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Abstract
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After machining, a processed workpiece is left with irregular topographies which may affect functional
applications of its surface. Particularly when the workpiece is restrained again for a consequent machining
operation and the surface is selected as a locating reference, any surface deviations from its perfect geometry
will lead to inaccuracy of a machined feature. This study proposes a method to analyze effects of distributions
chosen to explain irregularities of locating surfaces on feature positional tolerancing. Three types of distri-
bution, a normal, a beta and a uniform distributions, were used in the analysis. From the simulation, it is
found that the variability of the machined feature is obviously dependent on the distribution selected. Aside
from mathematical complexity, this affected feature variability is another factor to be considered in choosing
an appropriate surface distribution. The method developed herein will help a designer to impose more
efficient tolerancing system, reduce production cost eventually.
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Irregularities of a machined surface topo-
graphy can be broken down to surface roughness,
waviness, and form error. For example, a structure
of turned surfaces is a combination of a waviness
component generated by a feeding process and a
random roughness component caused by a built-
up edge on a cutting tool (Stout et al., 1990). Unlike
turned surfaces, ground surfaces under microscope
show gouge marks which result from sharp grits
attached to a grinding wheel periphery. It appears
that type of process and process parameters can
differentiate manufactured surface characteristics
as shown in Figure 1. After machining, a workpiece
is left with irregular topographies which may affect
functional applications of the surface. Particularly
when the surface is selected as a locating reference,
any deviations from its perfect geometry will lead
to consequent workpiece inaccuracy. Eliminating
such deviations to improve the workpiece accuracy
is not always an economical solution. However,
their undesirable effects on the workpiece quality
can be controlled if we know how the deviations
are distributed across the entire surface.

Because of the uncountable parameters
involved, the actual distribution of a machined
surface is almost impracticable to determine. Once
derived; however, the calculation would be too

complicated giving inapplicable results. Varia-
tional models widely found in published work are
usually based on a Gaussian or normal distribution.
Nassef and EIMaraghy (1995) assumed variability
of manufactured surfaces was distributed as
multinormal. Multinormal random surface points
were generated and estimated surfaces were
constructed by interpolating to the points. The
authors then investigated the simulated surfaces
to determine geometric deviation of the surfaces
before calculating optimal tolerance zones that
would result in desired probability of rejection. The
drawback is that systematic errors may produce
an asymmetric distribution, which is not suitable
to explain with the Gaussian or normal function.
However, as a sample size increases, the distribu-
tion can be assumed Gaussian following the central
limit theorem. Besides a Gaussian distribution, a
beta distribution is also suggested because of its
advantageous applications in representing manu-
facturing variability as following:

1. The beta distribution is more flexible.
It has the capability to conform various types of
variability, when the Gaussian distribution is
applied only to a symmetric function.

2. The beta distribution has finite upper and
lower limits, which is favorable in computation.
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Figure 1. Tolerances and surface roughness obtained in various manufacturing processes.
These tolerances apply to 25 mm workpiece dimension. (Kalpakjian, 1991).

The beta distribution is also chosen over a
normal or Gaussian distribution because of its
capability of supporting the calculation of an
inverse probability distribution function (Lin et al.,
1997). He (1991) used the beta distribution to
explain variability of dimension in manufacturing
processes. Since the variability is distributed vary-
ing from process to process and application to
application, the author then proposed a beta dis-
tribution as it has the capability to cover all kinds
of distributions from rectangular to normal dis-
tributions as well as asymmetrical distributions.
Treacy et al. (1991) carried out an analysis on
tolerance distribution of an assembly of mechani-
cal parts. For the sake of its flexibility, the authors
decided on a beta distribution to represent vari-
ability of resultant tolerance chain of the assembly
though the model may be associated with
calculation complexity. Because practically every
sum of interacting dimensions gives an expected
variability that falls between the results from a
worst case and root sum of square approaches,

Di Stefano (2003) developed a mean shift model
modified from Mansoor (1964) where a factor "f"
was imposed to determine a process bias. The
factor is a function of a mean shift ratio, a con-
fidence level, and a number of dimensions in an
assembly. This model is applicable to Gaussian
(f =0) to non-Gaussian (f = 1) distributed
dimensions. Unlike Gaussian and beta distribu-
tions, a uniform distribution is far less popular.
ElMaraghy et al. (1995) employed the distribution
to represent the variation explained by different
tolerance types. Choudhuri and De Meter (1999)
carried out a simulation to analyze the impact of
locator tolerance scheme on the potential datum
related, geometric errors of linear and machined
features. They used a set of equally spaced numbers
to simulate locator variability. The results revealed
a linear relationship between some variables, which
is not very surprising when the analysis was done
over a small data range.

There are also works on datum establishment
which left the controversial issue of a distribution
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function unspecified. Nassef and EIMaraghy (1997)
proposed a new criterion, mismatch probability, to
determine appropriate tolerancing scheme where
production cost was kept minimum. Because the
procedure used with dimensional tolerancing is
not applicable to geometric tolerancing, a new
algorithm based on genetic algorithm was invented
to evaluate each tolerancing candidate. Though
computational time was relatively long, the benefits
of choosing the appropriate tolerances paid off later
on. Roy and Li (1998) developed mathematical
models representing real world form variations.
They proposed two strategies used to construct
the approximated form of surfaces. The first
technique was for simulating curved surfaces from
randomly generated surface points. In order to
create approximated planar surfaces, the second
technique employed a linear regression analysis
from the random points to estimate plane para-
meters. Besides the form variation, the authors
also presented a computational scheme to represent
size, orientation and position tolerance zones. Vari-
ational models of these tolerances were established
relying on random data points. Bhat and De Meter
(2000) conducted a simulation analysis to evaluate
efficiency in accurate locating among three differ-
ent datum establishment methods. The sample
workpiece and its features were constrained by
geometric tolerances. Random variables were
generated to simulate variation according to each
tolerance value generating variant feature position
and orientation. The datum establishment method
giving the least error which means that it is un-
likely to be affected by such erratic geometry of
the feature was considered the most functional
method.

It can be seen that these research were more
intensified on development of methods of reference
establishment without taking into account an
actual pattern of surface variability. The reasons
involved in choosing an appropriate surface dis-
tribution should be more than computational
complexity. This study proposes another aspect of
tolerancing analysis. A method to analyze effects
of chosen surface distributions on feature positional
tolerancing is discussed in the following sections.

Analysis

In this section, the effects of variational
models representing datum feature variability on
positional errors of a feature to be produced are
discussed. As shown in Figure 2, a datum feature
surface is allowed to deviate from its perfect

geometry by d where |di|S7; T is a tolerance
constraining the datum feature. A prismatic work-
piece with a hole and toleranced datum features
(Figure 3) is used as an example in the analysis.
Problems arise when the hole location is specified
with respect to a misplaced reference frame, which
is established from the deviated datum feature.

1. Tolerance Distributions

Three types of distributions usually found
used to explain machined surface variability, d, are
a normal, a beta and a uniform distributions. In
this study, it is assumed that the distribution curve
will span over the entire range of the tolerance
width.

1.1 Gaussian or normal distribution

A unit normal probability density

function is given as follows:

datum feature surface

‘/f ,-"_ nomial suface \
f
l,.,_.-r 'M__] l.f J'II'T-\H
S S — e S S i NVl .

Figure 2. Datum feature and tolerance width, T
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Figure 3. A sample workpiece used in simulations.
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The normal distribution curve spreads
infinitely and symmetry about its mean as shown
in Figure 4. Since it is impossible to define the
end of its coverage, a 99.73% containment is
assumed. When N(0,1) represents a unit normal
distribution which has its mean at zero and stand-
ard deviation of one, the surface points assimilat-
ing each datum feature are distributed as

T
d~ () N(O,) 2

1.2 Uniform Distribution
A unit uniform probability density
function is given as follows:

fu)y=1,0<u<l (3)

When U(0,1) represents a unit beta distribution
which spans over the range from zero to one, the
surface points assimilating each datum feature are
distributed as

T
d~TeU(0,])-~ “4)

1.3 Beta Distribution
A unit beta probability density function
is given as follows:

T'(o+PB)
J0.,B) =1 T(a)T(B)

uA-u"0<u<1,0020,820

0,elsewhere

)
Since the study assumes a symmetric surface
variability pattern over the tolerance zone, the
values of shape controlling parameters, o and J3,
used in the simulations therefore are chosen to be
equal. When B(o,3) represents a unit beta dis-
tribution covering the region from zero to one, the
surface points assimilating each datum feature are
distributed as

T
d~TeB(o.p)~~ (6)

2. Datum Establishment Methods

In this study, the 3-2-1 locating method is
used to establish a reference frame. Following
ASME Y14.5M, the primary datum plane is
imposed from three highest points on the primary
datum feature. Orthogonal with the primary plane,
the secondary plane lies on two extreme points.
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Figure 4. Tolerance determination when a normal distribution is assumed.
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Figure 5. Tolerance determination when a uniform distribution is assumed.
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Figure 6. Tolerance determination when a beta distribution is assumed.

The last plane, the tertiary plane, is established 3. Datum Planes Definitions

from the outermost point while maintaining per- Planes as elements of the reference frame
pendicular to the preceding two planes as shown must be calculated according to the datum
in Figure 7. By implementing this method, it is in-  establishment method described in section 2.2.
evitable the frame constructed would be sensitive  The hole which we use as an example will be
to the pattern the datum feature irregularities are  located with respect to these planes.

distributed. An algebraic equation of a plane is



Songklanakarin J. Sci. Technol.
Vol.28 No.1 Jan. - Feb. 2006

A method to analyze effects of surface variational model
175

Chaiprapat, S. and Rujikietgumjorn, S.

tertiary datum plane

secondary datum plane

pamary datum plane

Figure 7. The system of datum planes.

Ax+By+Cz—-D
JA+B+C)

(7

where [A B C] is a vector normal to the plane
D is an orthogonal distance from the origin
to the plane

To locate an arbitrary plane, its normal
vector and a distance from the plane to the origin
must be defined.

Primary datum feature
The normal vector of the primary datum
feature (N ,) can be obtained from

Np = (Ppml - Ppm2) X (Ppm3 - P[JmZ) (8)
and the orthogonal distance is
D, =(ii,®P) 9)

where Ppm,- are the extremities of the primary
datum feature

ﬁp 18 a unit vector of Np

P isapoint on the primary datum feature
p

Secondary datum feature

To comply with the principle of 3-2-1
method, the secondary datum feature must be
perpendicular to the primary one while passing
through 2 highest surface points. Therefore,

N :pr(pSMZ_psmi)

§

(10)

where ﬁsm,- are the extremities of the secondary
datum feature

Tertiary datum feature
The vector normal to the tertiary datum
feature is defined by

(1D

The determination of location and orient-
ation of the planes are also shown in Figure 8.

The distances from the origin to the
secondary and tertiary datum feature, D and D,
are calculated the same way as shown in Eq. 9.
After the reference system imposed from the
workpiece datum feature is established, coordinates
of the hole relative to the nominal and actual
systems are compared. The effects of variational
surface model will then be analyzed. Please note
that the nominal reference system is obtained
when datum features are devoid in absence of any
irregularities.

N,=N, A,

4. Positional Error Determination

Coordinates of an arbitrary point in a
rectangular or Cartesian system is a Euclidean
perpendicular distance from the point to a cor-
responding axis. By means of geometric transform-
ation, a coordinate of a point P in a reference
system F' is related to its coordinate with respect
to another reference system, M, as shown in Eq.
12 and Figure 9.

[P]" = A[P]" + L (12)
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{ch

Figure 8. Datum planes location and orientation determination (a) primary datum plane
(b) secondary datum plane (c) tertiary datum plane.

| 3 m:‘

Figure 9. F ref. system relative to M ref. system.

where [P]F = a point coordinate in F reference
system
a point coordinate in M reference
system

L is a distance vector in which M system
located away from F' system

M

[P]

and
flom' femt flem’
A=|fom' flem’ flem’ (13)
fom' fem' flom
where f " is a direction cosine of ith axis of F

ref erence system
i

m 1s a direction cosine of ith axis of M
reference system

From Figure 7 and Eq. 13, we obtain

ien  ien iOﬁp
A:joﬁs joﬁt joﬁp (14)
kefi, kei, kei,

In the current model, the system established
from imperfect datum features is represented by
the M reference system which is deviated from
the nominal or F reference system. When the hole
is produced, its location is specified relative to
the machine or F' system. Unfortunately, once the
workpiece is removed from the machine, its
accuracy is determined based on its actual or M
system. The errors, e, of feature position, P, as
resulted from such discrepancy between both
systems are calculated as follows.

e=P—(AeP+L) (15)
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5. Positional Geometric Variation Region

According to ASME Y14.5M, a positional
tolerance is the permissible variation in the
location of a feature about its exact true position.
For a cylindrical feature like a hole, the positional
tolerance is a diameter of the tolerance zone
within which the axis of the feature must lie. In
this study, the positional geometric variability is
defined in a similar way except that it circumscribes
actual locations as affected by undesirable factors.
Following the algorithm explained in section 2.1-
2.4, the feature's center is located. Because of
irregular locating datum surface, inconsistency of
the feature location is anticipated and can be
illustrated as a cloud of points after a number of
trials carried out (Figure 10). A circle bounding a
specified proportion of possible feature locations
(positional geometric variation region) is then
calculated (See Sangnui (2002) for details). How
big the circle is indicates how much the feature is
varied in its position, and it should not exceed the
tolerance associated with the hole.

Results and Discussion

The objective of this study is to present the
impact of surface variational model on feature
positional tolerancing. Three different distribu-
tions; a uniform, a normal, and a beta distribution
are chosen to represent surface irregularities.
Certain parameter values (o, B) of a beta distribu-
tion are selected to create various shapes of the
distribution. Shown in Figure 6, the distribution is
leaning towards uniformity when the parameters
are approaching 1, and as the parameters are

feature location

positional geometric varation
region

Figure 10. Positional geometric variation region.

greater the distribution will become more centrally
concentrated. Details of the analysis conducted
are described in the following steps.

1. Random numbers representing work-
piece surface points are generated according to the
tolerance distributions of interest (normal, uniform
and beta distributions). See section 2.1.

2. Datum feature surfaces are partitioned
into a number of small rectangle patches.

3. To simulate a deviated surface, generated
random numbers are assigned to the appropriate
direction (i.e. for the primary datum feature, the
surface errors will be in the z direction) at grid
points connecting the patches as shown in Figure
11.

4. Following the algorithm explained in
section 2, the actual feature locations are calculated.

5. Tolerance regions associated with a
desired probability of acceptance are calculated
for each surface distribution pattern based on 300
simulation runs. When the number is too large the
resultant distribution tends to follow the normal
distribution pattern, according to the central limit
theorem, and the true information will be masked.
Too small number of sample runs, on the other
hand, is also not recommended since the results
will be unclear.

6. An average of 50 radiuses of circular
positional region is calculated and shown in Table
1.

7. Results from each distribution are
compared.

From the data in Table 1, it can be seen that
the radii of positional geometric variation obtained
from all eight simulation runs exhibit the same

Figure 11. A simulated datum feature.
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Table 1. The averaged radiuses of positional geometric variation region at 95% containment

Radiuses of Feature Positional Geometric Variation Region (mm.)

Data Datullélf:;;?cl:t;f)(zserance Uniform  Normal Beta

opf=15 of=4 aop=7
1 (Tp=3,Ts=3,Tt=3) 0.0202 0.2993 0.0694 0.2568 0.2894
2 (Tp=3,Ts=5,Tt=3) 0.0196 0.2864 0.0706 0.2521 0.2780
3 (Tp=3,Ts=5,Tt=5) 0.0295 0.4125 0.1037 0.3660 0.4000
4 (Tp=3,Ts=3,Tt=5) 0.0288 0.3888 0.0980 0.3421 0.4099
5 (Tp=5,Ts=5,Tt=5) 0.0323 0.4982 0.1163 0.4057 0.5062
6 (Tp=5,Ts=3,Tt=5) 0.0336 0.4965 0.1137 0.4345 0.4946
7 (Tp=5,Ts=3,Tt=3) 0.0233 0.3693 0.0858 0.3291 0.3753
8 (Tp=5,Ts=5,Tt=3) 0.0246 0.3665 0.0825 0.3470 0.4066

pattern across different surface distributions. As
the surface variability uniformly spreads over the
allowable range (in the case of the uniform dis-
tribution), the resultant positional variation is
expectedly smaller compared to one derived from
more centrally concentrated distributions like the
normal or the beta distributions (o= ). It is clearly
shown that feature positional geometric variation
is dependent on the variational model chosen to
explain datum feature variability. The difference in
positional tolerance radii is getting clearer as the
surface tolerances becomes wider. Noted that,
this conclusion is regarded only when the datum
establishment method is 3-2-1.

Conclusion

When the workpiece is subject to a machin-
ing operation, a feature to be produced is located
with respect to a machine reference system. The
system must have a certain relationship with a
workpiece reference system which is established
from the workpiece datum feature. In that way,
the feature will be precisely located. However, with
the existence of uncertainties in manufacturing
processes, the relationship is usually hard or
impossible to identify. If the pattern of irregular-
ities is characterized, such discrepancy will be
quantified, the undesirable displacement will be
resolved, and ultimately the accuracy of the work-
piece will be improved.

There are several variational models
proposed to explain the pattern of irregularities of
machined surfaces. Only the models' advantages
and drawbacks in computation handling were
reported. This study has investigated another
interesting aspect, which is their effect over
resultant positional tolerancing of a feature when
referencing features are characterized by different
variational models. From the analysis, the results
indicated a distinct arrangement from one dis-
tribution to another. The area circumscribing
possible feature locations is growing bigger as
the surface variability is distributed apart from
uniformity and when surface irregularities are
evenly distributed, smaller feature variability is
obtained. As a results, the variability of the feature
is obviously dependent on the distribution
selected to explain irregular referencing surfaces.
This source of variability should not be disregarded
and left out of a system of tolerancing. It is well
understood that the system is a critical element in
a manufacturing process. An efficient tolerancing
system not only bridges a gap between a design
and a manufacturing department, but it does also
help in production cost reduction.
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