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Abstract

In this paper, we introduce the notions of O-fuzzy UP-ideals and O-fuzzy UP-subalgebras of UP-algebras, and their
properties are investigated. Relations between a O-fuzzy UP-ideal (resp. O-fuzzy UP-subalgebra) and a level subsets of a O-
fuzzy set are investigated, and conditions for a O-fuzzy set to be a O-fuzzy UP-ideal (resp. O-fuzzy UP-subalgebra) are provided.
Finally, prove that it is not true that if x40 is a O-fuzzy UP-ideal (resp. O-fuzzy UP-subalgebra) of 4 xB, then either p is a Q-
fuzzy UP-ideal (resp. Q-fuzzy UP-subalgebra) of 4 or ¢ is a Q-fuzzy UP-ideal (resp. Q-fuzzy UP-subalgebra) of B.
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1. Introduction and Preliminaries

The concept of a fuzzy subset of a set was first
considered by Zadeh (1965). The fuzzy set theories developed
by Zadeh and others have found many applications in the
domain of mathematics and elsewhere.

The concept of O fuzzy sets is introduced by many
researchers and was extensively investigated in many
algebraic structures such as: Jun (2001) introduced the notion
of QO-fuzzy subalgebras of BCK/BCl-algebras. Roh et al.
(2006) studied intuitionistic (Q-fuzzy subalgebras of
BCK/BCl-algebras. Muthuraj et al. (2010) introduced and
investigated anti Q-fuzzy BG-ideals of BG-algebras. Mostafa
et al. (2012) introduced the notions of Q-ideals and fuzzy Q-
ideals in Q-algebras. Sitharselvam ez al. (2012), Sithar Selvam
et al. (2013) and Selvam et al. (2014) introduced and gave
some properties anti Q-fuzzy KU-ideals, anti Q-fuzzy KU-
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subalgebras and anti Q-fuzzy R-closed KU-ideals of KU-
algebras. The notion of anti O-fuzzy R-closed PS-ideals of PS-
algebras is introduced, and related properties are investigated
Priya and Ramachandran (2014).

lampan (2017) introduced a new algebraic structure,
called a UP-algebra. In this paper, we introduce the notions of
Q-fuzzy UP-ideals and Q-fuzzy UP-subalgebras of UP-
algebras, and their properties are investigated. Relations
between a Q-fuzzy UP-ideal (resp. Q-fuzzy UP-subalgebra)
and a level subsets of a Q-fuzzy set are investigated, and
conditions for a Q-fuzzy set to be a O-fuzzy UP-ideal (resp. O
fuzzy UP-subalgebra) are provided. Finally, prove that it is
not true that if u-d is a O-fuzzy UP-ideal (resp. QO-fuzzy UP-
subalgebra) of 4 xB, then either u is a O-fuzzy UP-ideal (resp.
QO-fuzzy UP-subalgebra) of 4 or ¢ is a Q-fuzzy UP-ideal (resp.
Q-fuzzy UP-subalgebra) of B. Before we begin our study, we
will introduce the definition of a UP-algebras.
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Definition 1.1. (lampan, 2017) An algebra A = (1:-.0) of type (2.0) is called a
UP-algebru 1L 11 salislies Uhe [ollowing sxiows: [or any @y, = = A,

(UP-1) (y-2)- ((z-9) - (z-2)) =0,
(UP-2) 0=,

(UP-3) -0 0. and

(UP-4) -y =y -x=0Iimplies r =y.

In (Tampan, 2017) there is given an example of a UP-algebra.
In what follows, let A and ¥ denote UP-algebras unless otherwise specified. The
following proposition is very important for the study of a UP-algehra.

Propuousition 1.2, (Twmpan, 2017 ) In a UP-algebra A, the following properties hold:
for any =y, z 5 A,

(1) v-z=10

(2) roy=0andy - z=0implyx. z=0,

(8) x-y =0 implies (z-z) - (z-y) =0,

(4) w-y =0 dmplies (y-z)-(x-2)=0,

(5) x-(y-x)=0,

(6) (y-a)-a =0 if wnd ouby if &=y -x, and
(7) x-(y-y) O.

Dedinition 1.3, (Tampan, 2017) A nonemply subsen B ool 4 s called a0 TUP-adeal of
A if it satisfies the following properties:

(1) the constant 0 of A isin B, and

(2) lorany v, 9.z € A,w-(y-z)e Band y = B lply « -z € B,
Clearly, A and {0} are UP-ideals of A.
Theorem 1.4. (lampan, 2017) Let A be a UP-algebra and {B;liz1 o family of
UP-ideals of A. Then [,z; Bi is a UP-ideal of A.

Definition 1.5. (Iampan, 2017) A subset S5 of A is called a UP-subalgebra of A if
the constant 0 of A s v 8 and (570 itsell forms a TP-algebra. Clearly, A and
{0} are TTP-subalgebras of AL

Proposition 1.6. (Tampan, 2077) A nonempty subset S of a UP-algebra A =
(A:-.0) i5s a UP-subalgebra of A if and only if 5 is closed under the - multipiica-
tian on /1.

Theorem 1.7. (lampan, 2017) Let A be a UP-algebra and {D;}ic; o family of
UP-subalgebras of A. Then (),oy By is a UP-subalgebra of A.

Lemma 1.8. (Semjenta ef al., 2016) Let f be a fuzzy set in A. Then the following
stodernenls hold: for oy o g € A,

(1) 1 mex{f(z). j(y)} =min{l flz).1 f(y)}, and

€

(2) 1 min{f(z). f(y)} =max{l f{=),1 f(y)}.
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Definition 1.9, (Kim, 2006) A -fuzzy set in a nonempty set X {or a Q-fuzzy
subset of X') is an arbitrary function f: X x @ — [0, 1] where () is a nonempty set
and [0, 1] is the unit segment of the real line.

Definition 1.10. A ¢)-tuzzv set f in /1 1s called a g-fuzzy UP-ideal of A if it satisties
the following properties: for any = y, = /1,

(1) £(0.9) > (z.q), and
(2) f(x-2.q) > min{f(z (y-2).9), f(y,9)}-
A Q-fuzzy set [ in A is called a Q-fuzzy UP-ideal of A if it is a g-fuzzy UP-ideal of
A for all g € Q.
Example 1.11. Let A = {0, 1} be a set with a binary operation - defined by the
[llawing Cayley Lablo:
]
1

Siole
o |

Then (A;+,0) is a UP-algebra. Let @  {a.b}. We define a Q-fuzzy set fin A as
follows:

f a b
0 02 02
1 01 01

Using this data, we can show that [ s a0 Q-heasy UP-ideal ol AL

Example 1.12. Let A = {0.1} be a set with a binary operation - defined by the
following Cayley table:

0
1

pmy; i | B
o | =

Then (A;-,0) is a UP-algebra. Let Q =
follows:

a,b}. We define a Q-fuzzy set f in A as

By Example 1.11, we have f is an a-fuzzy UP-ideal of A. Since f(0,b) =0.1 < 0.2 =
f(1,0), we have Definition 1.10 (1) is false. Therefore, f is not a b-fuzzy UP-ideal
of A. Hence, f is not a Q)-tuzzy UP-ideal of A.

Definition 1.13. A Q-fuzzy set f in A is called a g-fuzzy UP-subalgebra of A if for
any z,y € A,

f(a - y.q) > min{ f (2. 9). £ (5 )}-
A Q-fuzzy set [ in A is called a Q-fuzzy UP-subalgebra of A if it is a g-Tuzzy UP-
subalgebra of A for all ¢ € Q.
Example 1.14. Let A = {0.1.2} be a set with a binary operation - defined by the
following Cayley table:

Then (A;-,0) is a UP-algebra. Let Q = {a,b}. We defined a Q-fuzzy set f in A as
follows:

11
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Using this data, we can show that f is a @-fuzzy UP-subalgebra of 4.

Example 1.15. Let A = {0,1,2} be a set with a binary operation - defined by the
following Cayley table:

-10 1 2
0f0 1 2
Loy 1
2(0 00
Then (4;-,0) is a UP-algebra. Let Q@ = {a,b}. We defined a Q-fuzzy set f in A as
follows:
fla b
0]04 0.1
1102 0.5
2(03 0.7

By Example 1.14, we have f is an a-fuzzy UP-subalgebra of A. Since f(1-1,b) =
0.1 < 0.5 = min{f(1,b), f(1,b)}, we have Definition 1.13 is false. Therefore, f is
not a b-fuzzy UP-subalgebra of A. Hence, f is not a Q-fuzzy UP-subalgebra of A.

Definition 1.16. (Kim, 2006) Let f be a Q-fuzzy set in A. The Q-fuzzy set f
defined by f(z,q) =1 — f(z,q) for all z € A and q € Q is called the complement of
[ in A.

Remark 1.17. For all Q-fuzzy set f in A, we have [ = ?

Definition 1.18. Let f be a Q-fuzzy set in A. For any t € [0, 1], the sets
U(fit)={z e A| f(z,q) =t for all ¢ € @}

and
Ut(f;t)={zc A| f(z,q) >tforal gcQ}

are called an upper t-level subset and an upper t-strong level subset of f, respectively.
The sets

L(fit)={zx e A| f(z,q) <t forall g Q}
and
L (fit)y={zc A| f(z,q) <tforall qge @}

are called a lower t-level subset and a lower t-strong level subset of f, respectively.
For any ¢ € @, the sets

U(f;tig ={zcA| f(z,q) =t}
and
Ut(fit,q) ={zc A| f(z,q) >t}

are called a g-upper t-level subset and a q-upper t-strong level subset of [, respec-
tively. The sets

L(f;t,q) ={z € A| f(z,q) <t}
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and
L=(fit,q) ={z € A| f(z,q) <t}
are called a g-lower t-level subset and a g-lower t-strong level subset of f, respectively.
We can easily prove the following two remarks.

Remark 1.19. Let f be a Q-fuzzy set in A and for any t1,ty € [0,1] with #; < ts.
Then the following properties hold:

(1) L(f;t1) C L(f;ta),

(2) U(fita) CU(f512),

(3) L(f;ta) € L™(f;t2), and
(4) Ut (fite) CU(f51))-

Remark 1.20. Let f be a Q-fuzzy set in A and for any i1,fe € [0,1] with 1 < fo
and g < €). "T'hen the following propertics hold:

(1) L(f3t1,9) < L{f:t2,7),

(2) U(fit2,q) CU(fit1,9),

(3) L=(fit1.q) € L™(f;t2,q), and
(1) UT(fila,u) CUT(f50,9).

Definition 1.21. (Tampan, 2017 ) Let (A;.,0) and (4’;,0) be UP-algebras. A
wapping [ [rowm A to A is culled o UP-Lomomorphism il

Jlw-y) = J&) " () lor all @,y c A,
A UP Lhomomerphism [ A > A" is called a
(1} UP-endomorphism of A if A" — A,
(2) UP-epimorphism if [ is surjective,
(3) UP-moenvmorplism i [ is iujective, and

(1) UP-isomorphism if f is bijective. Moreover, we say A is UP-isomorphic to A',
symbolically, A ™~ A’, if there is a UP-isomorphism from A to A’

Proposition 1.22. (Iampan, 2017 ) Lei (4;,04) and (B;=,0g) be UP-algehras and
let f: A— B be o UP-homomorphism. Then f(04) =0g.

Definition 1.23, (Sithar Selvam et al., 2013) Let f: A — B be a function and y
hoa Q-Tuwsy seloin B0 Wo deline oo new €-Tusry set in A by pp as

pip(x q) = i f(x),q) forall 2 < A and g Z Q.

Definition 1.24. (Sithar Selvam et al., 2013) Let f: 4 — B be a bijection and ¢
be a Q-fuzzy set in A. We define a new Q-fuzzy set in B by p as

1y, q) = ps(x,q) where fz) =y forall y ¢ Band g € Q.

Delinition 1.25, (Sithar Selvam el al., 2013) Let g be a Q-luzzy sel in A and 6 be
a Q-fuzzy set in B. The Cartesian product p = §: (A x B) = Q — [0,1] is defined by

(1> 8)((z,v),q) = max{j(z,q),d(y,q)} forall z < A,y € Band ¢ € Q.
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The dot product p-6: (A x B) x Q — |0,1] is defined by

(- 0)((z,u),q) = min{u(x,q),d(y,q)} forall z € A,y =« B and ¢ & Q.

2 Main Results

In this section, we study @-fuzzy UP-ideals and Q-fuzzy UP-subalgebras of UP-
alechraa, and their prapertics are investigated. Relations hotween a () fnzzy UP
ideal (resp. Q-fuzzy UP-subalgebra) and a level subsets of a Q-fuzzy set are inves-
tigated. and conditions for a §-fuzzy set to be a Q-fuzzy UD-ideal (resp. Q-fuzzy
UP-subalgebra) are provided. Finally, prove that it is not true that if ¢ - § is a
Q-fuzzy UD-ideal (resp. Q-fuzzy UDl-subalgebra) of A = B, then either i is a Q-
fuzzy UP-ideal (resp. )-fuzzy UP-subalgebra) of A or 4§ is a ¢-fuzzy UP-ideal (resp.
Q-fuzzy UDP-subalgebra) of B.

Theorem 2.1. Fvery g-fuzzy UDl-ideal of A is a g-fuzzy UP-subalgebro of A.
Proof. Let f be a g-fuzzy UDP-ideal of A. Let 2,y £ A. Then

f(z-y,¢) 2 min{f(z- (y - v),q), f(y,9)} (Definition 1.10 (2))
=min{ f(z-0,q), fiy.q)} (Proposition 1.2 (1))
= min{/f(0, g}, J{y,9)} (UP-3
— flu.q) (Definition 1.10 (1))

> min{f(z. q), f(v,q)}-
Hence. f is a g-fuzzy UP-subalgebra of A.
With Definition 1.10 and Theorem 2.1, we obtain the corollary.
Corollary 2.2. Dvery Q-fuzzy UP-ideal of A is a Q-fuzzy UP-subalgebra of A.

Theorem 2.3. If f is a g-fuzzy UP-subalgebra of A, then f(0,q) > f(x,q) for all
re A

Proof. Assume that f is a g-fuzzy UP-subalgebra of A. By Proposition 1.2 (1), we

have f(U,q) = f(z - z,q) = min{ f(z,q), f(z,9)} = f(z,q) for all 2 € 4.

Wilh Delinition 1.13 and Theorem 2.3, we ablain the corollary.

Corallary 2240 I [ is 0 0 fuzzy UP-subalyebre of A, then [{0,4) 2= [(e.q) for all
rcAandge@.

We can easily prove the following three lemmas.

Lemma 2.5. Let f be a Q-fuzzy set in A and for any t € [0,1]. Then the following
properties hold:

(L) L(f;t) = U{f;1—t),

@)L (f;8) U (FHL=9),
(3) U(f;t) — L{f;1—1t), and
5 e S i A i e s o



K. Tanamoon et al. / Songklanakarin J. Sci. Technol. 40 (1), 9-29, 2018
Lemma 2.6. Let f be a Q-fuzzy set in A and for any t € [0,1] and g € (). Then
the following praperties hold:

(1) L(f;t,9) =U(fi1 - t.q),

(2) L=(fit,@) =U*(fi1—-t,q),
(3) U(fit,q) =L{(f;1—t.q), and
(4) Ut(fit,q) =L~ (F:1~t,0).

Lemuna 2.7. Let f be a Q-fuzzy set in A and for any t € [0,1] and g € Q. Then

the following properiies hold:
(1) LUf3t) =Ny @ LF3 1. 9),
(2) L™(f;t) = Ngeq L™ (fit,9).
(3) U(£i) NyeqU(fit.q), and
() UHED Mg U (fitha).

Loemna 2.8, (Malik and Avora, 2014) For aoy a b © R smel hal o < b, 0 < #5% <

b.
Theorem 2.9. Let f be a Q-fuzzy set in A. Then the following statements hold:

(1) T is & Q-fuzzy UP-ideal of A of and only if e follvwing eondilion (+) Twolds:
forany t £ [0,1] and q € Q), L(f;t,q) is cither empty or a UP-ideal of A,

(2) f is a Q-fuzzy UP-ideal of A if and only if the following condition (%) holds:
foranyt €10,1] and ¢ € Q, L~(f;t,q) is either empty or a UP-ideal of A,

(3) [ ts a Q-fuzzy UP-idenl of A of and only of the following condilion () holds:
foranyte[0,1] and g = Q, U(f:t,q) is either empty or a UP-ideal of A, and

(4) f is a Q-fuzzy UP-ideal of A if and only if the following condition (*) holds:
forany t € [0,1] und g € Q, UT(ft,q) is either empty or o UP-ideal of A.

Procf. (1) Assume that | is a Q-fuzzy Ul-ideal of A. Then f is a g-fuzzy UD-ideal
of Aforall g € @ Let g €@ and t = [0,1] be such that L{f:t.q) = ) and let
z e L{fit,q). Then flz,q) < t. Now,

f(0,9) — f(=-0.,q) (UP-3)
>min{f(z- (x-0),q), F(x,q)} (Definition 1.10 (2))
min{f(z-0,q), f(z.q)} (UP-3)
min{7(0, 9, f(z,q)} (UP-3)

Tlz.q). (Definition 1.10 (1))

Then 1 — f(0,q) > 1 — f(z,q), so f(0,q) < f(z,q) < t. Hence, 0 « L(f;t,q). Let
.y,7 € A be such that - (y-2) = L(ft.g) and y € L(f31,9). 'Then f(z-(y-2).9) <
tand f(y.q) < (. By Definition 110 (2), we have [(r - z,q) > min{[(z - (y -
z:sq}}f(ya Q]F Thus

1 Jl-zg)Zzmin{l [y 2),4),1  [(g.49)}
=1- max{f{:c = 1\y % 7:|,ql-f(y, q)} U—emma 1.3 [1])

15



16

K. Tanamoon et al. / Songklanakarin J. Sci. Technol. 40 (1), 9-29, 2018

Then f(z-2,q) < max{f(z-(y-2),q), f(y,q)} <t. Hence, z-z € L(f;t,q). Therefore,
L(f;t.q) is a UP-ideal of A.

Conversely, assume that the condition (x) holds and suppose that f(0,q) >
f(z,q) for all z € A and q € Q is false. Then there exist z € A and g € @ such
that f(0,q) < f(z,q). Thus 1—f(0,q) < 1— f(z,q), so f(0,q) > f(z,q). Let
= w. Then t € [0,1] and by Lemma 2.8, we have f(0,q) >t > f(x,q).
Thus 2 € L(f;t.q), so L(f;t,q) # 0. By assumption, we have L(f;{,q) is a UP-
ideal of A. It follows that 0 € L(f;t,q), so f(0,q) < t which is a contradiction.
Hence, f(0,q) > f(x,q) for all z £ A and g € Q. Suppose that f(z - 2.q) >
min{ f(z - (y - 2),q), f(y,q)} for all z,y,2 € A and ¢q € Q is false. Then there exist
x,y,2 € A and g € Q such that [(z-z,q) < min{f(z- (y-2),q), [(y.q)}. Thus

1—f(z-2,q) <min{l — f(z-(y-2),9),1 - f(y,9)}
=1-—max{f(z-(y-2),9), f(y,9)}. (Lemma 1.8 (1))

Then f(z-2,q) > max{f(z-(y-2),q), f(y.q)}. Let go = f(IZQ)+Hlm{f2 (y-2).0).f (W)}
Then go € [0,1] and by Lemma 2.8, we have f(z - z,¢) > go > max{f(z - (y
2),q), f(y,q)}. Thus f(z-(y-2),q) < go and f(y,q) < go, o = - (y- 2) € L(f;g0,q)
and y € L(f;90.9), so L(f;g90,q) # 0. By assumption, we have L(f;go.q) is a
UP-ideal of A. It follows that z -z € L(f g0.q), so f(x-2,q) < go which is a
contradiction. Hence, f(x-2,q) > min{f(z- (y-2),q), f(y,q)} for all z,y,z € A and
q € Q. Therefore, f is a g-fuzzy UP-ideal of A for all ¢ € Q. Consequently, f is a
Q-fuzzy UP-ideal of A.

(2) Similarly to as in the proof of (1).

(3) Assume that f is a Q-fuzzy UP-ideal of A. Then f is a g-fuzzy UP-ideal
of Aforall g e @ Letge @andt & [0,1] be such that U(f;t,q) # 0 and let
z € U(f;t,q). Then f(z,q) = t. Now,

f(0,9) = f(z-0,q) (UP-3)
Zmin{ f(z- (z-0),q), f(z,q)} (Definition 1.10 (2))
=min{f(z-0,q), f(z,q)} (UP-3)
= min{f(0,q), f(z,q)} (UP-3)
= f(z,q) (Definition 1.10 (1))

>t

Hence, 0 € U(f;t,q). Let z,y.z € A be such that = - (y-2) € U(f;t,q) and
y € U(f;t,q). Then f(z-(y-2),q) =t and f(y,q) > t. By Definition 1.10 (2), we

have f(x-2,q) > min{f(z- (y-2),q), fly.q)} = t. Thus -2 € U(f;t,q). Hence,
U(f;t,q) is a UP-ideal of A.

Conversely, assume that the condition (x) holds and suppose that f(0,q) >
flz,q) for all x € A and ¢ € @ is false. Then there exist x € A and g € @
such that f(0,q) < f(z,q). Let t = W' Then ¢ € [0,1] and by Lemma
2.8, we have f(0,¢q) < t < f(x,q). Thus z € U(f;t,q), so U(f;t,q) # 0. By
assumption, we have U(f;t,q) is a UP-ideal of A. It follows that 0 € U(f;t,q),
so f(0,q) > t which is a contradiction. Hence, f(0,q) > f(z,q) for all z € A and
q € Q. Suppose that f(z-z,q) = min{f(z- (y-2),9), f(y,q)} for all z,y,2 € A
and ¢ € @ is false. Then there exist z,y,2 € A and ¢ € @ such that f(z-2,¢) <
min{f(z - (y-2),q), f(y,q)}. Let go = j'(:rijerm{f(w (y-2).9).f(y, G’)} Then gq € [0,1]
and By Lemma 2.8, we have f(z-2,q) < go < mln{f( (y - z),q),f(y,q]}. Thus
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fla-(y-2),q9) > go and f(y,q) > go,sox-(y-z) € U(f; 90,9) and y € U(f;50.9),
so U(fi00.q) # W By assumptior, we have (/(f:go,q) is a UP-ideal nf A. It
tallows that = .z € U{f:gn,0q). sa flr-z,q) = go which is a contradiction. Hence,
flz-z,q) 2mn{f(z-(y-2),q),f(y.q)} forall z,y,z € A and ¢ € Q. Therefore, f
1s a g-fuzzy UP-1deal of A for all ¢ £ (). Consequently, f is a (?-fuzzy UP-ideal ot
A

(4) Similarly to as in the proof of (3).

Corollary 2.10. Let f be a (J-fuzzy set in A. Then the following statements hold:

(1) if T is @ Q-fuzzy UP-ideel of A, then for any t & [0,1]. L(f;t) is either empty
or a UP-ideal of A,

(2) if f is a Q-fuzzy UP-ideal of A, then for anyt € [0,1], L (f:t) is either empty
or a UP-ideal of A,

(3) if f is a Q-fuzzy UP-ideal of A, then for any t € [0,1], U(f;t) is either empty
or a UP-ideal of A, and

(4) if f 15 a Q-fuzzy UP-ideal of A, then for anyt € [0,1], UT(f;t) s either empty
or a UP-ideal of A.

Proof. (1) Assume that T is a Q-fuzzy UP-ideal of A. By Thearem 2.9 (1], we
have that for any t € [0,1] and ¢ € Q, L(f;t,q) is either empty or a UP-ideal of
A, Let ¢t € [0,1]. I L(f51,q) = 0 [or sume ¢ € Q, it [ollows [tow Lemma 2.7 (1)
that L(f51) = Nyeq L(f54,q) = D. I[ L([5t.q) # @ lor all ¢ € @, it [ollows [row
Theorem 2.9 (1) that L(f:t,¢q) is a UP-ideal of A for all ¢ € Q. By Lemma 2.7 (1)
and Theorem 1.4, we have L(f;t) =, L(f:t,q) is a UP-ideal of A.

(2} Similarly to as in the proof of (1).

(3) Assume that f is a Q-fuzzy UD-ideal of A. By Theorem 2.9 (3), we have
that for any ¢ C [0,1] and g C @, U(f;t,q) is either empty or & UP-ideal of A.
Let ¢t < [0,1]. If U(f;t.q) = 0 for some g C Q, it follows from Lemma 2.7 (3)
that U(f;t) = N,e Ulfit:q) = 0. IEU(f1¢,q) # 0 for all ¢ € @, it follows from
Theorem 2.9 (3) that U(f;¢,q) is a UP ideal of A for all g € @. By Lemma 2.7 (3)
and Theorem 1.4, we have U[f;t) = ﬂqe(é U(f:t,q) is a UP ideal of A.

(1) Similarly to as in the proof of (3).

Theorem 2.11. Let f be a Q-fuzzy set in A. Then the following statements hold:

(1) T is a Q-Juzzy UP-subulgebrn of A if and only if the following condilion (+)
holds: for anyt € [0,1) and ¢ € Q, L(f;t,q) 15 either empty or a UP-subalgebra
of A,

¢

T is a Q-fuzey UP-subalgebra of A if and only if the jollowing condition ()
holds: for any ¢ € 0,1] ond ¢ € Q. L™(f:t.q) is either empty or a UP-
subalgebro of A,

(3) [ iz a Q-fuzzy UP-subalgebra of A if and only if the following condition ()
holds: foranyt € [0.1] and g € Q, U([;{,q) is either emply or o UP-subalyelra
of A, and

(4) [ is a Q-fuzzy UP-subalgebra of A if and only if the following condition (x)
holds: for any L C [0.1] and ¢ < €, U +[ [ilq) is either emply or o UP-
subalgebro of A.
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Proof. (1) Assume that f is a Q-fuzzy UDl-subalgebra of A. Then f is a g-fuzzy
UP-subalgebra of A forall g £ ). Let ¢ = @ and ¢ = |0.1) be such that L(f;t.q) # ¢
and let z,y € L(f;¢,q). Then f(z,q) =t and f(y,q) = t. Now,

.?(I' U, Q‘,:I s )'Lli_'ll{v_f[i’,‘, q:"! ‘?(y- q:' }
= min{l - f(z,q),1 - f(y,q)}
=1—max{f(z,q), f(y.q)}. (Lemma 1.8 (1))

Then f(x-y,q) < max{f(zx,q), f(v.q)} <t.sox -y < L(f:t.g). Hence, L(f;t,q) is
a UP-subalgebra of 4.

Conversely, assume that the condition (+) holds. Let x,y £ A and g = () and let
t = max{f(2,q), f(s,q)}. Thus f(z,q) <t and f(y,q) <, 50 3,y € L(f;t,) # 0.
By assumption, we have L(f;f,g) is a UP-subalgebra of A. It follows that x -y £
""{f f_,_ q) T'hns f'[?"' e Q} =t= ‘I'I'mX{_f[;?:.. q:|1 .f(ﬂ ‘?:' -I' 50

1—f(z-y.q) = 1 —max{f(z,q). f(y,9)}
min{l — f(z,q), 1 — fly.q)}. {(Lemma 1.8 (1))
Ilence, f(x - y.q) = min{ f(x,q). f(v.q)}. Therefore, f is a g-fuzzy UP-subalgebra
of A for all g « Q. Consequently, f is a Q-fuzzy UDP-subalgebra of A.

(2] Similarly Lo as in Lhe proal of the necessity of (1),

Conversely, assume that the condition (+) holds. Assume that there exist z,y € 4
and ¢ & @ such that f(z y.q) < min{f(z,¢q), f(y,q)}. By Lemma 1.8 (1}, we have
1= flr-y.q) <wmin{l — flz,q),1 — fly, )} = 1 —max{f(z.q). f(.q)}. Thns
T -y,q) > maxd f(,q), [y, @)} Now [(z - g.q) € [0,1], we choose L = [(iz - y.4).
Thus f(z,q) <t and f(y,q) <t,sox,y &L (f;t,q)# (. By assumption, we have
L=(f;t.q) is & UP-subalgebra of A and so x-y = L=(f;t.q). Thus f(z-y.q) <t =
flz -y, q) which is a contradiction. Hence, F(z -y, ¢) = min{f{z,q), fly,q)) for all
z,y € A and ¢ € Q. Therefore, f is a g-fuzzy UP-subalgebra of A for all ¢ € Q.
Consequently, T i3 a ¢J-fuzzy UUP-subalgebra of A.

() Assume that f is a Q-fuzzy UP-subalgehra of A. Then f is a g-fuzzy UP-
subalgebra of A for all ¢ € Q. Let g £ Q and ¢ & [0,1] be such that UU(f;t,q) # 0
end ot 2.y € U(ft,q). Then f(2,9) > t and f(y,q) > t, wo have f(z - y,q) >
min{ f(zx, q), fly.q)} = t. Thus z-y € U(f;t,q). Hence, U(f;1.q) is a UP-subalgebra
of A.

Conversely, assume that the condition (+) holds. Let .y € 4 and g € @) and
let t = min{ f(z,q), f(¥,9)}. Thus f(z,q) > tand f(y,q) 2 t,s0 2,y EU(f;t,q) #
#. By assumption, we have U(f;t,q) is a UP-cubalgebra of A. It follows that
z-y € U(f:t.q). Thas f(r-y,q) =t =min{f(=,q), f(y,q)}. Hence, fis a q-fzzy
UP-subalgebra of A for all ¢ = ). Consecquently, f is a @J-fuzzy UP-subalgebra of
A.

(4) Similarly to as in the proot of the necessity of (3).

Conversely, assume that the condition () holds. Assume that thereexist z,y € A
and ¢ € @ such that f(z-y,q) < min{f(x,q), f(y,q)}. Then f(x.y.q) € [0,1].
Choose t = f{z-y,q). Thus f(x,q) >tand f(y,q) > t,sox,y € U' (f;t,q) #0. By
assumpticn, we kave UT(f;t,¢) is a UP-subalgebra of A and s0 2 -y C UT(f;t,q).
Thus flz-y,q) >t = flz -y q) which is a contradiction. Hence, f(z -y,q) =
win{ f(x,q), [(y,q)} Tor all 2,y € A and ¢ € Q. Therelore, [ is a ¢-luwsy UP-
subalgebra of 4 for all g € (J. Consequently, f is a Q-fuzzy UP-subalgebra of 4.
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Corollary 2.12. Let f be a Q-fuzzy set in A. Then the following statements hold:

(1) if f is a Q-fuzzy UP-subalgebra of A, then for any t € [0.1), L(f;t) is either
empty or a UP-subalgebra of A,

(2) if f is a Q-fuzzy UP-subalgebra of A, then for any t € [0,1], L™(f;t) is either
empty or a UP-subalgebra of A,

(3) if [ is a Q-fuzzy UP-subalgebra of A, then for any t € [0,1], U(f;t) is either
empty or a UP-subalgebra of A, and

(4) if f is a Q-fuzzy UP-subalgebra of A, then for anyt € [0,1], U™ (f;t) is either
empty or a UP-subalgebra of A.

Proof. (1) Assume that T is a Q-fuzzy UP-subalgebra of 4. By Theorem 2.11 (1)
we have for any t € [0,1] and g € @, L(f;t,q) is either empty or a UP-subalgebra
of A. Let t € [0,1]. If L(f:t,q) = @ for some q € @, it follows from Lemma 2.7 (1)
that L(f;t) = nqu L(f:t,q) = 0. If L(f;t,q) # 0 for all ¢ € Q, it follows from
Theorem 2.11 (1) that L(f;t,q) is a UP-subalgebra of A for all ¢ € @. By Lemma
2.7 (1) and Theorem1.7, we have L(f;t) = [, L(f;t,q) is a UP-subalgebra of A.

(2) Similarly to as in the proof of (1).

(3) Assume that f is a Q-fuzzy UP-subalgebra of A. By Theorem 2.11 (3), we
have for any ¢t € [0,1] and ¢ € @, U(f;t,q) is either empty or a UP-subalgebra of
A. Let t € [0,1]. If U(f:t,q) = 0 for some ¢ € @, it follows from Lemma 2.7 (3)
that U(f;t) = ﬂqEQ U(fit,q) =0. ITU(f:t,q) # 0 for all ¢ € Q, it follows from
Theorem 2.11 (3) that U(f;t,q) is a UP-subalgebra of A for all ¢ € @. By Lemma
2.7 (3) and Theorem 1.7, we have U(f;t) =\, U([:t,q) is a UP-subalgebra of A.

(4) Similarly to as in the proof of (3).

Corollary 2.13. Let I be a UP-ideal of A. Then the following statements hold:

(1) for any k € (0,1], then there erists a Q-fuzzy UP-ideal g of A such that
L(g;t)=1 forallt <k and L(g;t) = A for allt = k, and

(2) for any k € [0,1), then there ervists a Q-fuzzy UP-ideal f of A such that
U(f;t)=1I forallt >k and U(f;t) = A for all t <k.

Proof. (1) Let f be a Q-fuzzy set in A defined by

0 ifrel,
f(m"-?)={ koifzgl,

forall g € Q.

Case 1: To show that L(f;t) =1 for all t < k, let ¢t € [0,1] be such that ¢ < k.
Let 2 € L(f;t). Then f(z,q) <t < k forall g € Q. Thus f(z,q) # k for all ¢ € @,
80 f(z,q) =0for all g € Q. Thus =z € I, so L(f;t) C I. Now, let x € I. Then
flz,g) =0< tforallge @ Thusz e L(f;t), so I C L(f;t). Hence, L(f:;t) =T
for all t < k.

Case 2: To show that L(f;t) = A for all t > k, let t € [0, 1] be such that t > k.
Clearly, L(f:t) CA. Let x € A. Then

0<t ifzel,
f(-’b":li')—{ k<t ifzxgl,

for all ¢ € Q. Thus = € L(f;t), so A C L(f;t). Hence, L(f;t) = A for all ¢t > k. We
claim that L(f;t,q) = L(f;t,q') for all q,¢' € Q. For ¢,¢' € (, we obtain

z e L(f;it,q) & f(z,q) <t
& flz,q) <t (f(z,q) = f(z,q"))
sz e L(fit.q).

19
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Hence, L(f; t,q) = L([;¢,¢") lor &ll g, ¢' € Q. By Lemma 2.7 (1), we have L([;() =
N cQ L{f:t.q). By the claim, we have L(f;t) = L(f:t,q) for all ¢ € Q. Since
Lgf;t;q) =L(f;t)=TIfor alli < k and L(f;1,q) = L(f;t) = Aforallt > k, it
follows from Theorem 2.9 (1) that f is a @-fuzzy UP-ideal of A. By Remark 1.17,
we have L(f;t) = L(f;t) =I for all t < k and L(f;t) = L(f;t) = A for all £ > k.
Let f = g. Then g is a Q-fuzzy UP-ideal of A such that L(g;t) = I for all ¢ < k and
L(g;t) =Aforalli > k.
(2) Let f be a Q-fuzzy set in A defined hy

L 1 ifzel,
ﬂr;q-’z{ k ifzgl,

tor all g £ 0.

Case 1: To show that U{f;t) =1 for all t > k, let t € [0. 1] be such that ¢ > k.
Let z € U(f;t). Then f(z,q) =t > kfor all g € Q. Thus f(r,q) £k for all g € Q,
so f(r,g) =1forallge Q. Thus r € I, so U(f;t) C I. Now, let » € I. Then

flz,q) =12>tforall ge Q. Thus © € U(f;t),so I CU(f;t). Hence, U(f;t) =1
for all £ > k.

Case 2: To show that U(f;t) = A for all ¢ < k, let ¢ € [0, 1] be such that ¢ < k.
Clearly, U(f;t) C A. Let z € A. Then

; k>t ifzgl,
f("‘”=‘3)_{ 1>t ifzel,

for all ¢ € Q. Thus z € U(f;t), so A C U(f;t). Hence, U(f;t) = Aforallt < k.
We claim that U(f;t.q) = U(f:t,q') for all q,¢' € Q. For ¢,q' € Q, we obtain

zeU(fit,q) & flz,q) >t
& flz,q) >t (f(z.q) = f(z,q))
o e U(fit.q).

Hence, U(f;t,q) = U(f;t,q") for all ¢,q' € ). By Lemma 2.7 (3), we have U(f;t) =
ﬂqu U(f;t.q). By the claim, we have U(f;t) = U(f;t,q) for all ¢ € Q. Since
U(fit,q) =U(f;t) =1 forall t > k and U(f;t,q) = U(f;t) = Aforall t <k, it
follows from Theorem 2.9 (3) that f is a Q-fuzzy UP-ideal of A.

Corollary 2.14. Let § be a UP-subalgebra of A. Then the following statements
hold:

(1) for any k € (0,1], then there exists a Q-fuzzy UP-subalgebra g of A such that
L(g;t) =S forallt <k and L(g;t) = A for allt > k, and

(2) for any k € [0,1), then there erists a Q-fuzzy UP-subalgebra [ of A such that
U(fit) =58 forallt >k and U(f;t) = A for allt < k.

Proof. (1) Let f be a Q-fuzzy set in A defined by

. 0 ifzes,
I(E:Q):{ k ifzés,

for all g € Q.

In the proof of Corollary 2.13 (1), we have L(f;t) = S forall ¢t < k and L(f;t) =
A for all t > k, and L(f;t,q) = L(f;t,q') for all q,¢ € @. By Lemma 2.7 (1),
we have L(f;t) = (,cqL(f:t,q). By the claim, we have L(f:t) = L(f:t,q) for all
g € Q. Since L(f;t,q) = L(f;t) = Sforall t < k and L(f;¢,q) = L(f;t) = A for all
t > k, it follows from Theorem 2.11 (1) that f is a Q-fuzzy UP-subalgebra of A. By
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Remark 1.17, we have L(f;t) — L(f;t) — S for all ¢ < k and L( it) — L{f;1)
for all t > k. Let f = g. Then g is a Q-fuzzy UP-subalgebra of A bll(‘h that
L(g:t) = Sfora]ltqhandL it)=Aforallt > k.

(2) Let f be a Q-fuzzy set in A defined by

1 ifzes,
f(m”):{ koifzgs,
for all g € Q.

In the proat of Corallary 213 (2), we have UJ(f:f) = Sforall t > kand U (f; 1) =
Atorall £ <k and U(f:t.q) =U(f;t,q) tor all q,¢" € (J. By lLemma 2.7 (3), we
have U(f;t) = ﬂth U(f:t,q). By the claim, we have U(f;f) = L'(f;t,q) tor all
g€ (. Since U(f:t.q)=U(f;1)=Sterallt>kand U(f:t,q) =U(f;f)=Ator
all t < k| it follows trom Theorem 2.11 (1) that f is a ()-fuzzy UP-subalgebra of
A

Theorem 2.15. Let f be a Q-fuzzy set in A and s < t for s,t € [0,1]. Then the

following statements hold:
(1) L(f:s,q) = L(f:t,q) if and only if there is no x € A such that s < f(x,q) <t,

(2, L™(f;s,q) =L (f:t,q) if and only if there is no » € A such that s < f(r.q) <
t,

(3, U(f:s,q) =Ul(f;t.q) if and only if there its no x C A such that s < f(x,q) <t,
anid

(4) U (f;5,q) = U*(f:t,q) if and only if there is no x € A such that s < f(z,q) <
f.

Proof. (1) Assume that L(f;s,q) = L(f;t,q). Suppose that there is » € 4 such
that ¢ < f(z,q) <t. Then x € L(f;t,q) but » & L{f:s.q), so L(f:t,q) = L(f;s.q)
which is a contradiction. Hence, there is no r € A such that ¢ < fiz,q) <t

Conversely, assume that there is no # € A such that s < f{z.q) < t. Let r £
L(f;s,q). Then f(r,q) < s <t sore L(f,t; q). Thus L(f:s,q) C L(f;t,q). Sup-
pose that L(f:t,q) € L(f:s,q). Then there exists = € L(f:t,q) but = € L(f;s,q).
Thus f(r,q) <t and f(x,q) > s, so s < fiz.q) <1 which is a contradiction. Thus

L(f;t,q) C L(f;s,q). Hence, L(f;s,q) = L(f;1,q).

(2) Similarly to as in the proof of (1).

(3) Assume that U(f;s,q) = U[f;t.q). Suppose that there is r € A such that
s < f(z,q) <t Then z € U(f;s,q) but 2 € U(f;t,q), so U(f;5.9) + U(f;t,q)
which is a contradiction. Hence, there iz no z € 4 such that s < f (z,q) <t.

Conversely, assume that there is no = € A such that ¢ < f(2,q) < t. Let z €
U(f:t,q). Then j(z,q) >t >s.sc z € U(f:s,q). Thus U(f; l,,q CU(f;s,q)- Sup—
pose that U(f;s,q) € U(f;t,q). Then there exists = € U(f;s,q) but = € U(f;t
Thus f(x,q) = s and f(z,q) <t so s < f{2,q) <t which is a contradiction. I‘hus
U(f:s,q) S U(f3t,q). Henee, U(f; 5,q) — U(f;t,q).

(4) Similarly to as in the proof of (3).

Corollary 2.16. Let f be a Q-fuzzy set in A and s < t for s,t = [0.1]. Then the
following statements hold:

(1) L(f;s,q0) = L(fit,q) of and only if U (f;s,0) =Ut(fit.q), and
(2) U(f:s,q) —U(f;t.q) if and only of L~(f;5,9) — L™ (f;t.q).

Froaf. (1) It follows from Theorem 2.15 (1) and Theorem 2.15 (4).
(2) Tt follows from Theorem 2.15 (2) and Theorem 2.15 (3).

21
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Theorem 2.17. Let (A;-,(04) and (B;*,0g) be [IP-algebras and let f: A — B he
a UP-homomorphism. Then the following statements hold:

(1) if p is a q-fuzzy UP-ideal of B, then py is also a g-fuzzy Ul-ideal of A, and

(2) if p is a g-fuzzy UP-subalgebra of B, then iy is also a q-fuzzy UP-subalgebra
of A.

Proof. (1) Assume that y is a g-fuzzy UP-ideal of B. Let 2 € A. Then

(04, q) = p(f(04),4)

= pu(0p,q) (Proposition 1.22)
z u(flz).q) (Definition 1.10 (1))
= sz,

Let z,y,z € A. Then

pfe-z,q) = p(f(= - 2).49)
= u(f(z) * f(2),9)
2 min{u(f(z) * (f(y) * £(2)), ), u(f(y),q)}  (Definition 1.10 (2))
= min{p(f(z) * f(y- 2z}, 9), p(f @), 0}
=min{u(f(z- (v-2)), ). u(f W), 0)}
=min{us(z- (¥-2).q), prlu.q)}.
Hence, jif 1s a g-fuzzy UP-1deal of A.
(2) Assume that p is a g-fuzzy UP-subalgebra of B. Let z.y € A. Then
pi(z-y.9) =p(f(z-y),9)
= p(f(z) * (y),9)
> min{u(f(2), 0), p(F W), O} (Definition 1.13)
= win{pr (e, q), prly, ¢)}-
[ence, py is a g-fuzzy UP-subalgebra of A.
With Definition 1.10 and 1.13 and Theorem 2.17, we obtain the corollary.

Corallary 218, Tet f: A — B he a UP-homomaorphism. Then the following state-
ments hold:

(1) if p is a Q-fuzzy UP-ideal of B, then uy is also a Q-fuzzy UP-ideal of A, and

(2) if i 1s a Q-fuzzy UP-subalgebra of B, then u; is also a Q-fuzzy UP-subalgebra
of A.

Theorem 2.19. Let (A;-,04) und (B;+,0g) be UP-ulyebrus und lel [: A — B be
a UP-isomorphism. Then the following statements hold:

(1) if piy 1s a g-fuzzy UP-ideal of A, then p is also a q-fuzzy UP-ideal of B, and
(2) if uy is a q-fuzzy UP-subalgebra of A, then g is also a q-fuzzy UP-subalgebra
of B.

Proof. (1) Assume that pr is a g-fuzzy UP-ideal of A. Let y € B. Then there exists
z € A such that f(z) = », we have
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#(03,9) — p(y+0p,q) (UD-3)
= u(f(z) * f(04), q) (Proposition 1.22)
=p(f(z-04),9)
= V‘f(m <04,9)

=p;(04.9) (UP-3)
> ui(ze.q) (Definition 1.10 (1))
=u(f(2),9)

= ply, q)-

Let a,b,c C B. Then there exist =, v, C A such that f(z) = a, f(y) = b and
f(z) = ¢, we have

plaxc,q) = p(f(z)* f(2).q)
=u(f(z-2),9
s ei)
min{ps(z- (y- 2),q). per(yq)} (Definition 1.10 (2))
min{u(f(= - (y-2)),9), #(f(¥):9)}
min{u(f(z) * (f(y) = f(2)), @), n(f(¥).9)}
min{u(a * (b+ c),q}, u(b, @)}.

%

Hence, p 1s a g-tuzzy UP-idezal ot B.
(2) Assume that pf is a g-fuzzy UP-subalgebra of A. Let a,b € B. Then there
exist x,y € A such that f(z) =a and f(y) = b, we have

plaxb,q) = p(f(z]* F(v).q)

prle-y,q)

min g (2, q),pe5(y,q)} (Definition 1.13)
min{u(f(x), ), u(f(¥),9)}

= min{yu(a, ). p(b,q)}.

ol

Hence, u is a g-fuzzy UP-subalgebra of B.
With Definition .10 and 1.13 and Theorem 2.19, we obtain the corollary.

Corollary 2.20. Let f: A » B be a UP-isomorphism. Then the following state-
ments hold:

(1) if py is a Q-fuzzy UP-ideal of A, then p is also a Q-fuzzy UP-ideal of B, and

(2) if py is a Q-fuzzy UP-subalgebra of A, then p is also a Q-fuzzy UP-subalgebra
of B.

Lemma 2.21. (Bali, 2005) For any a,b,e,d € R, the following properties hold:
(1) max{max{a,b}. max{c,d}} = max{max{a, c}, max{b,d}}, end
(2) min{min{a, b}, min{e, d}} = min{min{a, ¢}, min{b, d}}.

Let (A;-,04) and (B;=,0g) be UP-algebras. We can easily prove that 4 x B is
a UP-algebra defined by

(z1,22) © (¥1,42) = (21 - 31, T2 * Yo)

for all z1,y1 € A and x2,y2 € B.
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Theorem 2.22. Let (A;-,04) and (B:;*,0g) be UP-algebras. Then the following
statements hold:

(1) if p is a q-fuzzy UP-ideal of A and § is a gq-fuzzy UP-ideal of B, then p - § is
a q-fuzzy UP-ideal of A x B, and

(2) if p is a g-fuzzy UP-subalgebra of A and 6 is a q-fuzzy UP-subalgebra of B,
then p - 6 is a q-fuzzy UP-subalgebra of A x B.
Proof. (1) Assume that p is a g-fuzzy UP-ideal of A and 4 is a ¢-fuzzy UP-ideal of
B. Let (z1,22) € A x B. Then
(- 6)((04,08),q) = min{x(04,q),5(08, )}
> min{p(z1,q),d(z2,q)} (Definition 1.10 (1))
— (- 8)((21,22),0).
Let (z1,72), (y1,%2),(21,22) € A x B. Then
(1 0)((z1,22) © (21, 22),9)
= (p-0)((z1- 21,72 * 22),9)
— min{u(1 - 21,9),8(z2 * 22,9)}
= min{min{u(zy - (y1 - 21),9), (1,9}

min{d(z2 * (y2 * 22),q),6(y2,q)} } (Definition 1.10 (2))
= min{min{y(zy - (y1 - 21).4), 8(z2 * (y2 * 22),9) }.
mindps(y1, 0), 5(ua, )1} (Lemma 221 (2))

= min{(p - §)((x1 - (y1 - 21), 22 * (Y2 * 22)),q), (- 6)((v1, ¥2), @) }
= min{(g - 8)((21, 22) © (Y1 - 21,2 * 22), ). (- 6)((v1,v2).4)}
= min{(z - 0)((z1, z2) © ((y1.¥2) © (21,22)), @)s (1 - 8) ((v1,92), @)}

Hence, p - 6 is a g-fuzzy UP-ideal of A x B.

(2) Assume that p is & g-fuzzy UP-subalgebra of A and § is a g-fuzzy UP-
subalgebra ol B, Let (o1, x2). (y1,42) € A x B. Then

(- d)((z1,22) @ (y1.w2), ¢)
= (- 0)((z1 - y1, 22 2),9)
=min{ji(zy - y1,q), (3 %32, 9)}
> min{min{p(z1, ¢), p(yr. @)}, min{d(z0, ). 6(y2.¢)}}  (Definition 1.13)
= min{min{p(zq,q),6(zy,¢)}. min{p(vy, q),d(ys.q)}} (Lemma 2.21 (2))
— min{(u - 8)({21,22). 9), (1 - 0) ((¥1: ¥2), 9} }-

Hence, p1 -6 1s a g-fuzzy UP-subzalgebra of 4 x B.

Give examples of conflict that g and ¢ are g-fuzzy UP-ideals (resp. g-fuzzy UP-
sihalgehras) of A but 1 % § is not a g-fazzy UP-idesl (resp. g-fuzzy TTP-suhalgebra)
of A x A

Example 2.23. Let A = {(,1} be a set with a binary cperation - defined hy the
following Cayley table:

0
1

o o &
o= =

Then (4;-,0) is a UP-algebra. Let Q = {¢g}. We define Q-fuzzy sets p and § in A as
follows: p(0,q) =0.2,8(0,q) = 0.3,u(1,q) = 0.1 and §(1,¢g) = 0.1. Using this data,
we can show that p and 4 are g-fuzzy UP-ideals of A. Let (z1,22) = (0,0), (11,¥2) =
(1,0),(21,22) = (1,1) € A x A. Then
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(e = d)((z1,22) @ (21,22),q) =0.1
and
min{(u x 6}((21, 22) o [(y1,42) ¢ (21,22)],0), (& x 6)((¥1,92),9)} = 0.2

Hence, (ux d)((z1.22) ¢ (21,22), q) # min{ (e x8)((z1,z2)e[(wr, w2) e (z1,22)], ), (1 X
) ((y1.y2),q1}. Therefore, pp x & is not a g-fuzzy UP-ideal of 4 x A.

Example 2.24. Let A = {0,1,2} be a set with a binary operation - defined by the
following Cayley table:

o olo
D ==
(=R T ]

0
1
2

Then {A;-,0) is a UP-algebre. Let @ = {q}. We defined a Q-fuzzy set g and § in A
as follows: n(0,.q9) = 04,46(0.q) = 0.7.p(1,q) = 0.1,6(L,q) = 0.1, p(2.9) = 0.3 and
§(2,¢) = 0.3. Using this data, we can show that g and § are g-fuzzy UP-subalgebras
of A. Let (zy,22) = (0,1). (y1,¥2) = (1,2) £ A x A. Then

=]
o

(1 x 6)((x1,22) © (31, ¥2),9) = 0.1
and
min{(p x 6)((z1,22), ), (b % )({y1,92),9)} — 0.3.

Henee, (ju % 8)((71,72) ¢ (11, 92),q) 2 min{(pn x 8)((21, 72). @), (1 ¥ 8)((y1,02). ) }-
Therefore, p x ¢ is not a g-fuzzy UP-subalgebra of 4 x 4.

‘With Definition 1.10 and 1.13 and Theorem 2.22, we obtain the carollary.
Corollary 2.25. The following statements hold:

(1) if p is a Q-fuzzy UP-ideal of A and 6 is a Q-fuzzy UP-ideal of B, then p-6 is
a Q-fuzzy UP-ideal of A x B, and

(2) if p is a Q-fuzzy UP-subalgebra of A and 6 is a Q-fuzzy UP-subalgebra of B,
then p - 8 is a Q-fuzzy UP-cubalgebra of A x B.

Theorem 2.26. If pp 1s a Q-fuzzy set in A and 0 13 o Q-fuzzy set in B such that
-9 is a g-fuzzy UP-ideal of A x B, then the following statements hold:

(1) either u(04,q) = p(x,q) for allz € A or 6(0p,q) = §(z.q) for all x € B,

(2) if p(04,q) = p(x,q) for ail x € A, then either §(0p,q) > p(z,q) forallx e A
or 5(0g,q) = d(x. q) for allz € B, and

(3) if 6(Up, q) = d(z,q) for all » € B, then either u(Ua,q) = wlz,q) forallz € A
or u(04,q) > d8(z,q) for allx € B.

Proof. (1) Snppose that there exist = € 4 and y € B such that (04, q) < pu(z.q)
and 6(0g,¢) < 6(y,q). Then

(p. % 6) ((‘1' y}! QJ = mln{»u(‘r q).‘ 6(:‘!’: QJ}
> min{u(04, q),9(08, q)
= (- 6)((04,08),9)

which is a contradiction. Hence, p(04.9) > p(x,q) for all 2 € Aor 6(Dp.g) > §(x,q)
for all r £ B.
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(2) Assume that p(04, q) = p(x,q) for all z € A. Suppose that there exist z £ A
and y € D such that §(0g,q) < p(z,q) and 6(0y,q) < é(y,g). Then u(0a,q) >
p(r,q) > 48(0g,q). Thus

(- 9)((z.y),q) = min{u(z,q),0(y, q)}
>min{é(0B.q).5(0B.q)}
=46(0g.q)
= min{pu(04,9),5(0z,9)}
—(p-8)((04,0B),q]

which is a contradiction. Hence, 8(0p, g) > p(z,q) for all z € 4 or §(0p, q) = 8(x,q)
forallz € B.

(3) Assume that §(0g.q) > d(z,q) for all z € B. Suppose that there exist
£ A and y € B such that p(04,q) < p(z,q) and p(04,9) < 5(y,q). Then
> d(z, q) > 104, q). Thus

(w-6)((z,y), q) = min{plz,q), 0y, a)}
> mwin{pu(04,9), 104, 9)}
—u(0asq)
= min{u(04,7),5(05.q))
= (- 8)((04,08),4q)

which is a contradiction. Ilence, ¢(04.q) > p(z,q) forall x € 4 or 104, q) = 6(x, q)
for all z € B.

With Definition 1.10 and 1.13 and Theorem 2.26, we obtain the corollary.

Corollary 2.27. If p is a Q-fuzzy set in A and § is a Q-fuzzy set in B such that
w0 is a (-fuzzy UP-ideal of A x B, then the jollowing statements hold:

(1) for all g € Q), either p(Ua,q) =2 wlz,q) for all x € A or é(Vg,q) = d(z,q) for
all r € B,

(2) for all g € Q. if u(04,q) 2 (x,q) jor all z € A, then cither 50g,q) > ju(x,q)
forallz C A ar 6(0g, q) > §(z,q) for all x C B, and

(3) forallq C Q. if 6{0B.q) = §(x,q) for all x C B, then either p(04,q) = plz,q)
forallz € A or u(0,4,q) = 8(z,q) forallz € B.

Theorem 2.28. Let (4;-,04) and (B;+,0p) be UP-algebras and let p be a Q-fuzzy
setin A and & be a Q-fuzzy set in B. Then the jollowing statements hold:

(1) if p- 8 1s a g-fuzzy UP-ideal of A x B, then either i is a q-fuzzy UP-ideal of
A ord is a g-fuzzy UP-ideal of B, and

(2) if p- 08 is o g-fuzzy UP-subalyebru of A x B, then eilher p is a g-fuzzy UP-
subalgebra of A or § is a q fuzzy UP subalgebra of B.
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Proof. (1) Assume that p-§ is a g-fuzzy UP-ideal of A x B. Suppose that yu is not &
g-fuzzy UP-ideal of A and 4 is not a g-fuzzy UP-ideal of B. By Theorem 2.26 (1), we
have u(04,q) = p(z,q) for allz = Aor §(0p,q) > d(x,q) for all z € B. Suppose that
i1(04,q) = p(z. q) for all x = A. By Theorem 2.26 (2), either §(0gz,q) = u(z,q) for
all 2 € A or §(0g,q) = é(x,q) for all z € B. If §(0p, q) = plz,q) for all =z € A, ther

(s &)(x.0R),q) = min{p(z,q),d(Dr,q)} = nlz, ¢). We consider, for all z, v,z € A,

piz -z q) =min{p(r-2,q},5(0p.q)}

= (p-8)((z-2,0p),q9) (Definition 1.25)
= (- 8)((z-2,05 +0B),q] (Proposition 1.2 (1))
- (»u ’ '5)((1': DH) < (3._. DB)! Q)

Z min{(u- 5)((x,08) o [(¥,0B)  (2,08)., 9),

(e &) (y.0B) q)} (Definition 1.10 (2))
=mmn{(u-9)((z-(v-2).0* (Vg +Ur)].q), (1-6)((v.0R). )}
— min{(s- 8)((z- (1 - 2),08),2), (- 8)((#,08), 9)} (Proposition 1.2 (1))
=min{min{x(z- (y-2,9),4(0n,q},

min{p(y.q).6(0B,q)}} (Definition 1.25)
—min{p(z- (y-2), ), uly. 9)}-

Hence, p is a g-fuzzy UP-ideal of A which is a contradiction. Suppaose that 6(0g,q) =
d(x,q) for all » C B. By Theorem 2.26 (3), either p1(04,q) > p(zr,q) forall z ¢ A

or pu(04,q) > 6(x,q) for all 2 € B. If p(la,q) > é(z,q) for all 2 € B, then
(- ) (D4, x),q) = min{u(Ca4, q).d(z,q)} = d(z, g). We consider, for all r,y,z € B,

drxz. q)=min{p(Da,q), ez q)}
= (p-8)((04,2%2),q) (Definition 1.25)
= (p-8)((04-04,2%2),9) (Proposition 1.2 (1))
— (- 8)((0a,7) ¢ (0a,2),9)
z min{ (u - 5)((04;2) 0 [(04,9) © (04:2)], @),

(p-0)((04,),9]} (Defirition 1.10 (2))

=min{ (- 0)((Va- (Ua-Vu).z=(y*2)).q), (w-3)((Va.u).q)}
=min{ (- )[04, 2% (y*2z1).q),

(1 8)((04,9),9)} (Proposition 1.2 (1))
= r:lin{mm{,u(DAJ q:'.‘ 5(5-'“ * (y * "3)-: q’)},
min{x(04,q),5(y.9)}} {Definition 1.25)

= win{d(x * (y *2).q),6(y,q)}-

Hence, § is a g-fuzzy UP-ideal of B which is a contradiction. Since p is not a
g-fuzzy UP-ideal of A and ¢ is not a g-fuzzy UP-ideal of B, we have p(04,q) >
p(z,q) for all 2 € A and §(0p,q) > &(x,q) for all z € B. Let 21,223,253 € A and
Y1, 2,2 € B he such that p(ry - 23,q) < min{plry - (22 - 73),q), pi(r2, q)} and
O * ys,q) < min{diyy * (g2 *¥3),4),0(x2.9) }, so min{u(z; - x3,4),d(y1 *¥3.q)} <
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min{min{p(z; - (22 - 23),q), p{r2,q)}, min{S(y1 * (32 = y3),q), 5(y2, )} }. Thus

min{p(ry - 23, 9), (Y1 * Ya,q)}
=[(p-8)(z1 23,91 %y3),q) (Definition 1.25)
= (u-8)((z1,y1) @ (23,%3),q)
2 min{(p - 8)((z1,v1) ¢ [(22,y2) © (23, ¥3)], 7).
(1 8)((x2,¥2),9)} (Definition 1.10 (2))
= min{(je - A)((w1 - (z2-73), 91 % (2 * 3)), 0), (1 - A) (72, 12), 9)}
= min{min{y(71 - (22 - 73),9), 51 * (Y2 * ¥2). @)}

min{p(za, q),d(v2, 41} (Definition 1.25)
= min{min{px(z1 - (22 - 23),9), w(z2, 0},
min{d(y: * (a2 * ¥3),9), 0(v2,@)}}. (Lemma 2.21 (2))

It follows that min{(zq - 23, ), 81+ ys, ¢) } £ min{min{p(xy - (2 23),q), plwa. q) },
min{d(y1 * (y2 + ¥3),4).6(y2,q)}} which is a contradiction. Hence, p is a g-fuzzy
UP-ideal of A or § is a g-fuzzy UP-ideal of .

(2) Assume that p -4 is a g-fuzzy UP-subalgebra of 4 x B. Suppose that p is
not a ¢-fuzzy UDP-subalgebra of 4 and 4§ is not a ¢-fuzzy UDP-subalgebra of B. Then
there exist 2,9y = A and a,h = B such that

plx - v,q) < min{u(z, g). p(v,q)} and d(a * b, q) < min{d(a. 7).46(b, q)}.

Then min{u(x - y.q),0(a + b,¢)} < min{min{y(z, ¢}, u(y,q)} min{d(e,q), (b, q)}}-
Consider,

windp(e -y, y), dla=bq)} = (- 0)((w-y,wx*b),q) Cell
ol ol e
= win (- 0)((, w).q),

(- 9)(w.0)a)} (Definition 1.13)
= min{min{x(z,q).5(a.0)}.

min{zi(y, q),d(b, gt} (Definition 1.25)
— min{min{u(z,q). u(y, ql},

min{d(a, g, (b, )11} (Lemma 2.21 (2))

Thus min{p(e - y.q),6(a * b, q)} £ min{min{p(z,q), u(y. ¢)},min{d(a, q).4(b,q)};
which is a contradiction, Hence, p is a g-luzzy UP-subalgebra ol A or § is a g-luzsy
UP-subalgebra of 5.

Give examples of conflict that p and 6 arc not Q fuzzy UP ideals (resp. @ fuzzy
UP-subalgebras) of A but -4 is a Q-fuzzy UP-ideal (resp. Q-fuzzy UP-subalgebra)
of 4 x A.

Example 2.29. Let A = {0,1} be a set with a binary operation - defined by the
following table:

o | [ e

; 1
0[0 1
1]0 0

Then (A4;-,0) is a UP-algebra. Let @ = {a,b}. We define two Q-fuzzy sets p and 4§
in A as follows:

and
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Since p(0,a) = 0.1 < 0.3 = u(1,a), we have p(0,a) # pi(l,a). Thus g is not an
a-fuzzy UP-ideal of A. Since 6(0,&) — 0.1 < 0.3 — §(1,b), we have 4(0,b) # 6(1,8).
Thus § is not a b-fuzzy UP-ideal of A. Therefore, i and § are not Q-fuzzy UP-ideals
of A. Using the above data, we can show that g~ 6 is a @ fuzzy UP ideal of A x A,

Example 2.30. Let A = {0,1} be a set with a binary operation - defined by the
following table:

[ -,

0
1

S| G

0

Then (A:-. ) is a UP-algebra. 1et @@ = {a,h}. We defined twa Q-fuzzy sets i and
0 in A as follows:

w| a b
0[01 03
1103 0.3
and
a b

03 0.1

1063 63
Since p(1-1,a) = p(0,a) = 0.1 < 0.3 = min{0.3,0.3} = min{pu(l.a),p(l,a)}. we
have p(1-1.a) # min{u(l,a),p(l,a)}. Thus g is not an a-fuzzy UDP-subalgebra of
A. Since §(1-1,b) =d(0,b) = 0.1 < 0.3 = min{0.3,0.3} = min{d(1,b),4(1.5)}, we
have 4(1-1,b) 2 min{d(1,5),4(1,5)}. Thus ¢ is not a b fuzzy UP subalgcbra of A.
Therefere, p and & are not @-fuzzy UP-subalgebras of 4. By Example 2.20, we have

)
0]

29

g+ 6 is a Q-fuzzy UP-ideal of 4 x A. By Corollary 2.2, we have pu - 6§ is a Q-fuzzy

U P-subalgebra of A x A

Acknowledgements

The authors wish to express their sincere thanks to
the referees for the valuable suggestions which lead to an
improvement of this paper.

References

Bali, N. P. (2005). Golden real analysis. Chennai, India:
Laxmi Publications.

lampan, A. (2017). A new branch of the logical algebra: UP-
algebras. Journal of Algebra and Related Topics,
5(1), 35-54.

Jun, Y. B. (2001). Q-fuzzy subalgebras of BCK/BCl-algebras.
Scientiae Mathematicae Japonicae Online, 4, 197-
202.

Kim, K. H. (2006). On intuitionistic Q-fuzzy semiprime ideals
in semigroups. Advance Fuzzy Math, 1(1), 15-21.

Malik, S. C., & Arora, S. (2014). Mathematical analysis (4"
Ed.). New Delhi, India: New Age International.

Mostafa, S. M., Abdel-Naby, M. A., & Elgendy, O. R. (2012).
Fuzzy Q-ideals in Q-algebras. World Applied Pro-
gramming, 2(2), 69-80.

Muthuraj, R., Sridharan, M., Muthuraman, M. S., & Sithar
Selvam, P. M. (2010). Anti Q-fuzzy BG-ideals in
BG-algebra. International Journal of Computer
Applications, 4(11), 27-31.

Priya, T., &Ramachandran, T. (2014). A note on anti Q-fuzzy
R-closed PS-ideals in PS-algebras. Advances in
Pure and Applied Mathematics, 6(2), 150-159.

Roh, E. H., Kim, K. H., & Lee, J. G. (2006). Intuitionistic Q-
fuzzy subalgebras of BCK/BCl-algebras. Inter-
national Mathematical Forum, 1(24), 1167-1174.

Sithar Selvam, P. M., Priya, T., Nagalakshmi, K. T., &
Ramachandran, T. (2013). A note on anti Q-fuzzy
KU-subalgebras and homomorphism of KU-
algebras Bulletin of Mathematics and Statistics Re-
search, 1(1), 42-49.

Sithar Selvam, P. M., Priya, T., & Ramachandran, T. (2012).
Anti Q-fuzzy KU-ideals in KU-algebras and its
lower level cuts. International Journal of Engi-
neering Research and Technology, 2(4), 1286-1289.

Sithar Selvam, P. M., Priya, T., Ramachandran, T., &
Nagalakshmi, K. T. (2014). Anti Q-fuzzy R-closed
KU-ideals in KU-algebras and its lower level cuts.
International Journal of Fuzzy Mathematical Ar-
chive, 4(2), 61-71.

Somjanta, J., Thuekaew, N., Kumpeangkeaw, P., & lampan,
A. (2016). Fuzzy sets in UP-algebras. Annals of
Fuzzy Mathematics and Informatics, 12(6), 739-756.

Zadeh, L. A. (1965). Fuzzy sets. Information and Control, 8,
338-353.



	_Hlk506714652
	/
	/
	/
	/
	/
	/
	/
	/
	/
	/

