

generalized reverse derivations in semiprime Γ-semirings by 

extending the results established by (Majeed & Hamil, 2020). 

A set M is called a semiring when it has two 

associative binary operations, addition (+) and multiplication 

(⋅), if the following conditions are met: 

(i) The addition operation is commutative.  

(ii) The multiplication operation distributes over 

addition from both the left side and the right side.  

(iii) An element 0 ∈ 𝑀  exists such that 𝑎 + 0 =
𝑎 𝑎nd 𝑎. 0 = 0. 𝑎 = 0, for every 𝑎 ∈M. 

If (𝑀, +)   and (𝛤, +)  are two abelian semigroups, 

with identity elements 0 and θ of M and Γ respectively, and 

there exists a mapping of  𝑀 × 𝛤 × 𝑀 → 𝑀   satisfying the 

following properties for 𝑠, 𝑡, 𝑢 ∈ 𝑀 and 𝛼, 𝛽 ∈ 𝛤: 

1. (𝑠 + 𝑡)𝛼𝑢 = 𝑠𝛼𝑢 + 𝑡𝛼𝑢   

2. 𝑠(𝛼 + 𝛽)𝑡 = 𝑠𝛼𝑡 + 𝑠𝛽𝑡, 

3. 𝑠𝛼(𝑡 + 𝑢) = 𝑠𝛼𝑡 + 𝑠𝛼𝑢,    

4.(𝑠𝛼𝑡)𝛽𝑢 = 𝑠𝛼(𝑡𝛽𝑢), 
5. 𝑠𝛼0 = 0𝛼𝑠 = 0 and 𝑠𝜃𝑡 = 0, then M is termed a 

Γ-semiring. 

Let M be a Γ-semiring. 𝑀  is said to be a prime if 

𝑠𝛤𝑀𝛤𝑡 = {0} implies 𝑠 = 0 or 𝑡 =  0, for 𝑠, 𝑡 ∈ 𝑀. M is said 

to be a semiprime if 𝑠𝛤𝑀𝛤𝑠 = {0} implies 𝑠 = 0, for all 𝑠 ∈
𝑀.  A Γ-semiring M is said to be 2-torsion free if 2𝑠 = 0 

implies 𝑠 = 0, for all 𝑠 ∈ 𝑀. An additive mapping 𝑑1: M → M 

is called a derivation if 𝑑1(sαt) = 𝑑1(s)αt + s𝛼𝑑1(t) , for 

all s, t ∈ M. An additive mapping 𝑑1: M → M is called a reverse 

derivation if 𝑑1(sαt) = 𝑑1(t)αs + t𝛼𝑑1(s), for all s, t ∈ M. An 

additive mapping 𝐷1: M → M is called a generalized derivation 

if 𝐷1(sαt) = 𝐷1(s)α𝑡 + 𝑠α𝑑1(t), for all s, t ∈ M, 𝛼 ∈ Γ, where 

𝑑1 is an associated derivation. An additive mapping 𝐷1: M →
M  is called a generalized reverse derivation if 𝐷1(sαt) =
𝐷1(t)α𝑠 + 𝑡α𝑑1(s), for all s, t ∈ M , 𝛼 ∈ Γ  where 𝑑1  is an 

associated reverse derivation. Two additive mappings 𝑑1 and 

𝑑2 of M into M are said to be orthogonal if 𝑑1(s)ΓMΓ𝑑2(t) =
{0} = 𝑑2(s)ΓMΓ𝑑1(t); for all 𝑠, 𝑡 ∈ 𝑀. 

 

2. Preliminaries 
 

Lemma 1: [Lemma 3.1, Venkateswarlu, Rao, & Narayana, 2018] Let s and t be two elements of a 2-torsion free 

semiprime Γ-semiring M. Then the following statements are equivalent: 

(i)𝑠𝛤𝑥𝛤𝑡 = 0, (ii) 𝑡𝛤𝑥𝛤𝑠 = 0, (iii) 𝑠𝛤𝑥𝛤𝑡 +  𝑡𝛤𝑥𝛤𝑠 = 0, for every 𝑥 ∈ 𝑀, 
If one of these conditions is fulfilled then s𝛤𝑡 =  𝑡𝛤𝑠 = 0. 

Lemma 2: [Lemma 3.2, Venkateswarlu, Rao, & Narayana, 2018] Let M be a 2-torsion free semiprime  Γ-semiring. If 

two additive mappings 𝑑1 and 𝑑2 of M into itself satisfy if for all 𝑠 ∈ 𝑀,  𝑑1(𝑠)𝛤𝑀𝛤𝑑2(𝑠) = {0}, then 𝑑1(𝑠)𝛤𝑀𝛤𝑑2(𝑡) = {0}, for 

all 𝑠, 𝑡 ∈ 𝑀. 

Lemma 3: [Theorem 3.2, Kim, 2022b]: Let M be a 2-torsion free semiprime Γ-semiring and 𝑑1,𝑑2 be reverse derivations, 

then 𝑑1,d2 are orthogonal if and only if 𝑑1𝑑2 = 0. 

 

3. Main Results 
 

Theorem 1: Let M be a 2-torsion free semiprime Γ-semiring and let 𝐷1,𝐷2 be two generalized reverse derivations on M 

associated with the reverse derivations 𝑑1,𝑑2 of M into itself respectively. If 𝐷1 and 𝐷2 are orthogonal on M then the following 

relations hold: 

(a) (i)𝐷1(𝑠)𝛤𝐷2(𝑡) = 𝐷2(𝑠)𝛤𝐷1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀. 
     (ii)𝐷1(𝑠)𝛤𝐷2(𝑡) + 𝐷2(𝑠)𝛤𝐷1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀. 

(b) 𝑑1 and 𝐷2 are orthogonal; 𝑑1(𝑠)𝛤𝐷2(𝑡) = 𝐷2(𝑠)𝛤𝑑1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀. 

(c) 𝑑2 and 𝐷1 are orthogonal; 𝑑2(𝑠)Γ𝐷1(𝑡) = 𝐷1(𝑠)Γ𝑑2(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀. 

(d) 𝑑1 and 𝑑2 are orthogonal. 

 

Proof.  
 

Proving (a) 
 

It is given that 𝐷1 and 𝐷2 are orthogonal generalized reverse derivations on M. Then by the definition of orthogonality,  

 

we have 𝐷1(𝑠)𝛤𝑀𝛤𝐷2(𝑡) = 𝐷2(𝑠)𝛤𝑀𝛤𝐷1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀.                          (3.1) 

 

By Lemma 1, we can write 𝐷1(𝑠)𝛤𝐷2(𝑡) = {0} = 𝐷2(𝑠)𝛤𝐷1(𝑡), for all 𝑠, 𝑡 ∈ 𝑀. 
Hence, the result is evident. 

 

Proving (b) 
 

From the condition (i) of (a), we can have 𝐷1(𝑠)Γ𝐷2(𝑡) = {0},  for all 𝑠, 𝑡 ∈ 𝑀. 
 

Then 𝐷1(𝑠)Γ𝐷2(𝑡) = {0}.                                              (3.2) 
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Replacing s by 𝑢𝛼𝑠, 𝑢 ∈ 𝑀, 𝛼 ∈ Γ in the equation (3.2) and using (3.1), we get  

 

𝑠𝛼𝑑1(𝑢)𝛽𝐷2(𝑡) = 0, for all 𝑠, 𝑡, 𝑢 ∈ 𝑀,𝛼, 𝛽 ∈ Γ.                                                           (3.3) 

 

Premultiplying (3.3) by 𝑑1(𝑢)𝛽𝐷2(𝑡)𝛼, we get 𝑑1(𝑢)𝛽𝐷2(𝑡)𝛼𝑠𝛼𝑑1(𝑢)𝛽𝐷2(𝑡) = 0.  

Since M is semiprime, we obtain            

                                                                        

𝑑1(𝑢)𝛤𝐷2(𝑡) = {0}, for all 𝑢, 𝑡 ∈ 𝑀.                                                                              (3.4) 

 

Replacing 𝑢 by 𝑠𝛼𝑢, 𝑠 ∈ 𝑀, 𝛼 ∈ Γ in (3.4) and using it again, we obtain 𝑑1(𝑢)𝛼𝑠𝛤𝐷2(𝑡) = 0 which can be taken as  

 

𝑑1(𝑢)𝛤𝑀𝛤𝐷2(𝑡) = {0}.                                  (3.5) 

 

Using Lemma 1, we get 𝑑1(𝑢)𝛤𝐷2(𝑡) = 0, for all 𝑢, 𝑡 ∈ 𝑀.                                    (3.6) 

 

From the result (i) of condition (a), we can have 

 

𝐷2(𝑠)𝛤𝐷1(𝑡) = {0}, for 𝑢, 𝑡 ∈ 𝑀.                                                                                    (3.7) 

 

Replacing 𝑡  by 𝑡𝛽𝑢, 𝑢 ∈ 𝑀, 𝛽 ∈ Γ in (3.7) and using it, we get 𝐷2(𝑠)𝛤𝑢𝛼𝑑1(𝑡) = {0}. 
 

𝐷2(𝑠)𝛤𝑀𝛤𝑑1(𝑡) = {0}.                                                                                                   (3.8) 

 

Using Lemma 1, we get 𝐷2(𝑠)𝛤𝑑1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀.                                        (3.9)   

 

From (3.5) and (3.8), we can conclude that 𝑑1 and 𝐷2 are orthogonal. 

 

Proving (c) 
 

By proceeding in the similar manner as in (b), we can easily prove the result (c). 

 

Proving (d) 
 

From the condition (i) of (a), we have 𝐷1(𝑠)Γ𝐷2(𝑡) = 0, for all 𝑠, 𝑡 ∈ 𝑀.  Replacing 𝑠  by 𝑢𝛼𝑠  and 𝑡  by 𝑣𝛽𝑡 , 𝑢, 𝑣 ∈
𝑀, 𝛼, 𝛽 ∈ Γ in the above equation, we get 𝐷1(𝑠)𝛼𝑢𝛤𝐷2(𝑡)𝛽𝑣 + 𝑠𝛼𝑑1(𝑢)𝛤𝐷2(𝑡)𝛽𝑣 + 𝐷1(𝑠)𝛼𝑢𝛤𝑡𝛽𝑑2(𝑣) + 𝑠𝛼𝑑1(𝑢)𝛤𝑡𝛽𝑑2(𝑣) =
0. Using (3.1) and the conditions (𝑏) and (𝑐) of the hypothesis 

 

we get 𝑠𝛼𝑑1(𝑢)𝛤𝑡𝛽𝑑2(𝑣) = 0, for all 𝑠, 𝑡, 𝑢, 𝑣 ∈ 𝑀,𝛼, 𝛽 ∈ Γ.                                     (3.10) 

 

Premultiplying the equation (3.10) by 𝑑1(𝑢)𝛤𝑡𝛽𝑑2(𝑣)𝛼 and using the semiprimeness property of M,  

 

we get 𝑑1(𝑢)𝛤𝑀𝛤𝑑2(𝑣) = {0}.                                                               (3.11) 

 

Also, from the condition (i) of (a), we have 𝐷2(𝑠)𝛤𝐷1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀. Replacing 𝑠 by 𝑢𝛼𝑠 and 𝑡  by 𝑣𝛽𝑡, 

where 𝑢, 𝑣 ∈ 𝑀, 𝛼, 𝛽 ∈ Γ  in the above equation, we get 𝐷2(𝑠)𝛼𝑢𝛤𝐷1(𝑡)𝛽𝑣 + 𝐷2(𝑠)𝛼𝑢𝛤𝑡𝛽𝑑1(𝑣) + 𝑠𝛼𝑑2(𝑢)𝛤𝐷1(𝑡)𝛽𝑣 +
𝑠𝛼𝑑2(𝑢)𝛤𝑡𝛽𝑑1(𝑣) = {0}. Using (3.1) and the conditions (b) and (c) of the hypothesis, we get 𝑠𝛼𝑑2(𝑢)𝛤𝑡𝛽𝑑1(𝑣) = {0}, for all 

𝑠, t, 𝑢, 𝑣 ∈ 𝑀, 𝛼, 𝛽 ∈ Γ. Premultiplying the above equation by 𝑑2(𝑢)𝛤𝑡𝛽𝑑1(𝑣)𝛼  and using the semiprimeness of M, we get 

𝑑2(𝑢)𝛤𝑡𝛽𝑑1(𝑣) = {0}. 
 

which can be written as 𝑑2(𝑢)𝛤𝑀𝛤𝑑1(𝑣) = {0}, for all 𝑢, 𝑣 ∈ 𝑀.                               (3.12) 

 

From (3.11), (3.12), we can conclude that 𝑑1 and 𝑑2 are orthogonal. 

 

Theorem 2: Suppose M is a 2-torsion-free semiprime Γ-semiring. Let 𝐷1 be a generalized reverse derivation on M associated with 

a reverse derivation of M. If 𝐷1(𝑠)𝛤𝐷1(𝑡) = {0}, for any elements s and t in M, then it must be that 𝐷1 and 𝑑1 are both zero. 

 

Proof:  By hypothesis, 𝐷1(𝑠)𝛤𝐷1(𝑡) = {0}, for all𝑠, 𝑡 ∈ 𝑀.                                         (3.13) 

 

Replacing 𝑡 by 𝑢𝛼𝑡, 𝑢 ∈ 𝑀 in (3.13) and using (3.13), we get 𝐷1(𝑠)𝛤𝑡𝛼𝑑1(𝑢) = {0}, for all 𝑢, 𝑠 ∈ 𝑀, 𝛼 ∈ Γ. 
we can write 𝐷1(𝑠)𝛤𝑀𝛤𝑑1(𝑢) = {0}. 
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Using Lemma 1, we get 𝐷1(𝑠)𝛤𝑑1(𝑢) = {0} =  𝑑1(𝑢)𝛤𝐷1(𝑠), for 𝑢, 𝑠 ∈ 𝑀.     (3.14) 

 

Replacing 𝑠 by 𝑢𝛼𝑠, 𝑢 ∈ 𝑀 in (3.14) and using the same, we get  

𝑑1(𝑢)𝛤𝑠𝛼𝑑1(𝑢) = {0}, for all 𝑠 ∈ 𝑀, 𝛼 ∈ 𝛤 and so 𝑑1(𝑢)𝛤𝑀𝛤𝑑1(𝑢) = {0}. 

Using Lemma 1, we get 𝑑1(𝑢)𝛤𝑑1(𝑢) = {0}. 
Since M is semiprime, we can have 𝑑1(𝑢) = 0, for all 𝑢 ∈ 𝑀. 

Again replacing 𝑠 by 𝑠𝛼𝑢, 𝑢 ∈ 𝑀, 𝛼 ∈ Γin  (3.13) and using (3.14), we get 𝐷1(𝑢)𝛼𝑠𝛤𝐷1(𝑡) = {0}. 
we can write 𝐷1(𝑢)𝛤𝑀𝛤𝐷1(𝑡) = {0}, for all 𝑢, 𝑡 ∈ 𝑀. 
Replacing 𝑢 by 𝑡 in the above equation, we get 𝐷1(𝑡)𝛤𝑀𝛤𝐷1(𝑡) = {0}, for all 𝑡 ∈ 𝑀. 
By the semiprimeness of M, we get 𝐷1(𝑡) = 0. 
Hence, we get 𝐷1 = 𝑑1 = 0 

 

Theorem 3: Consider M as a 2-torsion-free semiprime Γ-semiring, and let 𝐷1,𝐷2 be two generalized reverse derivations on M 

associated with reverse derivations 𝑑1,𝑑2. If the conditions   (i) 𝐷1(𝑠)𝛤𝐷2(𝑡) + 𝐷2(𝑠)𝛤𝐷1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀. 
                    (ii) 𝑑1(𝑠)Γ𝐷2(𝑡) + 𝑑2(𝑠)Γ𝐷1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀,  are true,  

then  𝐷1 and  𝐷2 are orthogonal on M. 

 

Proof: By the condition (i) of the hypothesis, we have  

 

𝐷1(𝑠)Γ𝐷2(𝑡) + 𝐷2(𝑠)Γ𝐷1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀.                                                   (3.15) 

 

Replacing s by 𝑢𝛼𝑠, 𝑢 ∈ 𝑀, 𝛼 ∈ Γ in (3.15), we get  

𝐷1(𝑠)𝛼𝑢𝛤𝐷2(𝑡) + 𝐷2(𝑠)𝛼𝑢𝛤𝐷1(𝑡) +  𝑠𝛼𝑑1(𝑢)𝛤𝐷2(𝑡) + 𝑠𝛼𝑑2(𝑢)𝛤𝐷1(𝑡) = {0}. 
 

𝐷1(𝑠)𝛼𝑢𝛤𝐷2(𝑡) + 𝐷2(𝑠)𝛼𝑢𝛤𝐷1(𝑡) = {0}.  (Using condition (ii))                               (3.16) 

 

Replacing 𝑡 by 𝑠 in (3.16), we get 𝐷1(𝑠)𝛼𝑢𝛤𝐷2(𝑠) + 𝐷2(𝑠)𝛼𝑢𝛤𝐷1(𝑠) = {0}. 
Using Lemma 1, we obtain 𝐷1(𝑠)𝛤𝑀𝛤𝐷2(𝑠) = {0} = 𝐷2(𝑠)𝛤𝑀𝛤𝐷1(𝑠). 
Using Lemma 2, we get 𝐷1(𝑠)𝛤𝑀𝛤𝐷2(𝑡) = {0} = 𝐷2(𝑠)𝛤𝑀𝛤𝐷1(𝑡), for all s, t ∈ M. 
Therefore, 𝐷1 and 𝐷2 are orthogonal. 

 

Theorem 4: Suppose M is a 2-torsion-free semiprime Γ-semiring. Let 𝐷1 ,𝐷2  be two generalized reverse derivations on M 

associated with reverse derivations 𝑑1 ,𝑑2. If 𝐷1(𝑠)𝛤𝐷2(𝑡)  and 𝑑1(𝑠)Γ𝐷2(t)  are both zero for all 𝑠, 𝑡 ∈ 𝑀 , then 𝐷1 ,𝐷2  are 

orthogonal. for all 𝑠, 𝑡 ∈ 𝑀. 

 

Proof: Given that 𝐷1(𝑠)𝛤𝐷2(𝑡) = {0}, for all𝑠, 𝑡 ∈ 𝑀.                                                (3.17) 

 

𝑑1(𝑠)Γ𝐷2(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀.                                                                              (3.18) 

 

Replacing 𝑠 by 𝑢𝛼𝑠, 𝑢 ∈ 𝑀, 𝛼 ∈ Γ in (3.17) and using (3.18), we get 𝐷1(𝑠)𝛼𝑢𝛤𝐷2(𝑡) = {0}, 
 

𝐷1(𝑠)𝛤𝑀𝛤𝐷2(𝑡) = {0},                                                                                          (3.19) 

 

𝐷2(𝑡)𝛤𝑀𝛤𝐷1(𝑠) = {0}. (By Lemma 1)                                                                        (3.20) 

 

 Replacing 𝑡 by 𝑠 in (3.20),  we get, 𝐷2(𝑠)𝛤𝑀𝛤𝐷1(𝑠) = {0}. 
 

𝐷2(𝑠)𝛤𝑀𝛤𝐷1(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀.  (Using Lemma 2)                                         (3.21) 

 

From (3.19) and (3.21), we can conclude that 𝐷1,𝐷2 are orthogonal. 

 

Theorem 5: Suppose M is a 2-torsion-free semiprime Γ-semiring. Let 𝐷1 ,𝐷2 be two generalized reverse derivations on M 

associated with reverse derivations 𝑑1 , 𝑑2. If 𝐷1(𝑠)Γ𝐷2(𝑡) = {0} , for all 𝑠, 𝑡 ∈ 𝑀  and 𝑑1𝐷2 = 𝑑1𝑑2 = 0,  then 𝐷1 , 𝐷2  are 

orthogonal. 

 

Proof:  By hypothesis, we have 𝑑1𝑑2 = 0. 
By Lemma 3, we have that 𝑑1 and 𝑑2 are orthogonal.  

 

Hence 𝑑1(𝑠)𝛤𝑀𝛤𝑑2(𝑡) = {0} = 𝑑2(𝑠)𝛤𝑀𝛤𝑑1(𝑡), for all 𝑠, 𝑡 ∈ 𝑀.                             (3.22) 

 

By using Lemma1, we can write 
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𝑑1(s)Γ𝑑2(t) = 𝑑2(s)Γ𝑑1(t) = {0}, for all s, t ∈ M.         (3.23) 

 

It is also given that 𝑑1𝐷2 = 0.  (by hypothesis) 

𝑑1𝐷2(sαt) = 0, for all 𝑠, 𝑡 ∈ 𝑀, 𝛼 ∈ Γ. 
𝑑1(𝑠)𝛼𝐷2(𝑡) + 𝑑2(𝑠)𝛼𝑑1(𝑡) + 𝑠𝛼𝑑1𝐷2(𝑡) + 𝑑1𝑑2(𝑠)𝛼𝑡 = 0 

Since 𝑑1𝐷2 = 𝑑1𝑑2 = 0 and using (3.23), we get  
 

𝑑1(𝑠)𝛼𝐷2(𝑡) = 0, for all 𝑠, 𝑡 ∈ 𝑀.            (3.24) 

 

𝑑1(𝑠)𝛤𝐷2(𝑡) = {0}, for all 𝑠, 𝑡 ∈ 𝑀. 
Also, by the hypothesis, we have 𝐷1(𝑠)𝛤𝐷2(𝑡) = {0},  for 

all s, t ∈ M. 
Thus, we have 𝐷1(𝑠)𝛤𝐷2(𝑡) = {0} = 𝑑1(𝑠)𝛤𝐷2(𝑡),  for 

all s, t ∈ M. 
By Theorem 4, we can conclude that 𝐷1 and 𝐷2 are orthogonal.  

 

4. Future Research 
 

We can investigate how orthogonal generalized 

reverse derivations can classify semiprime Γ-semirings more 

comprehensively and explore applications in related algebraic 

structures such as prime Γ-semirings or near-rings to extend the 

theoretical framework. We can study the impact of orthogonal 

generalized reverse derivations on the lattice of ideals or 

submodules within Γ-semirings and analyze how these 

derivations influence specific algebraic properties such as 

commutativity, associativity or idempotency in Γ-semirings. 

We can extend the concept of orthogonality to other types of 

derivations such as symmetric or skew derivations and examine 

their roles in semiprime Γ-semirings. We can compare and 

contrast generalized reverse derivations with classical 

derivations in terms of their effects on the structure of the 

semiring. We can investigate whether orthogonal generalized 

reverse derivations have interpretations in terms of algebraic 

geometry or module representations of Γ-semirings. We can 

analyze the dynamic behaviour of sequences of orthogonal 

generalized reverse derivations and their limits within 

semiprime Γ-semirings and explore operator-theoretic 

interpretations of these derivations, potentially leading to 

applications in functional analysis. We can develop 

computational tools or algorithms to identify orthogonal 

generalized reverse derivations in Γ-semirings and investigate 

connections with combinatorial structures, such as graphs or 

networks, where these derivations could play a role. We can 

extend the study to Γ-semirings that are not semiprime, 

exploring whether weaker conditions still allow for meaningful 

definitions, results and analyze whether orthogonality in 

generalized reverse derivations holds any relevance or utility in 

non-semiprime settings. We can study the applications of these 

mathematical concepts in fields like cryptography, coding 

theory, or theoretical computer science, where semirings play a 

role. 
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