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Abstract 
 
A ternary semigroup is a nonempty set together with a ternary multiplication that is associative. Every semigroup can 

be reduced to a ternary semigroup, but a ternary semigroup does not necessarily reduce to a semigroup. The notion of A-ideals in 

semigroups was introduced by Grosek and Satko in 1980. Fuzzy sets were introduced by Zadeh in 1965. Applications of the 

fuzzy set theory have been found in various fields. The theory of fuzzy sets has been studied in various kinds of algebraic 

systems. 

In this paper, we define and study some properties of A-ideals and fuzzy A-ideals of ternary semigroups. Moreover, we 

introduce the notion of minimal fuzzy A-ideals of ternary semigroups and study properties of them. 
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1. Introduction 
 

A ternary semigroup is a nonempty set together with a 

ternary multiplication that is associative. Every semigroup can 

be reduced to a ternary semigroup, but a ternary semigroup 

need not necessarily reduce to a semigroup:  the ternary 

semigroup under the usual multiplication serves as an 

example.  Lehmer (1932)  investigated certain triple systems 

called triplexes, which turn out to be commutative ternary 

groups. Moreover, he defined regular ternary semigroups. Los 

(1955) showed that every ternary semigroup can be embedded 

in a semigroup.  Sioson (1965)  studied ternary semigroups 

with special reference to ideals and radicals. Moreover, he has 

extended to ternary semigroups various well-known concepts 

concerning ideals, such as primality, semiprimality etc.

 
Santiago and Sri Bala (2010) studied regularity conditions in a 

ternary semigroup. The concept of a fuzzy set was introduced 

by Zadeh (1965). Fuzzy subsets have been developed in many 

fields.  Rosenfeld (1971)  applied the concepts of Zadeh to 

define fuzzy subgroups and fuzzy ideals.  Fuzzy semigroups 

were first studied by Kuroki (1981, 1979) .  He defined also 

fuzzy ideals in semigroups (Kuroki, 1991) .  Grosek (1979) 

introduced the notion of an almost-ideal (A-ideal)  in a 

semilattice. Grosek and Satko (1980) introduced the notion of 

an A-ideal of semigroups.  Minimal A-ideals, maximal A-

ideals and smallest A-ideals were studied in Grosek and Satko 

(1981). 
 

In this paper, we define and study some properties 

of A-ideals and fuzzy A-ideals of ternary semigroups. 

Moreover, we introduce the notion of minimal fuzzy A-ideals 

of ternary semigroups and study properties of them. 
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2. Preliminaries 
 

A nonempty set   is called a ternary semigroup if there exists a ternary operation   written as 

satisfying the following identity 

 
Let  and  be nonempty subsets of a ternary semigroup . A product  is defined by   

 
 

Definition 2.1. Let  be a ternary semigroup and  be a nonempty subset of . 

(1)  is called a ternary subsemigroup of  if .  

(2)  is called a left ideal of  if . 

(3)  is called a right ideal of  if . 

(4)  is called a middle ideal of  if . 

If  is a left, right and middle ideal of , then it is called an ideal of . 

A function  from  to the unit interval [0,1] is called a fuzzy subset of . Let and  be any two fuzzy subsets of   

(1)  is a fuzzy subset of defined by  min  for all  

(2)  is a fuzzy subset of defined by  max  for all  

(3)  if  for all   

Let  be a fuzzy subset of  , the support of  is defined by  

 

Let  be a nonempty subset of , the characteristic mapping of  is a fuzzy subset of  defined by 

 
We note that the ternary semigroup  can be considered a fuzzy subset of itself and write , i.e.,  for all  

Let  be any element in  the characteristic mapping of  is a fuzzy subset of  defined by 

 
 

Definition 2.2. Let  be a ternary semigroup and  be a fuzzy subset of . 

(1)  is called a fuzzy left ideal of  if  , for all . 

(2)  is called a fuzzy right ideal of  if  , for all . 

(3)  is called a fuzzy middle ideal of  if  , for all . 

Then   is called a fuzzy ideal of if it is a fuzzy left, fuzzy right and fuzzy middle ideal of  , i.e. 

 

Let  and  be fuzzy subsets of . A product  is defined by 

 
 

Theorem 2.1. Let  be a fuzzy subset of a ternary semigroup . Then 

(1)  is a fuzzy subsemigroup of  if and only if . 

(2)  is a fuzzy left ideal of  if and only if . 

(3)  is a fuzzy right ideal of  if and only if . 

(4)  is a fuzzy middle ideal of  if and only if . 

(5)  is a fuzzy ideal of  if and only if  and  . 

 

 



 S. Suebsung et al. / Songklanakarin J. Sci. Technol. 41 (2), 299-304, 2019 301 

3. A-ideals of ternary semigroups 
 

Definition 3.1. Let  be a ternary semigroup. A nonempty subset  of   is called a left A-ideal of  if ,   

A nonempty subset  of  is called a right A-ideal of T if ,  A nonempty subset  of   is called a 

middle A-ideal of  if ,  If  is a left, right and middle A-ideal of  is called an A-ideal of . 

 

Example 3.1. Every left ideal of  is a left A-ideal of . 

 

Example 3.2. Consider the ternary semigroup   under the usual addition and  

Then  is a left A-ideal of  because 

If , we have  

If , we have  

If , we have  

If , we have  

If , we have  

If , we have  

However, 
 

 is not a left ideal of  because  

 but .  

Example 3.2 shows that in general, left A-ideals need not be left ideals. 

 

Theorem 3.1. Let  be a ternary semigroup.  

(1) Let be a left A-ideal of . If  is a subset of  such that   then  is a left A-ideal of . 

(2) Let be a right A-ideal of . If  is a subset of  such that   then  is a right A-ideal of . 

(3) Let be a middle A-ideal of . If  is a subset of  such that   then  is a middle A-ideal of . 

(4) Let  be an A-ideal of . If  is a subset of  such that   then  is an A-ideal of . 

 

Proof. (1) Let be a left A-ideal of  and . Let  be a left A-ideal of  such that . Then 

. Thus  is a left A-ideal of .  

(2) and (3) can be proved similarly.  

(4) This follows from (1), (2) and (3). 

 

Corollary 3.2. Let  be a ternary semigroup. 

(1) If  and  are two left A-ideals of , then  is a left A-ideal of . 

(2) If  and  are two right A-ideals of , then  is a right A-ideal of . 

(3) If  and  are two middle A-ideals of , then  is a middle A-ideal of . 

(4) If  and  are two A-ideals of , then  is an A-ideal of . 

 

Proof. (1) Let  and  be two left A-ideals of  . Since , by Theorem 3.1 (1),  is a left A-ideal of . 

(2), (3) and (4) can be proved similarly.  

 

Example 3.3. Consider the ternary semigroup   under the usual addition. Let  and 

 Then  and   are left A-ideals of  but  is not a left A-ideal of .  

Example 3.3 shows that in general, if  and   are two left A-ideals of  ,   need not be a left A-ideal of .  

 

Definition 3.2. The element  is called a ternary idempotent if  

 

Lemma 3.3. Let  be a ternary semigroup. 
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(1)  has no proper left A-ideals if and only if for all , there exists an element  such that 

 

(2)  has no proper right A-ideals if and only if for all , there exists an element  such that 

 

(3)  has no proper middle A-ideals if and only if for all , there exists an element  such that  

 

 

Proof. (1) Assume  has no proper left A-ideals and let . Then  is not a left A-ideal of , this implies that there 

exists   such that   

Then  Conversely, assume that for all , there exists an element  such that 

 Then for all , there exists an element  such that  Then 

for all  is not a left A-ideal of . Therefore  has no proper left A-ideal. 

(2) and (3) can be proved similarly.  

 

Theorem 3.4. Let  be a ternary semigroup such that  and . 

(1) If  is not a left A-ideal of , then either  is a ternary idempotent or 

   

(2) If  is not a right A-ideal of , then either  is a ternary idempotent or   

(3) If  is not a middle A-ideal of ,  then either  is a ternary idempotent or   

(4) If  is not an A-ideal of , then either  is a ternary idempotent or   

 

Proof. (1) By Lemma 3.3(1), there exists an element  s.t.  Suppose that  is not a ternary 

idempotent. Thus  hence   

  Case 1:  So  therefore   

  Case 2:  Since   If  then    a contradiction. 

Then  we have  So  therefore   

(2) and (3) can be proved similarly.  

(4) This follows from (1), (2) and (3). 

 

Corollary 3.5. Let  be a ternary semigroup such that  and . If  then  is an A-ideal of . 

 

Proof. This follows by Theorem 3.4. 

 

4. Fuzzy A-ideals of ternary semigroups 
 

Definition 4.1 Let  be a ternary semigroup.  

(1) A fuzzy subset  of  is called a fuzzy left A-ideal of  if  for all  

(2) A fuzzy subset  of  is called a fuzzy right A-ideal of  if  for all  

(3) A fuzzy subset  of  is called a fuzzy middle A-ideal of  if  for all  

If  is a fuzzy left, right and middle A-ideal of  is called a fuzzy A-ideal of .  

 

Example 4.1 Every fuzzy left ideal of  is a fuzzy left A-ideal of . 

 

Example 4.2 Consider the ternary semigroup   under the usual addition and  defined by 

 and  We have  

If , we have  So . 
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If , we have  So . 

If , we have  So . 

If , we have  So . 

If , we have  So . 

If , we have So . 

Then  for all  Therefore  is a fuzzy left A-ideal of . 

However,  is not a left ideal of  because let , we have  but  this implies  

Example 4.2 shows that in general, fuzzy left A-ideals need not be fuzzy left ideals. 

 

Theorem 4.1. Let  be a nonempty subset of a ternary semigroup . Then 

(1)  is a left A-ideal of  if and only if  is a fuzzy left A-ideal of . 

(2)  is a right A-ideal of  if and only if  is a fuzzy right A-ideal of . 

(3)  is a middle A-ideal of  if and only if  is a fuzzy middle A-ideal of . 

(4)  is an A-ideal of  if and only if  is a fuzzy A-ideal of . 

 

Proof. (1) Assume  is a left A-ideal of . Then  for all  Thus there exists .  

So . Hence  is a fuzzy left A-ideal of . Conversely, assume  is a fuzzy left A-ideal of .  

Thus  for all , this implies there exists  such that .  

Hence  Therefore . That is  is a left A-ideal of . 

(2) and (3) can be proved similarly.  

(4) This follows from (1), (2) and (3). 

 

Theorem 4.2. Let  be a nonzero fuzzy subset of a ternary semigroup . Then 

(1)  is a fuzzy left A-ideal of  if and only if  is a left A-ideal of . 

(2)  is a fuzzy right A-ideal of  if and only if  is a right A-ideal of . 

(3)  is a fuzzy middle A-ideal of  if and only if  is a middle A-ideal of . 

(4)  is a fuzzy A-ideal of  if and only if  is an A-ideal of . 

 

Proof. (1) Assume  is a fuzzy left A-ideal of . Then  for all  Then for each   there exist 

 such that  and . So . This implies .  

Hence  for all  

Therefore  is a fuzzy left A-ideal of . By Theorem 4.1 (1), we have  is a left A-ideal of . Conversely, 

assume  is a left A-ideal of . By Theorem 4.1 (1),  is a fuzzy left A-ideal of . This implies  

 for all   

Then there exist   and , so , . So . Thus 

 for all  Hence  is a fuzzy left A-ideal of . 

(2) and (3) can be proved similarly.  

(4) This follows from (1), (2) and (3). 

A fuzzy left A-ideal  is minimal if for all a fuzzy left A-ideal  of  such that  we have . 

 

Theorem 4.3. Let  be a nonempty subset of a ternary semigroup . Then 

(1)  is a minimal left A-ideal of  if and only if  is a minimal fuzzy left A-ideal of . 

(2)  is a minimal right A-ideal of  if and only if  is a minimal fuzzy right A-ideal of . 

(3)  is a minimal middle A-ideal of  if and only if  is a minimal fuzzy middle A-ideal of . 

(4)  is a minimal A-ideal of  if and only if  is a minimal fuzzy A-ideal of . 
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Proof. (1) Assume  is a minimal left A-ideal of . By Theorem 4.1 (1), 
 

 is a fuzzy left A-ideal of .  

Let  be a fuzzy left A-ideal of  such that  By Theorem 4.2 (1),  is a left A-ideal of .  

Then  Since  we have  

 
Hence  is a fuzzy left A-ideal of . By Theorem 4.2 (1),  is a left A-ideal of . Since  is minimal, 

 Therefore  is minimal. 

Conversely, assume  is a minimal fuzzy left A-ideal of . By Theorem 4.1 (1), 
 

 is a left A-ideal of . Let  be a 

left A-ideal of  such that  By Theorem 4. 1 ( 1) ,  is a fuzzy left A-ideal of  such that  Hence 

 Therefore  is minimal. 

(2), (3) and (4) can be proved similarly. 

 

Corollary 4.4. Let  be a nonempty subset of a ternary semigroup . Then 

(1)  has no proper left A-ideal of  if and only if for all a fuzzy left A-ideal  of  

(2)  has no proper right A-ideal of  if and only if for all a fuzzy right A-ideal  of  

(3)  has no proper middle A-ideal of  if and only if for all a fuzzy middle A-ideal  of  

(4)  has no proper A-ideal of  if and only if for all a fuzzy A-ideal  of  

 

Proof. (1) Let  be a fuzzy left A-ideal of . By Theorem 4.2 (1),  is a left A-ideal of . Since  has no proper left A-

ideal, .  

Conversely, let  is a fuzzy left ideal of   and . Suppose that  is proper left A-ideal of . By Theorem 

4.1 (1),  is a fuzzy left A-ideal of . Thus , a contradiction. Hence  has no proper left A-ideal of . 

 (2), (3) and (4) can be proved similarly.  

 

 

5. Conclusions 
 

In the structural theory of fuzzy algebraic systems, 

fuzzy ideals with special properties always play an important 

role. In this paper, we applied the fuzzy set theory to A-ideals 

of ternary semigroups to characterize fuzzy A-ideals.  
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