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In 1952, R. A. Good and D. R. Hughes introduced the notion of bi-ideals of semigroups and in 1981,
the concept of I'-semigroups was introduced by M. K. Sen. We have known that I"-semigroups are a generali-
zation of semigroups. In this research, the notion of bi- I'-ideals in I'-semigroups is introduced. We show that
bi- I'-ideals in I'-semigroups are a generalization of bi-ideals in semigroups and we give some properties for
bi- I'-ideals in I'-semigroups. We give the two definitions as follows : A I'-semigroup M is called a bi-simple
I'-semigroup if M is the unique bi-I"-ideal of M and a bi- I'-ideal B of M is called a minimal bi- I'-ideal of M if
B does not properly contain any bi-I'-ideal of M. We show that a bi-I"-ideal B of a I"-semigroup M is a minimal
bi- I'-ideal of M if and only if B is a bi-simple I'’-semigroup.
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Preliminaries

In 1952, R. A. Good and D. R. Hughes have
introduced the notion of bi-ideals of semigroups
(Good and Hughes, 1952). The first author has
studied some properties of bi-ideals in semigroups
(Chinram, 2005). Let S be a semigroup. A sub-
semigroup B of § is called a bi-ideal of S if BSB
c B.

Example 1.1. Let S=[0,1]. Then S is a semi-
group under the usual multiplication. Let B :[O,% .
Then B is a subsemigroup of S. We have that BSB
:[0,% ] < B. Therefore B is a bi-ideal of S.

Example 1.2. Let N be the set of all posi-
tive integers. Then N is a semigroup under the usual
multiplication. Let B = 2N. Thus BNB =4N c 2N
= B. Hence B is a bi-ideal of N.

In 1981, the concept of I'-semigroups was
introduced by M. K. Sen. Let M and I" be any two
nonempty sets. If there exists a mapping M X
I'x M ——>M, written the image of (a, 7, b) by
ayb,Mis called a I - semigroup if M satisfies the
identities (a yb)uc = a y(buc) for all a, b,c e M
and 7, € I'(Sen, 1981, Sen and Saha, 1986, Saha,
1987). Let K be a nonempty subset of M. K is called
asub I'- semigroup of Mifayb € Kforalla, b €
Kand ye T.

Example 1.3. Let M = [0,1] and I" =

1
{ ;| n is a positive integer }. Then M is a I "-semigroup
under the usual multiplication. Next, let K = [0, 5].

We have that K is a nonempty subset of M and a Y b

€K foralla,b e Kand yeI'.ThenKisasubI-
semigroup of M.

Example 1.4. Let S be a semigroup and I'
={1}. Define amapping S x I' x S——S byalb
=ab forall a, b € S. Then S is a I'-semigroup.

From Example 1.4, we have seen that every
semigroup is a I'-semigroup where I' = {1}. Then
I'-semigroups are a generalization of semigroups.

In this research, we generalize bi-ideals of
semigroups to bi-I -ideals in I'-semigroups.

Main results
Let M be al-semigroup. A sub I'-semigroup

B of M is called a bi-1I -ideal of Mift BITMT'B < B.

Example 2.1. Let S be a semigroup, and
I'={1}. Define amapping SxI'x § ——Sbyalb
=ab for all a, b € S. From Example 1.4, we have
known that S is a I'-semigroup. Let B be a bi-ideal
of a semigroup S. Thus BSB < B.Since I'= {1},
BI'ST'B =BSB c B. Hence B is a bi- [ -ideal of S.
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Example 2.1 implies that bi- I'-ideals in I'-
semigroups are a generalization of bi-ideals in
semigroups (for a suitable I').

Theorem 2.1. Let M be a I'-semigroup and
B abi-T-ideal of M forall i € 1.1f [ ] B # @ then
(1B, is a bi-T-ideal of M. E
E Proof. Let M be a I'-semigroup and B, a bi-
I'-ideal of M for all i € I. Assume that ﬂ, B #@.
Leta, b € DB,"’” € Mand 7y, € l"x.EThena,b
€ B foralli € I. Since B, is a bi-I'-ideal of M for
allie I,aybe B and aymub € B I'MI'B . c B.
foralli € I. Therefore ayb e O B, and aymub € O
B. Hence O B_is a bi-I'-ideal of M.

In Theorem 2.1,0 B # @ is a necessary
condition. Let M = (0, 1) and I'={1}. Then M is a
I"-semigroup under the usual multiplication. Let N
be the set of all positive integers. For n € N, let
B :(0,%). It is easy to prove that B is a bi-I"
ideal of M foralln e Nbut={] B = @.

Let A be a nonempty subsé;Nof aI'-semigroup
M. Let 3 = { B/ B is a bi-I'-ideal of M containing
A}.Then S # @ because M € S. Let (4),= [ ] B.
It is clearly seen that A ¢ (A),. By Theorem 2.1,
(A),is a bi-I-ideal of M. Moreover, (A), is the
smallest bi-I"-ideal of M containing A. (A ),1s called
the bi-1-ideal of M generated by A.

Theorem 2.2. Let A be a nonempty subset
of a I"-semigroup M.Then

(A),=AUAT'A UATMI'A.

Proof. Let A be a nonempty subset of a I'-
semigroup M. Let B = A u AT'A u ATMT'A.
Clearly, A ¢ B. We have that BIB = (A u AT'A
UATMTA)T(A U ATA U ATMT'A) c ATA U
AT'MT'A ¢ B. Hence B is a sub I '-semigroup of M.

Since M is a I'-semigroup, all elements in
BI'MI'B=(A UAT'A UATMT'A)TTMTI'(A U AT'A

v AI'MT’A) are in the form of a,ympa, for some
a,a, € A,y,ue€land m e M. Thus BIMI'B c

AI'MT'A < B. Therefore B is a bi-I-ideal of M.

Let C be any bi-I-ideal of M containing A.
Since C is a sub-I"-semigroup of M and A cC,
AT'A c C. Since Cis abi-I'-ideal of M and A c C,
AT'MT'A c C. Therefore B=AUAT'A U ATMT A
cC.

Hence B is the smallest bi-I'-ideal of M
containing A. Therefore (A) =B =A u AT'A U
AT'MTA, as required.

Example 2.2. Let Nbe the set of all posi-
tive integers and I' = {5}. Then N is a I "-semigroup
under usual addition.

(i) LetA = {2}. We have that (A), = {2} U {9} U
{15, 16, 17,...}.

(ii) Let A = {3, 4}. We have that (A), = {3,4} U
{11,12,13} u {17, 18, 19,...}.

Theorem 2.3. Let M be a I'-semigroup. Let
B be a bi-I'-ideal of M and A a nonempty subset of
M. Then the following statements are true.

(i) BI'A is a bi-I"-ideal of M.
(ii) AI'B is a bi-I"-ideal of M.

Proof. (i) We have that (B'A)['(BT'A) =
(BI'AT'B)I'A and (BT'A)I’'MI'(BT'A) =(BI'AT
MTI'B)T'A. Since B is a bi-I'-ideal of M, (BT A)I'
(BT'A) = (BTATB)I'A < BT'A and (BT A)I'MT°

(BTA) = (BTATMTB)TA c (BTMTB)TA
BI'A. Therefore BI'A is a bi-I"-ideal of M.

The proof of (ii) is similar to the proof of (i).

Corollary 2.4. Let M be a I'-semigroup.
For a positive integer n, let B, B,...., B, be bi-I-
ideals of M. Then B I'BI'..I'B is a bi-I'-ideal of
M.

Proof. We will prove the corollary by
mathematical induction. By Theorem 2.3, B I'B, is
a bi ['-ideal of M. Next, let n be any positive integer
such that k < n and assume B I'BI"...I'B is a bi-I"-
ideal of M. We have that BIBI'.IBIB =
(BI'BI'..I'B)I'B,  is a bi-I'-ideal of M by
Theorem 2.3.

Let M be a I'-semigroup. M is called a bi-
simple I -semigroup if M is the unique bi-I -ideal
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of M. Abi-I'-ideal B of M is called a minimal bi-I -
ideal of M if B does not properly contain any bi-I -
ideal of M.

Example 2.3. Let G be agroupand I'=G.
Then G"=G and ¢G = G = Ggforall g € G. Then
G is a I'-semigroup under the usual binary opera-
tion. It is easy to see that G is the unique bi-I"-
ideal of G. Then G is a bi-simple I"-semigroup.

Theorem 2.5. Let M be a I'-semigroup. Then
M is a bi-simple I'-semigroup if and only if M =
mI'MI'm for all m € M, where mI MI'm means
{m}I'MI'{m}.

Proof. Let M be a I'-semigroup.

Assume that M is a bi-simple I '-semigroup.
Let m € M. By Theorem 2.3, mI'MT'm is a bi-I"-
ideal of M. Then M = mI'MT'm.

Assume that M = mI'MT'm for all m € M.
Let B be a bi-I-ideal of M. Let b € B. By assump-
tion, M = bI'MI'b ¢ BIMI'B c B. Hence M = B.
Therefore M is a bi-simple I'-semigroup.

Theorem 2.6. Let M be a I'-semigroup and
B abi-I"-ideal of M. Then B is a minimal bi-I -ideal
of M if and only if B is a bi-simple I'-semigroup.

Proof. Let M be a I'-semigroup and B a bi-
I'-ideal of M.

Assume that B is a minimal bi-I -ideal of M.
Let C be a bi-I™-ideal of B. Then CI'BI'C c C.
Since B is a bi-I'-ideal of M, by Theorem 2.3,

CI'BI'C is a bi-I'-ideal of M. Since B is a minimal
bi-I-ideal of M and CI'BI'C < B, CI'BI'C = B.
Hence B =CI'BI'C c C, this implies B = C. Then
B is a bi-simple I'-semigroup.

Assume that B is a bi-simple I'-semigroup.
Let C be a bi-I'-ideal of M such that C < B. Then

CI'BI'C ¢ CTMI'C ¢ C. Therefore C is a bi-I'-
ideal of B. Since B is a bi-simple I'-semigroup,C =
B. Hence B is a minimal bi-I-ideal of M, as re-
quired.
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