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Let Rbearing. fis said to be a polynomial
inx with coefficientsin Rif fisthe form of sum

f= ianx” Wherean O RforalnO NO{O}
n=0

such that a =0 for all but a finite number of
indicesn.

Let R[X] be the set of all polynomialsin x
with coefficientsin R.

Forany =3 ax" and 9= b X", define
n=0 n=0
binary operations+ and - on R[X] by
f+g= S a +b)x"
9=3 (a,+b)
and

fﬁgzinaib X' =
0

n-i
n=0 I=

n
n+m
Z anbmx .
m=0

3M8

0

Then R[X] is a ring under these two binary
operations+ and - . Thering R[X] iscalled thering
of polynomials in x with coefficients in R or the
polynomial ring (see Hungerford, 1980).

Let f O R[X] where f #0. The degree of f
ismax{n | a# 0}. The degree of f is denoted by
degf. A polynomial f O R[X] such that deg f =nwill
awaysbewrittenintheformf(x) =a, +ax+ax +
..+ax wherea 0 Rand a #0. The next theorem
shows some properties of the degree of polynomials
inthering R[X].

Theorem 1.1 (See Hungerford, 1980).

Let Rbearingandf, g O R[x] \ {O}. The
following statements are true.

(i) fg=0ordeg(fg) <degf+dega.

(i) If Risanintegral domain, then
deg (fg) = deg f + deg g.

(iii) f+g=00rdeg (f + g) < max{degf,
deg g} .

(iv) If deg f #deg g, then deg(f + g) =
max{ deg f(x) , deg g(x)} .

Let f 0 R[X] where f #0. The order of fis
min{n|a # 0} andthe order of Ois . The order
of f is denoted by ord f (see Grillet, 1999). The
next theorem shows some properties of the order
of the polynomialsin thering R[X].

Theorem 1.2 (see Grillet, 1999).
Let Rbearingandf, g O R[x] \ {G}. The
following statements are true.

(i) fg=0orord(fg)>ordf+ordg.

(i) If Risanintegral domain, then
ord (fg) =ordf + ord g.

(iii) f+g=0orord (f+g)>min{ordf,
ordg}.

(iv) Ifordf #ordg, thenord (f + Q) =
min{ord f, ord g}.

In this paper, we generalize Theorem 1.1
and Theorem 1.2.

The semigroup F,.
Let A be any nonempty set and

F.={aa,..a [mON,a OAforaliO{1,..,m}}.

For aa,...a bb,..b O F, define a binary
operationonF, by
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(@a,.a)(bpb,..b)=aa..abb,..b. (2.1)

It is easy to prove that F, is a semigroup
under this binary operation. F, is said to be afree
semigroup generated by theset Aand Aiscalled a
generating set of F, (see Howie, 1975).

Next, let 1 be a new e ement and

Fl=F, O{3.
Define abinary operation on F, by
xL=x=1x foralxO F, and1-1=1

and if x,yO F, thenxy satisfies (2.1).

We can easy to see that Fi is a semigroup
under the above binary operation.

Example2.1. Let A={x}. Then

1. By the definition of free semigroups F,
we have

Fo={x XX, .} ={X'|n0ON}

and xx forall i,j O N.

2. By the definition of the semigroups F,,
we have

Fr={1x xz_, X, ~}={X'InON O {0}}
wherel=xand 1X =x =X1foral i ON,11=
landxX =x" forali,jON.

Theorem 2.1.
If JA] > 1, then F, is not a commutative

semigroup.
Proof. Assume that |A| > 1. Then there exist

X, y 0 A such that xzy. Then xy, yx 0 F, and xy

1 . - -
yx. Thus F, is not acommutative semigroup.

Let A beanonempty set. Fors=aa,...a [
F,wherea O AforaliU{1,2,..,n}, thelength

of sisnand the length of 1is0. For sO F;, the
length of sisdenoted by L(s).

Example 2.2.
Let A={a, b}, Then 1, aba, a’bab’ O F..

By definition of the length of element in F,, we
have that

L(1) =0, L(aba) = 3 and L(a’bab’) = 7.

The next theorem shows some properties of
the length of elementsin F, .

Theorem 2.2.

Let A be any nonempty set. For x,y 0 F,,

we have

L(xy) = L(x) + L(y).
Proof. Let A be a nonempty set and x, y [

F..Thenx=1or xOF,andy=1oryOF,.

Casel: x=1ThenL(x)=0. Thus
L(xy) = L(y) =0+ L(y) =L(X) +L(y).

Case2:xUF,. Thenx=aa,..a for some
a,a,...a A
Case2.1:y=1.ThenL(y) =0. Thus
LOy) =L(x) = L) +0=L(J) +L(y).
Case2.2:yF,. Thenthereexistb ,b,,...0_
OAsuchthaty=bb,..b . We have that
xy=aa,.abb,..b,
SO
LOy) =m+n =L() +L(y).
Therefore, L(xy) = L(x) + L(y) forall x,y O F,.

Thering R[S].
Let Rbearing and Sasemigroup. fis said
to be a polynomial on Swith coefficientsin R if f

is the form of finite sums f = Zass wheres O S
sUs

anda S
Let RIS be the set of al polynomiason S

with coefficients in R. For any f = Zass and
ss

g= sts, define binary operations + and - on
sUS

R[S by
f+g= Zass+ sts: 2(a5+bs)s
sUS sUS sUS
and

fl=(3as(y bs)=3 3 (ah)(ss)

slUss US
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Then R[S isaring under these binary operations
+and - (see Zhang, Chen and Li, 1996).
If A={x}, by Example 2.1, we have known

that Fi\:{ 1,xX,...}. By the definition of the rings
R[S, it is easy to see that R[F,] = R[X]. There-

fore, the ring R[S is a generalization of the ring
R[X].

The degree of polynomialsin thering R[ Fi].
Let A be a nonempty set and R aring. Let

f O RF,1\{0}. suchthat f =3 as.Thedegree

sOFx
of fismax{L(s) |a, O}.For f O RIF ], thedegree
of fisdenoted by deg f.

Example4.1.
Let A={a, b} and R be the set of all real

numbers, Let f = 2ab + 3a” + 4b'a’ O R[F.]. By

the definition of the degree of dementsin R] Fi],
itiseasy to seethat deg f = 4.

In the remainder of this section, let A be a
nonempty set and Raring.

Theorem 4.1.
Letf,g OR[F.].1f fz0and g#0, thenfg=10

or deg (fg) < deg f + deg g.
Proof. Let f =% asand g=} bsbeany
sUS sUS

two elementsin R[ F, ] such that f £0 and g#0. We
have fg=% % (ab,)(ss). Assume fg #0. Thus

sUSs' US
deg (fg) =max{L(ss) |ab, # O}
=max{L(s) + L(s) | ab, #0}
by Theorem 2.2
<max{L(s) +L(s) |a#0and b, O}
<max{L(s) | a0} + max {L(s) | b ,#0}
=degf+degg.
Theorem 4.2.
Let R be an integral domain and f,g O R
[F.].1f f 20 and g # 0, then deg (fg) = deg f +
deg g.

Proof. Let f =% asand g= bsbeany
sUS sUS

two elements in R[ F,] such that f #0 and g # 0.
Assumedegf=nanddegg=m. LetuO{sO F;|

L(9 =nanda #0} andvO{sO F,|L(s) =m
andb #0}. Soa # Oand b, # 0. Since Ris an
integral domain, a b # 0. By properties of u and
v, we have
f=au+ Yasand g=gv+ > bs
sOs sQs

L(s)sn L(s)sn
S#U SEV

Thus fg=abuv+ % bs.
sOS
L(ss')sm+n
SS'# uv

From Theorem 2.2, we have known that L(uv) =
L(u) + L(v) = m+ n. Hence,
deg (fg) = m+n=deg f +deg g,

asrequired.

Theorem 4.3.
Letfg OR[F.].If f £0and g#0, then f +

g=0 or deg (f + g) < max{degf, deg g}.
Proof. Let f=%asand g= 3 bsbeany
sUs

sUS
two elementsin R[ F, ] such that f 20 and g #0.
Letdegf=nanddegg=m.

Case 1: m> n. We have that
f+g = Yas+ Y bs
g 5%8 s s%s s

= a+b)s+ Ybs
2@ rhist ob,

L(s)<n L(s)>n

deg (f + g) = max{L(s) | b,z0 and L(s) > n}
=m
= max{m, n}
=max{degf, deg g}.

Case 2: n > m. We have that
f+g = Yas+ Y bs
g 5%8 s s%s s
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= a+b)s+ Yas
2 @rhist ja
L(s)sm L(s)>m
0
deg (f + g) = max{L(s) |a,#0and L(s) > m}
=n
= max{m, n}

= max{deg f, deg g}.

Case 3: m=n. We have that
f+g = Yas+ Ybs
g Z s S%S s

sUsS
Case31l:g=-f.Sof+g=0.
Case3.2:gz-f.Sof+g#0. Then
deg (f +g) =max{L(s)|a + b, #0}
<max{max{L(s) |a #0or b #0}}
< max{max{L(s) | a#0}, max{L(s) |
b #0}}
=max{deg f, deg g}.

Therefore, f + g = 0 or deg (f + g) < max
{degf, deg g}, asrequired.

Corallary 4.4.
Let f,g O R[F.] such that f #0 and g #0.
If deg f #deg g, then deg(f + g) = max{deg f, deg

a}-
Proof. By the proof of Case 1 and Case 2 of
Theorem 4.3.

The order of polynomialsin thering R| Fi].
Let A be a nonempty set and R aring. For

fOR[F,] suchthat f= Zass. If f #0, the order

SDFA
of fismin{L(s) | a, # O} and the order of Ois .
For f O R[F,], the order of f is denoted by ord f.

Example5.1.
Let A={a, b} and R be the set of all rea
numbers. Let f = 2ab + 3a’ + 4b’a’

OR[ Fi]. By the definition of the order of elements
inR[F,],itiseasy to seethat ord f = 2,
In the remainder of this section, let A be a

nonempty set and Raring.

Theorem 5.1.
Let fg OR[F,].1f f #0and g 20, then
fg=0or ord (fg) >ord f + ord g.
Proof. Let f = Yasand g= $ bsbean
S;S s g 5%8 s y

two elementsin R[ F] suchthat f # 0and g # 0.
Wehave fg= 35 % (ab )(ss). Assumethat fg#O0.

sUSs US
Then we have that
ord (fg) = min{L(ss’) | ab, # 0}
min{L(s) + L(s) | ab, #0}
by Theorem 2.2
min{L(s) + L(s) [a, #0and b, #0}
min{L(s) |[a #0} + min{L(s)) | b # 0}
ordf+ordg.
ord (fg) >ord f + ord g.

v v

Hence,

Theorem 5.2.
Let R be an integra domain and f,g O R

[Fi]. If f 0 and g#0, then ord (fg) = ord f + ord g.
Proof. Let f = Yasand g= Y bsbhean
s%S s g s%S N y

two elementsin R[F,] such that f 0 and g#0.

Assumeordf=nandordg=m.LetuO{s0 F,|
L(s)=nanda#0} andvO{sO [L(s)=m and
b #0}. Soa #0and b, # 0. Since Ris an integral
domain, a, b # 0. By properties of u and v, we
have
f=au+ Yasand g=bv+ > bs.
sUS sUS

L(s)zn L(s)2m
SsEU SEV

Thus fg=abuv+ % asbgss’.
sQds

L(ss')zm+n
ss'£uv

By Theorem 2.2, we have L(uv) = L(u) + L(v) =
m+n. Hence, ord (fg) = m+ n=ordf + ord g, as
required.

Theorem 5.3.
Letf,gORF,]. If f #0andg#0, thenf +
g=0orord (f + g) > min{ord f, ord g} .
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Proof. Let f =% asand g= bsbeany
sUS sUs

two elementsin R F,] such that f #0 and g #0.
Letordf=nandordg=m.

Case 1: m> n. We have that
f+g= Zass+ sts

sUS sUs

= > (a+th)s+ Has
sts s s sUsS s

L(s)zm L(s)<m

SO
ord (f + g) = min{L(s) | a, #0 and L(s) < m}
=n
=min{m, n}
=min{ordf, ord g}.
Case 2: n> m. We have that
f+g=YYas+ S bs
g s;Ss s%SS
= a+b)s+ $bs
2 (@rhsr 2h,
L(s)zn L(s)<n
SO
ord (f + g)=min{L(s) | b, #0 and L(s) < n}
=m
=min{m, n}

=min{ordf, ord g}.
Case 3: m=n. We have that
f+g= 2(a5+bs)s

sUS

Case3.l.g=-f.So f+ g=0.

Case3.2.g#-f.Sof+ g#0. Then
ord (f + g) = min{L(s) |a + b_# O}
min{min{L(s) |a,#0or b _#0}}
min{min{ L(s) | a, # 0}, min{L(s) |
b, #0}}
=min{ordf, ord g}

v Iv

Thereforef+ g=0or ord (f + g) > min{ord
f, ord g}, as required.

Corollary 5.4.

Letf,g 0 RF,] suchthat f #0and g#O0.
If ord f # ord g, then ord(f + g) = min{ord f, ord
a}-

Proof. By the proof of Case 1 and Case 2 of
Theorem 5.3.

Acknowledgments

The author would like to thank the referee
for the useful and helpful suggestions.

References

Grillet, PA. 1999. Algebra, John wiley & Sons, Inc.,
New York.

Howie, J.M. 1975. Anintroduction to semigroup theory,
Academic Press, London.

Hungerford, T.W. 1980. Algebra, Springer-Verlag, New
York.

Zhang, M.C., Chen Y.Q. and Li, Y.H. 1996. The inter-
section property of quasi-ideals in rings and
semigroup rings, SEA Bull. Math., 20: 117-122.



