PRINCE oF

SONGKLA
UNIVERSITY

RV

Songklanakarin J. Sci. Technol.
47 (6), 445-449, Nov. — Dec. 2025

VSIST

hitp://www.sjst.psu.ac.th

Original Article

Intuitionistic fuzzy a* closed sets

Gajalaxmi P.*, and Sudha S. M.

Department of Mathematics, Avinashilingam Institute for Home Science and Higher Education for Women,
Coimbatore, Tamil Nadu, 641043 India

Received: 19 September 2024; Revised: 17 July 2025; Accepted: 22 August 2025

Abstract

On the basis of a fuzzy closed sets and intuitionistic fuzzy sets, the conception of intuitionistic fuzzy a* closed sets is
introduced in intuitionistic fuzzy topological spaces. Here, we have deliberated the relations between the newly introduced set with
other intuitionistic fuzzy closed sets and looked into their properties. In addition, we have obtained a few interesting propositions.
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1. Introduction

Fuzzy sets, sets with a smooth boundary, were
brought in by Zadeh (1965) as an extension of the classical
notion of a set. The fuzzy notion has been applied in all
branches of mathematics. Chang (1968) introduced and
developed fuzzy topology. After that, the concept of
intuitionistic fuzzy sets was introduced by Atanassov (1986),
as an extension of fuzzy sets, which has both membership and
non-membership degree. In the last two decades, various
concepts of fuzzy mathematics have been extended for
intuitionistic  fuzzy sets. Coker (1997) founded the
conceptualization of intuitionistic fuzzy topological space. In
topological space, Hatir, Noiri, and Yuksel (1996) introduced
a* sets and spoke of their properties. Here, we have found a set
in intuitionistic fuzzy topological spaces, as an extension of a*
set, named intuitionistic fuzzy o* closed sets. We have
examined several properties of this set type and acquired some
propositions in suitable instances. The significance of a set can
be identified if it is applied to real-life problems and an
appropriate solution is found. Hence, the proposed set can be
used in various applications like pattern recognition, decision-
making problems, and image processing. In particular, the set
itself can be used in decision-making problems, whereas
continuity and connectedness can be used in image processing.
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2. Preliminaries

Definition 2.1 (Atanassov, 1986) An intuitionistic fuzzy set
(IFS) T is

T={k, ur(k),vr(k)) : k e K},

where urand vt are functions and ut: K- [0,1] and v1: K —»
[0,1] denote the degree of membership (ut(k)) and the degree
of non-membership (vr(k)) of each element k e K in the set T,
respectively, and 0 < ut (k) + vt (k) < 1foreach k e K. In K,
an intuitionistic fuzzy set T is represented as T = (k, ut,vT)
instead of T = {(k, ut (k), vt (k)) : k € K}.

Definition 2.2 (Atanassov, 1986) Let T and V be two IFSs in
K where T = (k, ut, vty and V = (k, uv, vv), then

(i) TeVeur<pvandvr=vv

(i) T=VeTcVadT2V

(iii) T°=(k,vT, ut)

(iv) TuV=<{k,urupuw,vtNvv)

v TnV=({,urnpv,vt Uwy)
The whole set K and the empty set are respectively the IFSs 1..
=(k,1,0) and 0. = (k,0,1).

Definition 2.3 (Coker, 1997) An intuitionistic fuzzy topology
(IFT) on K'is a family ¢ of IFSs in K fulfilling these conditions:
e 0.1. €,
e Hy n H,e {forany H,H, € {,
e UH; € {foranyfamily{H;:i €J} € ¢
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where (K,{) is an intuitionistic fuzzy topological space (IFTS)
and all IFS in ¢ is an intuitionistic fuzzy open set (IFOS) in K.
The complement (T¢) of T in (K,{) is termed as an intuitionistic
fuzzy closed set (IFCS) in (K,{).

Definition 2.4 (Thakur & Chaturvedi, 2006) The necessary and
sufficient condition for two IFSs T and V to be not g-coincident
(T;V)is T S Ve

Definition 2.5 (Santhi & Jayanthi, 2012) In an IFTS (K,{), an
IFS T is known to be an intuitionistic fuzzy Q-set (IFQ-set) if
cl(int(T)) = int(cl(T)).

Definition 2.6 (Coker, 1997) If T = (k, ut, vty isan IFS in an
IFTS (K,{), then the IF closure and IF interior are denoted by
cd(M=N{Y/Yisan IFCSinKand T < Y},
int(M=U{P/PisanIFOSinKandP < T}.

(i) cl(T ©) = (int(T))° (i) int(T ) = (cl(T))*

Definition 2.7 (Thakur & Dhavaseelan, 2015) An IFS T =
(k,ut,vryinan IFTS (K,{) is an IF nowhere dense set if there
exists no IFOS U such that U < cl(T ) so that int(cl(T )) =0...

Result 2.8 (Thakur & Dhavaseelan (2015) Let T = (k, ut,vT)
be an IFS in an IFTS (K,{). If T is an IF nowhere dense set in
K, then int(T)=0..

Definition 2.9 An IFS T = (k, ut, vty inan IFTS (K,{) is an

(i) IFaCS (Jeon, Jun, & Park, 2005) if
cl(intcl(M)) T

(ii) IFRCS (Jeon et al., 2005) if cl(int(T)) =T

(iii) IFPCS (Jeon et al., 2005) if cl(int(T)) € T

(iv) IFBCS (Jeon et al., 2005) if int(cl(int(T))) € T

(v) IFSCS (Jeon et al., 2005) if int(cl(T)) € T

(vi) IFyCS (Hanafy, 2009) if cl(int(T)) n int(cl(T))
cT

(vii) IFSPCS (Jun & Song, 2005) if there exists an
IFPCS V such thatint(V) S T <V

Definition 2.10 (Coker, 1997) The IFSs T and V in an IFTS
(K,¢) satisfy the following claims:

< in(McSTcclT)

% TcV=cl(T) ccl(V)andini(T) € int(V)

< int(int(T)) = int(T) and cl(cl(T)) = cl(T)

< int(TnV)=int(T) nint(V)

¢ cl(TuV)=cl(T)ucl(V)

< int(1.)=1_.andcl(0.)=0.

Result 2.11 (Annalakshmi & Chandramouleeswaran, 2015)
The IFSs T and V in an IFTS (K,{) satisfy the conditions:

(i) int(TuV)2int(T) U int(V)

@iy cl(T nV)<ccl(T) ncl(V)

3. Intuitionistic Fuzzy a* Closed Sets
We have innovated intuitionistic fuzzy a* closed set

(IFa*CS) and acquired the inter-connection amidst IFa*CS
and already existing intuitionistic fuzzy closed sets in IFTS.

Definition 3.1 An IFS T of an IFTS (K,{) is said to be an
intuitionistic fuzzy a * closed set (IFa*CS) if cl(int(cl(T))) =
cl(T) whenever T < L and L is an IFOS in (K,{).

Example 3.2 Let K={e,f}, { ={0., H1, Hz, 1.} be an IFT on
K, where Hi = (k, (0.5, 0.4), (0.5¢, 0.61)), Hz2 = (K, (0.8, 0.6%),
(0.2¢, 0.4¢)) then (K,{) isan IFTS. The IFS T = (k, (0.4, 0.3¢),
(0.6¢, 0.79)) in K'is an IFa*CS.

Proposition 3.3 In (K,{), every IFRCS is an IFa*CS while the
converse is untrue.

Proof: Given: T is an IFRCS in (K,{). IFRCS = IFCS.
Consider, cl(int(cl(T))) = cl(int(T)) = T = cl(T). Hence,
cl(int(c(T))) = cl(T) and T is an IFa*CS in (K,{).

Example 3.4 Let K={e,f}, { ={0., H1, Hz, 1.} be an IFT on
K where Hi = (k, (0.5, 0.4¢), (0.5¢, 0.61)), Hz2 = ¢k, (0.8¢, 0.51),
(0.2, 0.5)), then (K,{) isan IFTS. The IFS T = (k, (0.5, 0.35),
(0.5¢, 0.51)) in K'is an IFa*CS but not an IFRCS in K.

Remark 3.5 Every IFCS in (K,{) is independent of every
IFa*CS in (K.0).

Example 3.6 Let K= {e,f}, { ={0., H1, Hz, 1-} be an IFT on
K where Hi = (k, (0.2¢, 0.3¢), (0.8¢, 0.7¢)), H2 = ¢k, (0.3¢, 0.4),
(0.7, 0.6)), then (K,{) isan IFTS. The IFS T = (k, (0.3¢, 0.25),
(0.7¢,0.79)y in K'is an IFa*CS but not an IFCS in K.

Example 3.7 Let K= {e,f}, { ={0., H1, Hz, 1._} be an IFT on
K where Hi = (k, (0.4e, 0.5¢), (0.6e, 0.5¢)), Hz2 = ¢k, (0.5, 0.6%),
(0.5, 0.41)), then (K,{) is an IFTS. The IFS T = (k, (0.5, 0.4¢),
(0.5¢, 0.6¢)y in K is an IFCS but not an IFa*CS in K.

Remark 3.8 Every IFSCS in an IFTS (K,{) is independent of
every IFa*CS in (K,{).

Example 3.9 Let K = {e,f}, { = {0-, H1, Hz, 1-} be an IFT on
K where Hi = (K, (0.3e, 0.61), (0.7¢, 0.41)), H2 = (K, (0.5¢, 0.9¢),
(0.5, 0.1)), then (K,{) is an IFTS. The IFS T = (k, (0.2, 0.5s),
(0.8¢, 0.41)) in K is an IFa*CS but not an IFSCS in K.

Example 3.10 Let K= {e,f}, { ={0., Hi, Hz2, 1-} be an IFT on
K where Hi = (K, (0.8¢, 0.4f), (0.2, 0.61)), H2 = (k, (0.6¢, 0.3¢),
(0.4, 0.79)), then (K,{) is an IFTS. The IFS T = (k, (0.2, 0.4¢),
(0.8¢, 0.61)) in K is an IFSCS but not an IFa*CS in K.

Remark 3.11 Every IFyCS in (K,{) is independent of every
IFa*CS in (K,{).

Example 3.12 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on K where Hi = (K, (0.8e, 0.4¢), (0.2¢, 0.61)), H2 = (K, (0.6, 0.35),
(0.4e, 0.79)), then (K,{) is an IFTS. The IFS T = (k, (0.7, 0.3¢),
(0.3¢, 0.79)) in K'is an IFa*CS but not an IFyCS in K.

Example 3.13 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on K where Hi =k, (0.3¢, 0.6¢), (0.7¢, 0.4¢)), H2=(k, (0.5, 0.95),
(0.5, 0.1¢)), then (K,{) isan IFTS. The IFS T = (k, (0.5, 0.4¢),
(0.5¢, 0.6¢)) in K is an IFyCS but not an IFa*CS in K.
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Remark 3.14 Every IFPCS in (K,{) is independent of every
IFa*CS in (K,{).

Example 3.15 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on Kwhere Hi=(k, (0.8¢, 0.4f), (0.2, 0.61)), H2=(k, (0.6e, 0.35),
(0.4¢, 0.79)), then (K,{) is an IFTS. The IFS T = (k, (0.8, 0.3f),
(0.2¢, 0.79)) in K'is an IFa*CS but not an IFPCS in K.

Example 3.16 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on Kwhere Hi=(k, (0.8¢, 0.4f), (0.2, 0.61)), H2=(k, (0.6e, 0.35),
(0.4¢, 0.79)), then (K,{) is an IFTS. The IFS T = (k, (0.1, 0.3¢),
(0.6¢, 0.71)) in K'is an IFPCS but not an IFa*CS in K.

Remark 3.17 Every IFaCS in (K,{) is independent of every
IFa*CS in (K,{).

Example 3.18 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on K where Hi = (K, (0.5¢, 0.71), (0.5¢, 0.3¢)), H2=(k, (0.3, 0.69),
(0.7¢, 0.4¢)), then (K,¢) is an IFTS. The IFS T = (k, (0.4e, 0.51),
(0.5, 0.41)) in K is an IFa*CS but not an IFaCS in K.

Example 3.19 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on Kwhere Hi=(k, (0.8¢, 0.41), (0.2, 0.61)), H2=(k, (0.6, 0.35),
(0.4¢, 0.79)), then (K,{) is an IFTS. The IFS T = (k, (0.1, 0.3¢),
(0.6, 0.71)) in K is an IFaCS but not an IFa*CS in K.

Remark 3.20 Every IFBCS in (K,{) is independent of every
IFa*CS in (K.{).

Example 3.21 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on Kwhere Hi=(k, (0.8, 0.41), (0.2, 0.61)), H2=(k, (0.6, 0.35),
(0.4, 0.7)), then (K,¢) is an IFTS. The IFS T = (k, (0.8, 0.35),
(0.2¢, 0.79)y in K is an IFa*CS but not an IFSCS in K.

Example 3.22 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on Kwhere Hi=(k, (0.8, 0.41), (0.2, 0.61)), H2=(k, (0.6, 0.35),
(0.4¢, 0.79)), then (K,Q) is an IFTS. The IFS T = (k, (0.2, 0.4¢),
(0.8, 0.6¢)) in K is an IFBCS but not an IFa*CS.

Remark 3.23 Every IFSPCS in (K,{) is independent of every
IFa*CS in (K.{).

Example 3.24 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on K where Hi = (k, (0.8, 0.4¢), (0.2¢, 0.6)), H2 = (K, (0.6, 0.3¢),
(0.4, 0.77)), then (K,¢) is an IFTS. The IFSs T = (k, (0.7, 0.35),
(0.3¢, 0.75)) and V = (k, (0.8¢, 0.3f), (0.2¢, 0.7)) in K are
IFa*CSs but T is not an IFSPCS in K as V is not an IFPCS.

Example 3.25 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on K where Hi=(k, (0.3, 0.6%), (0.7, 0.4¢)), H2=(kK, (0.5¢, 0.9),
(0.5¢, 0.19)), then (K,Q) is an IFTS. The IFS T = (k, (0.4e, 0.4¢),
(0.6¢, 0.6¢)) is an IFSPCS as V = (k, (0.5¢, 0.4), (0.5¢, 0.6¢)) in
Kis an IFPCS. But T and V are not IFa*CSs in K.

The interconnection between various intuitionistic
fuzzy closed sets with newly found IFa*CS is provided in
Figure 1.

Proposition 3.26 Let T and V be any two IFa*CSs in an IFTS
(K,0), then T U Vis also an IFa*CS in (K,{).

IFpCs IFRCS

S N
AV "

IFaCS — » TFSCS

Figure 1. Interconnections

Proof: Given: T and V are IFa*CSs in (K,{)

Consider, cl(int(cl(T U V))) € cl(c(T U V))=cl(TU V)
Therefore,

cliintcl(Tu V) ccl(Tu V) @

Now, cl(int(cl(T U V))) = cl(int(cl(T) U cl(V))) 2 cl(int(cl(T))
U int(cl(V))) = cl(int(cl(T))) U cl(int(cl(V))) = cl(T) U cl(V) =
c(T uV)

Therefore,
cl(int(cl(T U V))) 2 cl(T U V) ®)

From (1) and (2), cl(int(cl(T U V))) = cl(T U V)
which implies T U V is an IFa*CS in (K,{).

Remark 3.27 In an IFTS (K,{), the intersection of any two
IFa*CSs is not required to be an IFa*CS.

Example 3.28 Let K = {e,f}, { = {0., H1, H2, 1.} be an IFT
on K where Hi=(k, (0.6, 0.8f), (0.4, 0.2f)), H2= (K, (0.5¢, 0.5¢),
(0.4, 0.41)), then (K,{) is an IFTS. The IFSs T =k, (0.5, 0.4¢),
(0.4e, 0.51)) and V =<Kk, (0.4e, 0.6¢), (0.5, 0.2r)) are IFa*CSs in
(K,9). Theintersection of Tand V, T N V =Kk, (0.4e, 0.4%), (0.5,
0.51)) is not an IFa*CS in (K,{).

Proposition 3.29 If T is both an IFCS and an IFa*CS in an
IFTS (K,{), then T is an IFRCS in (K,{).

Proof: Given: T is an IFCS and IFa*CS in (K,{). Consider,
cl(int(T)) = cl(int(cl(T))) = cl(T) = T. Therefore, T is an IFRCS
in (K,{).

Proposition 3.30 For an IFS T inan IFTS (K,{), the followings
are selfsame:

(i) T < cl(int(cl(T)))

(i) Tisan IFa*CS

Proof:

(i) = (ii) Let T < cl(int(cl(T))). Then, cl(T) < cl(cl(int(cl(T))))
= cl(int(cl(T))). Therefore, cl(T) < cl(int(cl(T))). Consider,
cl(int(cl(T))) < cl(cl(T)) = cl(T). Therefore, cl(int(cl(T))) =
cl(T). Hence, cl(int(cl(L))) =cl(L) and T is an IFa*CS in (K,{).
(i) = (i) Assume T be an IFa*CS in (K,{).

Consider, cl(int(cl(T)))=cl(T) 2 T.
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Proposition 3.31 In an IFTS (K,{), every IF clopen set is an
IFa*CS but not necessarily vice versa.

Proof: Given: T is an IF clopen set in (K,{),
Consider, cl(int(cl(T))) = cl(int(T)) = cl(T).
Hence, cl(int(cl(T))) = cl(T) and T is an IFa*CS in (K,{).

Example 3.32 Let K = {e,f}, { = {0.., Hi, H2, 1..} be an IFT
on K where H1=(k, (0.5¢, 0.7¢), (0.5, 0.3f)), H2=(k, (0.3e, 0.69),
(0.7¢, 0.4¢)), then (K,) isan IFTS. The IFS T = (k, (0.2, 0.6¢),
(0.8¢, 0.41)) in K is an IFa*CS but not an IF clopen set in K.

Proposition 3.33 An IFS T is an IFeCS in an IFTS (K,0) if T
isan IFCS and IFa*CS in (K,{).

Proof: Given: T is an IFCS and IFa*CS in (K,{),
Consider, cl(int(cl(T))) < cl(T) = T. Hence, T 2 cl(int(cl(T)))
and T isan IFaCS in (K,{).

Proposition 3.34 For an IF clopen set T in (K,{), the following
are equivalent:

(i) TisanIFRCS,

(if) Tisan IFa*CS and an IF Q-set.

Proof: Assume T be an IF clopen set,
(i) = (ii) Assume T be an IFRCS. Since, T is an IF clopen set,
by proposition 3.31, T is an IFa*CS in (K,{).
Consider, int(cl(T)) = int(T) = T = cl(int(T)).
Therefore, cl(int(T)) = int(cl(T)) and T is an IF Q-set in (K,{).
(i) = (i) Let T be an IFa*CS and IF Q-set in (K,{)
Consider, cl(int(cl(T))) = cl(T)

cl(cl(int(M)) =T

cl(in(M) =T

Hence, T is an IFRCS in (K,{).

Proposition 3.35 In an IFTS (K,{), an IFCS T is an IFa*CS if
TzN = [cl(int(cI(T))) = cl(T)]gN for all IFCS N of K.

Proof: Assume N be an IFCS. Let TN, then T € N°.
Consider, cl(int(cl(T))) =cl(T)=T < N°.
Therefore, [cl(int(cl(T))) = cl(T)]zN.

Proposition 3.36 In an IFTS (K,{), an IFS T isan IFyCS if T
is both IFCS and IFa*CS.

Proof: Let T be an IFCS and IFa*CS,

Consider, cl(int(T)) N int(cl(T)) = cl(intcl(T))) N int(T) =
(M Nnin(T)=in(T) = T.

Hence, cl(int(T)) n int(cl(T)) € T and T is an IFyCS in (K,{).

Proposition 3.37 If an IFCS T is both nowhere dense and
IFa*CS in (K,0), then T is IFyCS in K.

Proof: Let T be an IFCS, nowhere dense and IFa*CS in K
Consider, cl(int(T)) n int(cl(T)) = cl(int(cl(T))) N int(cl(T)) =
cl(L)n0.=0. < T.Hence, Tisan IFyCS in (K,{).

Proposition 3.38: If an IFCS T is both IFSCS and IFa*CS in
(K,{), then T is an IFSCS in K.

Proof: Let T be an IFCS, IFBCS and IFa*CS in K.
Then, int(cl(in(M) T
t(cl(int(clM)) S T
intc(TH T
Hence, T is an IFSCS in (K,{).

Proposition 3.39: If an IFS T is both IF Q-set and IFa*CS in
(K,{), then T is an IFSOS in K.

Proof: Let T be an IF Q-set and IFa*CS
Then, cl(int(cl(T))) = cl(T)
cl(cl(int(T))) = cl(T)
cling(M)=cl(T 2T
Hence, T is an IFSOS in (K,{).

Proposition 3.40: The following claims are equivalent for an
IFS T of an IFTS (K,{).

(i) T is both IFaCS and IFa*CS

(i Tisan IFRCS in (K,{).

Proof:

(i) = (ii) Let T be an IFaCS and IFa*CS in K,
cliintclM) T (D)
cl(int(cl(T))) = cl(T) 2)
From (1) & (2),

cdMcT 3
W.K.T., T Scl(T) 4)

From (3) & (4) T=cl(T)

Consider, cl(int(T)) = cl(int(cl(T))) = cl(T) = T. Hence,
cl(int(T)) = T. Therefore, T isan IFRCS in (K,{).

(i) = (i) Let T be an IFRCS. IFRCS = IFCS.

By Proposition 3.3, T is an IFa*CS in (K,{).

Consider, cl(int(cl(T)))=cl(T)=T < T.

Hence, T is an IFaCS in (K,{).

4. Conclusions

In the field of general topology, the theory of a*
closed sets is essential. Since its inception in general topology,
weak and strong forms of a closed sets have been introduced in
fuzzy topology, and in intuitionistic fuzzy topology. In this
article, we defined intuitionistic fuzzy o* closed sets in
intuitionistic fuzzy topological spaces. The proposed set's
dependence on and independence from other existing sets were
investigated, with several related propositions. Numerous
examples are provided to demonstrate the results. It is possible
to deduce new kinds of continuity, a new decomposition of
continuity, and a new separation axiom using intuitionistic
fuzzy o* closed sets. This set may be used in the fields of
decision-making, pattern recognition, and image processing.
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