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Abstract

A ternary semigroup is a nonempty set together with a ternary multiplication that is associative. Every semigroup can
be reduced to a ternary semigroup, but a ternary semigroup does not necessarily reduce to a semigroup. The notion of A-ideals in
semigroups was introduced by Grosek and Satko in 1980. Fuzzy sets were introduced by Zadeh in 1965. Applications of the
fuzzy set theory have been found in various fields. The theory of fuzzy sets has been studied in various kinds of algebraic

systems.

In this paper, we define and study some properties of A-ideals and fuzzy A-ideals of ternary semigroups. Moreover, we
introduce the notion of minimal fuzzy A-ideals of ternary semigroups and study properties of them.
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1. Introduction

A ternary semigroup is a nonempty set together with a
ternary multiplication that is associative. Every semigroup can
be reduced to a ternary semigroup, but a ternary semigroup
need not necessarily reduce to a semigroup: the ternary
semigroup z~ under the usual multiplication serves as an

example. Lehmer (1932) investigated certain triple systems
called triplexes, which turn out to be commutative ternary
groups. Moreover, he defined regular ternary semigroups. Los
(1955) showed that every ternary semigroup can be embedded
in a semigroup. Sioson (1965) studied ternary semigroups
with special reference to ideals and radicals. Moreover, he has
extended to ternary semigroups various well-known concepts
concerning ideals, such as primality, semiprimality etc.
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Santiago and Sri Bala (2010) studied regularity conditions in a
ternary semigroup. The concept of a fuzzy set was introduced
by Zadeh (1965). Fuzzy subsets have been developed in many
fields. Rosenfeld (1971) applied the concepts of Zadeh to
define fuzzy subgroups and fuzzy ideals. Fuzzy semigroups
were first studied by Kuroki (1981, 1979). He defined also
fuzzy ideals in semigroups (Kuroki, 1991). Grosek (1979)
introduced the notion of an almost-ideal (A-ideal) in a
semilattice. Grosek and Satko (1980) introduced the notion of
an A-ideal of semigroups. Minimal A-ideals, maximal A-
ideals and smallest A-ideals were studied in Grosek and Satko
(1981).

In this paper, we define and study some properties
of A-ideals and fuzzy A-ideals of ternary semigroups.
Moreover, we introduce the notion of minimal fuzzy A-ideals
of ternary semigroups and study properties of them.
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2. Preliminaries

A nonempty set T is called a ternary semigroup if there exists a ternary operation : T x T X T — T written as
(a, b, c) = abc satisfying the following identity

(abc)de = a(bcd)e = ab(cde),foralla, b,c,d,e €T.
Let A, B and C be nonempty subsets of a ternary semigroup T. A product ABC is defined by

ABC = {abc:a €EAb EBandc € C}.

Definition 2.1. Let T be a ternary semigroup and A be a nonempty subset of T.
(1) A s called a ternary subsemigroup of T if TTT < T.
(2) Aiscalled aleftideal of T if TTA C A.
(3) Aiscalled aright ideal of T if ATT € A.
(4) Aiscalled a middle ideal of T if TAT C A.
If A is a left, right and middle ideal of T, then it is called an ideal of T.
A function f from T to the unit interval [0,1] is called a fuzzy subset of T. Let fand & be any two fuzzy subsets of T,
(1) f N g isafuzzy subset of Tdefined by (f N g)(x) = min{f(x), g(x)} forall x € T.
(2) f U g isafuzzy subset of Tdefined by (f U g) (x) = max{f(x), g(x)} forall x € T.
B fegiff(x)=g(x)foralx €T.
Let f be a fuzzy subset of T, the support of f is defined by
supp f ={x € T|f(x) = 0}.
Let A be a nonempty subset of T, the characteristic mapping of A is a fuzzy subset of T defined by
a0 ={y Teu
We note that the ternary semigroup T can be considered a fuzzy subset of itself and write T = C, i.e., T(x) = 1 forallt € T.

Let T be any element in T, the characteristic mapping of £ is a fuzzy subset of T defined by

1 x=t,
Celx) = {0 X # t.
Definition 2.2. Let T be a ternary semigroup and f be a fuzzy subset of T
(1) f iscalled afuzzy leftideal of T if f(xyz) = f(2) forallx, v,z € T.
(2) fiscalled afuzzy right ideal of T if f(xyz) = f(x), forallx,v,z € T.
(3) fiscalled a fuzzy middle ideal of T if f(xyz) = f(y),forallx,y,z € T.
Then f is called a fuzzy ideal of Tif it is a fuzzy left, fuzzy right and fuzzy middle ideal of T, i.e.
f(xyz) = max{f(x),f(y), f(z)}, forallx,y,z € T
Let £, g and /1 be fuzzy subsets of T. A product f © g @ / is defined by

sup min{f(p), g(g), h(r)}, x=pgr 3IAp,q,r €T,
(f egem)x) = {qur

0, otherwise.

Theorem 2.1. Let f be a fuzzy subset of a ternary semigroup T. Then
(1) [ isafuzzy subsemigroup of T ifand onlyif f o f o f C f.
(2) fisafuzzyleftideal of T ifandonlyif TeT o f C f.
(3) fisafuzzyrightidealof T ifandonlyif feToT C f.
(4) [ isafuzzy middle ideal of T ifandonly if T e f o T C f.
(5) fisafuzzyidealof Tifandonlyif TeTeof Cf,feTeT Cfand TefeT Cf.
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3. A-ideals of ternary semigroups

Definition 3.1. Let T be a ternary semigroup. A nonempty subset [, of T is called a left A-ideal of T if ttL N L = @, YVt € T.
A nonempty subset R of T is called a right A-ideal of T if RttN R = @, Vt € T. A nonempty subset M of T is called a
middle A-ideal of T if tMt N M = @, Vt € T. If I isaleft, right and middle A-ideal of T, I is called an A-ideal of T

Example 3.1. Every left ideal of T is a left A-ideal of T..

Then A is a left A-ideal of T because
Ift =0 ,wehave (t +t+A4)NA=1{134}
Ift =1, wehave (t +t+A)NA =3}
Ift =2,wehave (t +t+A)NA = {1}.
Ift=3,wehave (t +t+ A)n A ={1,3,4}.
Ift =4, wehave (t +t+A)NA={3}.
Ift =5, wehave (t +t+A)NA={1}.
However, A is not a left ideal of T because
2+2+4€2+2+Abut2+2+4=8=2¢A.
Example 3.2 shows that in general, left A-ideals need not be left ideals.
Theorem 3.1. Let T be a ternary semigroup.
(1) Let L be aleft A-ideal of T. If A is a subset of T such that L. © A, then A is a left A-ideal of T
(2) Let R bearight A-ideal of T. If A is a subset of T such that R € A, then A is a right A-ideal of T'.
(3) Let M be amiddle A-ideal of T. If A is a subset of T such that L © A, then A is a middle A-ideal of T.
(4) Let!I bean A-ideal of T. If A isasubset of T suchthat! € A, then 4 isan A-ideal of T'.

Proof. (1) Let L be a left A-ideal of T and t € T. Let A be a left A-ideal of T such that L. € A. Then
@ = ttL NL € ttA N A. Thus 4 is a left A-ideal of T.

(2) and (3) can be proved similarly.
(4) This follows from (1), (2) and (3).

Corollary 3.2. Let T be a ternary semigroup.
(1) IfL;and L, aretwo left A-ideals of T, then L, U L, is a left A-ideal of T'.
(2) If Ryand R are two right A-ideals of T, then R, U R, is a right A-ideal of T".
(3) If M, and M, are two middle A-ideals of T, then M, U M, is a middle A-ideal of T
(4) If I, and I, are two A-ideals of T', then I; U I, is an A-ideal of T'.

Proof. (1) Let L, and L, be two left A-ideals of T. Since L; € L, U L,, by Theorem 3.1 (1), L, U L, is a left A-ideal of T.
(2), (3) and (4) can be proved similarly.

L, ={2,3,5}. Then Ly and L, are left A-ideals of T but L; N L, = {3} is not a left A-ideal of T.
Example 3.3 shows that in general, if L, and L, are two left A-ideals of T, L, N L, need not be a left A-ideal of T'.

Definition 3.2. The element @ € T is called a ternary idempotent if g3 = q.

Lemma 3.3. Let T be a ternary semigroup.
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(1) T has no proper left A-ideals if and only if for all @ € T, there exists an element £, € T such that
tata(T — {a}) = {a}.

(2) T has no proper right A-ideals if and only if for all @ € T, there exists an element t, € T such that
(T - {a})tata = {CL}

(3) T has no proper middle A-ideals if and only if for all @ € T, there exists an element t, € T such that

to (T — {a})t, = {a}.

Proof. (1) Assume T has no proper left A-ideals and let @ € T. Then T — {a} is not a left A-ideal of T, this implies that there
exists t, € T suchthat t,t, (T — {a}) N (T — {a}) = @.

Then t,t, (T — {a}) = {a}. Conversely, assume that for all @ € T, there exists an element t, € T such that
tata(T — {a}) = {a}. Then forall @ € T, there exists an element t, € T such that t,t,(T — {a}) N {a} = @. Then
foralla € T,T — {a}isnot a left A-ideal of T Therefore T has no proper left A-ideal.

(2) and (3) can be proved similarly.

Theorem 3.4. Let T be a ternary semigroup such that |T| > 1anda € T.
(1) T — {a}isnota left A-ideal of T, then either @ is a ternary idempotent or
at=a.
(2) If T — {a}is notaright A-ideal of T, then either @ is a ternary idempotent or @3 = a”.
(3) If T — {a}is not a middle A-ideal of T, then either @ is a ternary idempotent or @3 = a”’.

(4) IfT — {a}isnotan A-ideal of T', then either & is a ternary idempotent or ad =a’.

Proof. (1) By Lemma 3.3(1), there exists an element t, € T s.t. t,t, (T — {a}) = {a}. Suppose that @ is not a ternary
idempotent. Thus @® € T — {a}, hence t,t,a*> = a.

Case1: t; = a.Soa = a®, therefore @3 = a”.

Case2: t, # a.Sincet, € T —{a}, tataty = Q. Iftat,a = a,thent, t,a® = a® # a, acontradiction.
Then t,t,a # @, we have t t,(t,t,a) = a. Sotyaa = a, therefore a3 = a’.

(2) and (3) can be proved similarly.

(4) This follows from (1), (2) and (3).

Corollary 3.5. Let T be a ternary semigroup such that |T| > 1anda € T. 1fa® # a’, then T — {a} is an A-ideal of T.

Proof. This follows by Theorem 3.4.
4. Fuzzy A-ideals of ternary semigroups

Definition 4.1 Let T be a ternary semigroup.
(1) A fuzzy subset f of T is called a fuzzy left A-ideal of Tif (Cr o Cre f)Nf =0 forallt € T.
(2) A fuzzy subset f of T is called a fuzzy right A-ideal of T if (f @ C, o C) N f = 0 forallt € T.
(3) A fuzzy subset f of T is called a fuzzy middle A-ideal of T if (C; o f o C;) N f += Qforallt € T.
If f is a fuzzy left, right and middle A-ideal of T, £ is called a fuzzy A-ideal of T

Example 4.1 Every fuzzy left ideal of T is a fuzzy left A-ideal of T

f(0) =0,f(1)=1f(2)=0,f(3) =02,f(4) = 0.3 and f(5) = 0. We have
Ift =0,wehave [(C,oCrof)Nf](1) =1.50(CeoCrof)Nf +0.
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Ift =1,wehave [(C,oCof)NF1(3) =0.2.50 (CroCrof)NF #0.
Ift =2, wehave [(C,oCrof)NFI(1) =0.2.50 (CroCrof)Nf = 0.
Ift =3, wehave [(C,eCrof)NFI(T)=1.S0(CeeCrof)nf =0.
Ift =4, wehave [(C,oCrof) NFI(3)=02.50 (C,oCrof)Nf +0.
Ift =5, wehave [(C,oC,of) Nf](1)=0.2.50 (CroCrof)N f=0.
Then (Cy e Cee f) N f = 0forall t € T. Therefore f is a fuzzy left A-ideal of T
However, A is not a left ideal of T because let t = 2, we have (C; o C; © f)(2) = 0.3 but £(Z) = 0, this implies C; < C; o f & f.
Example 4.2 shows that in general, fuzzy left A-ideals need not be fuzzy left ideals.

Theorem 4.1. Let S be a nonempty subset of a ternary semigroup T. Then
(1) Sisaleft A-ideal of T if and only if C; is a fuzzy left A-ideal of T.
(2) Sisaright A-ideal of T if and only if Cs is a fuzzy right A-ideal of T.
(3) S isamiddle A-ideal of T if and only if C; is a fuzzy middle A-ideal of T.
(4) Sisan A-ideal of T if and only if Cs is a fuzzy A-ideal of T

Proof. (1) Assume S is a left A-ideal of T. Then ttS N S = (@ for all t € T. Thus there exists x € ttSN S.

S0 [(C; = C; © C5) N Cg](x) = 0. Hence C; is a fuzzy left A-ideal of T. Conversely, assume g is a fuzzy left A-ideal of T'.
Thus (C; @ Cr @ Cs) N Cs = 0 forall t € T, this implies there exists x € T such that [(C; @ Cr @ Cs) N Cs](x) = 0.
Hence x € ttS N S. Therefore ttS NS = @. Thatis S is a left A-ideal of T.

(2) and (3) can be proved similarly.
(4) This follows from (1), (2) and (3).

Theorem 4.2. Let f be a nonzero fuzzy subset of a ternary semigroup T. Then
(1) f isafuzzy left A-ideal of T if and only if supp f is a left A-ideal of T..
(2) f isafuzzy right A-ideal of T if and only if supp f is a right A-ideal of T
(3) f isafuzzy middle A-ideal of T if and only if supp f is a middle A-ideal of T
(4) f isafuzzy A-ideal of T if and only if supp f is an A-ideal of T.

Proof. (1) Assume f is a fuzzy left A-ideal of T. Then (C, o C, o f) N f = 0 forall t € T. Then for each ¢ € T there exist
x,y € T suchthat x = tty, f(x) = 0and f(y) # 0.So x,y € supp f. This implies (¢, o C, o Coupp 1) N Csupp 7 (x) # 0-
Hence(C, o Ct © Coypp 7) N Coypp r # 0 forallz € T.

Therefore ¢ is a fuzzy left A-ideal of T. By Theorem 4.1 (1), we have supp f is a left A-ideal of T. Conversely,

supp f
assume supp f is a left A-ideal of T. By Theorem 4.1 (1), ¢

(CroCro Cmppf) n Cmppf =(Qforallt €ET.
Then there exist x,y € T such thatx = tty and x, y € supp f,s0 f (x), () # 0.S0 [(C; ° C; e f) N f](x) = 0. Thus
(CroCrof)ynf =0forallt € T.Hence f is a fuzzy left A-ideal of T.

(2) and (3) can be proved similarly.
(4) This follows from (1), (2) and (3).

A fuzzy left A-ideal £ is minimal if for all a fuzzy left A-ideal g of T such that g € f, we have supp g = supp f.

supp ¢ 15 @ fuzzy left A-ideal of T. This implies

Theorem 4.3. Let § be a nonempty subset of a ternary semigroup T. Then
(1) S isaminimal left A-ideal of T if and only if C; is a minimal fuzzy left A-ideal of T'.
(2) S isaminimal right A-ideal of T' if and only if C; is a minimal fuzzy right A-ideal of T'.
(3) S isaminimal middle A-ideal of T if and only if Cg is a minimal fuzzy middle A-ideal of T".
(4) §isaminimal A-ideal of T if and only if C¢ is @ minimal fuzzy A-ideal of T
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Proof. (1) Assume S is a minimal left A-ideal of T. By Theorem 4.1 (1), Cs is a fuzzy left A-ideal of T
Let g be a fuzzy left A-ideal of T such that g € Cs. By Theorem 4.2 (1), supp g is a left A-ideal of T

we have

Then supp g € supp Cs = 5.SiNCe g © Cypp 4,

(Cs ° Cs Og) Ng & (Cs ° Cs ° Csuppg) n Csuppg-
is a fuzzy left A-ideal of T. By Theorem 4.2 (1), supp g is a left A-ideal of T. Since S is minimal,

Hence C,ppy 4

supp g = S = supp C,. Therefore C; is minimal.

Conversely, assume Cg is @ minimal fuzzy left A-ideal of T. By Theorem 4.1 (1), S is a left A-ideal of T. Let L be a
left A-ideal of T such that I € 5. By Theorem 4.1 (1), €, is a fuzzy left A-ideal of T such that C; € C;. Hence

L = supp C;, = supp C; = S. Therefore S is minimal.
(2), (3) and (4) can be proved similarly.

Corollary 4.4. Let § be a nonempty subset of a ternary semigroup T. Then
(1) S has no proper left A-ideal of T if and only if for all a fuzzy left A-ideal f of T, supp f = S.
(2) S has no proper right A-ideal of T if and only if for all a fuzzy right A-ideal f of T, supp f = S.

(3) S has no proper middle A-ideal of T if and only if for all a fuzzy middle A-ideal f of T, supp f = S.

(4) S has no proper A-ideal of T if and only if for all a fuzzy A-ideal f of T, supp f = S.

Proof. (1) Let f be a fuzzy left A-ideal of T. By Theorem 4.2 (1), supp f is a left A-ideal of T. Since S has no proper left A-

ideal, supp f = S.

Conversely, let f is a fuzzy left ideal of T and supp f = S. Suppose that L is proper left A-ideal of T. By Theorem

4.1 (1), C;, is afuzzy left A-ideal of T. Thus supp C; = L # S, a contradiction. Hence S has no proper left A-ideal of T.

(2), (3) and (4) can be proved similarly.

5. Conclusions

In the structural theory of fuzzy algebraic systems,
fuzzy ideals with special properties always play an important
role. In this paper, we applied the fuzzy set theory to A-ideals
of ternary semigroups to characterize fuzzy A-ideals.
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