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Abstract

This paper aims to improve further on the work of Phu (2001), Aytar (2008), and Ghosal (2013). We propose a new
apporach to extend the application area of rough statistical convergence usually used in triple sequence of the Bernstein operator
of real numbers to the theory of probability distributions. The introduction of this concept in the probability of Bernstein
polynomials of rough statistical convergence, Bernstein polynomials of rough strong Cesaro summable, Bernstein polynomials of
rough lacunary statistical convergence, Bernstein polynomials of rough Ng — convergence, Bernstein polynomials of rough 4 —
statistical convergence, and Bernstein polynomials of rough strong (V, 1) — summable to generalize the convergence analysis to
accommodate any form of distribution of random variables. Among these six concepts in probability only three convergences are
distinct Bernstein polynomials of rough statistical convergence: (1) Bernstein polynomials of rough lacunary statistical
convergence, (2) Bernstein polynomials of rough A — statistical convergence where Bernstein polynomials of rough strong
Cesaro summable is equivalent to Bernstein polynomials of rough statistical convergence, and (3) Bernstein polynomials of
rough Ng — convergence which is equivalent to Bernstein polynomials of rough lacunary statistical convergence. Bernstein
polynomials of rough strong (¥, 4) — summable is equivalent to Bernstein polynomials of rough A — statistical convergence.
Basic properties and interrelations of these three distinct convergences are investigated and some observations were made in
these classes and in this way we demonstrated that rough statistical convergence in probability is the more generalized concept
than the usual Bernstein polynomials of rough statistical convergence.
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1. Introduction

In probability theory, a new type of convergence called statistical convergence of random variables in pro-bability was
introduced in Ghosal (2013). Let {Bm,!k('f, x)} be a triple sequence of Bernstein operator of random variables where each

(Bm,,k{'f, x)} is defined on the same sample spaces W (for each (m, n,k)) with respect to a given class of events A and a given
probability function P:A — 3% Then the triple sequence of Bernstein operator of (B,m:k{'f, x)} is said to be statistical
convergence in probability to a random variable ( By (F, %) ): W —= =% if forany £,6 = 0

1
limypgco —— |{m < 1,1 < v,k < w: P(Be (f, ) = (] 2 6)}] = 0.

In this case we write B (f,x) —5° F(x). The class of all triple sequences of the Bernstein opeator of random
variables which are statistical convergence in probability is denoted by §#.

In this paper we introduce new notions namely Bernstein polynomials of rough statistical convergence in probability,
Bernstein polynomials of rough strong Cesaro summable in probability, Bernstein polynomials of rough lacunary statistical
convergence in probability, Bernstein polynomials of rough g — convergence in probability, Bernstein polynomials of rough
strong (¥, 4) — summable in probability, and Bernstein polynomials of rough A — statistical convergence in probability. Among
these six concepts in probability only three convergences are distinct-Bernstein polynomials of rough statistical convergence in
probability: (1) Bernstein polynomials of rough lacunary statistical convergence in probability, (2) Bernstein polynomials of
rough 4 — statistical convergence in probability, and (3) Bernstein polynomials of rough Ng — convergence in probability which
is equivalent to Bernstein polynomials of rough lacunary statistical convergence in probability. Bernstein polynomials of rough
strong (¥, 4) — summable in probability is equivalent to Bernstein polynomials of rough 4 — statistical convergence in
probability. Basic properties and interrelations between these three distinct convergences were investigated and some
observations about these classes were made.

The idea of statistical convergence was introduced by Steinhaus and also independently by Fast for real or complex
sequences. Statistical convergence is a generalization of the usual notion of convergence, which parallels the theory of ordinary
convergence.

Let K be a subset of the set of positive integers MxXNxHX, and let us denote the set

{(mn, k) e K:m =wu,n = v,k = w} by Ky Then the natural density of K is given by §(K) = Ia‘mum._.mlfi::'l,
denotes the number of elements in K., Clearly, a finite subset has natural density zero, and we have 8(K) =1 — 8(K) where
K° =HN\K is the complement of K. If Ky € K5, then 8(K,) = 8{K) (Tripathy & Goswami, 2016).

The Bernstein operator of order (r,s,t) is given by

B, (f,x) = Z;:OZ;OZZ:O”C (”:_;i‘) (m) (7) (fc) ek (1 _ pymr)elnms)+ o)

where £ is a continuous (real or complex valued) function defined on [0,1].

Throughout the paper, R denotes the real of three dimensional space with metric (X, d). Consider a triple sequence of
Bernstein polynomials ( B (f, X)) such that (B (f, x)) € B,m,n, k € N.

Let f be a continuous function defined on the closed interval [0,1]. A triple sequence of Bernstein polynomials
(B,mk{'f, x)} is said to be statistically convergent to 0 € I, written as st — limn  x = 0, provided that the set

where | Kyl

Ke:= {(m,n, k) € N*: By (f, %) — f(x)| = €}

has natural density zero for any £ > 0. In this case, 0 is called the statistical limit of the triple sequence of Bernstein polynomials.
i.e., 8(K.)=0.Thatis,

iMoo — [{m, 1, k) < (1,5, 0): By (F, ) = (f, )| = £} = 0.

In this case, we write & — lim B (f,x) = F(x) or B (F,x) =% F{x).

Throughout the paper, & denotes the real of three dimensional space with metric (B (f, %), d). Consider a triple
sequence of Bernstein polynomials of ( Bp.x (£, x) ) such that ( By (f, x)) € B,m,n, k € N,

A triple sequence of Bernstein operator of (E,mk{'f, x)} is said to be statistically convergent to f{x) € R, written as
st —lm B (f, x) = f(x), provided that the set
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{Gm,n, k) € N3:| By (f, ), f ()] = €}

has natural density zero for any £ = 0. In this case, 0 is called the statistical limit of the triple sequence of Bernstein polynomials
of (B:lmzk{fl x):}

If a triple sequence of Bernstein polynomial is statistically convergent, then for every £ = 0, infinitely many terms of
the sequence may remain outside the & — neighbourhood of the statistical limit, provided that the natural density of the set
consisting of the indices of these terms is zero. This is an important property that distinguishes statistical convergence from
ordinary convergence. Because the natural density of a finite set is zero, we can say that every ordinary convergent sequence is
statistically convergent.

If a triple sequence of Bernstein polynomials {B,mk('f, x}} satisfies some property P for all m,n, k& except a set of
natural density zero, then we say that the triple sequence of Bernstein polynomials (B,m!k{'f, x)} satisfies P for almost all
{m,n,k) and we abbreviate this by a.a. (m, n, k).

Let (B,,,L_,!J.kl{f,x)) be a sub sequence of (Buu) (f.x). If the natural density of the set

K= {(mx,nj,ke) €N3:(i,j,¢) € Ns} is different from zero, then (Bm.-n;k.(ﬁ x}) is called a non thin sub sequence of a triple

sequence of Bernstein polynomials of ( B,y (f, x)).
c € IR is called a statistical cluster point of a triple sequence of Bernstein polynomials of {Bm,!k('f, x)} provided that
the natural density of the set

{tm,n, k) € N*:| B (f, x) —c| < &}

is different from zero for every = = 0. We denote the set of all statistical cluster points of the sequence of Bernstein polynomials
of (B:'mzk{fl x):} by Fx-

A triple sequence of Bernstein polynomials of (B, (f, ) ) is said to be statistically analytic if there exists a positive
number M such that

§({(m,n, k) € N3: | By (f, x)|V/™374% = M}) = 0

The theory of statistical convergence has been discussed in trigonometric series, summability theory, measure theory,
turnpike theory, approximation theory, fuzzy set theory and so on.

The idea of rough convergence was introduced by Phu (2001), who also introduced the concepts of rough limit points
and roughness degree. The idea of rough convergence occurs very naturally in numerical analysis and has interesting
applications. Aytar (2008) extended the idea of rough convergence into rough statistical convergence using the notion of natural
density just as usual convergence was extended to statistical convergence. Pal, Chandra, and Dutta (2013) extended the notion of
rough convergence using the concept of ideals which automatically extends the earlier notions of rough convergence and rough
statistical convergence.

We show that this set of statistical cluster points and the set of rough statistical limit points of a triple sequence of
Bernstein polynomials.

A triple sequence (real or complex) can be defined as a function x: 3 x N x N — R(C), where N, and C denote the
set of natural numbers, real numbers and complex numbers respectively. The different types of notions of triple sequence was
introduced and investigated at the initial by Sahiner, Gurdal, and Duden (2007); Sahiner and Tripathy (2008); Esi (2014); Esi and
Catalbas (2014); Esi and Savas (2015); Esi, Araci, and Acikgoz (2016); Dutta, Esi, and Tripathy (2013); Subramanian and Esi
(2015); Debnath, Sarma, and Das (2015); Esi, Araci, and Esi (2017); Esi, Subramanian, and Esi (2017); Tripathy and Goswami
(2014, 20154, 2015b, 2016) and many others.

Throughout the paper let  be a nonnegative real number.

2. Triple Bernstein Polynomials of Rough Statistical Convergence in Probability

2.1 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B,m,k{f,x)} of real numbers and r be a non-negative real number is said to be rough convergent to f(x) with respect to the

roughness of degree T (or shortly: T — convergent to Bz (f. x)) if for every € > 0, there exists a natural number (uvw) such
that

By (f,x) — f(x)| <r +ecforalmzunz=zv,k=w

and we denote by B (f,2) =7 fFlx). if we take = 0, then we obtain the ordinary convergence.



570 N. Subramanian et al. / Songklanakarin J. Sci. Technol. 41 (3), 567-579, 2019

2.2 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of {B,,,,,;,(f,x)} of real numbers and 7 be a non-negative real number is said to be rough statistically convergent to f{x) with
respect to the roughness of degree r (or shortly: r — statistically convergent to f(x)) if for every £ = 0, the set

{m,n, k) € N*: | Bpyie (f, x) — f(X)| 2 7 + €}

has asymptotic density zero or equivalently, if the condition .
§ — lim e o SUP| By (F, %) — F(x)| = 7 is satis-fied and we denote by B (f,%) =2 f(x). If we take r =0,
then we obtain the ordinary statistical convergence.

2.3 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B i (£, %)) of real numbers and r be a non-negative real number is said to be rough statistically convergent in probability to
a random variable (B, (f.x)): W — Z* with respect to the roughness of degree r (or shortly:  — statistically convergent in
probability to F{x)) if for each £,8 = 0,

. 1
llmww_,mml{m sun=v,k =<=w:P(|Bpu(f,x)—fx)|=zr+¢&)=68} =0,

or, equivalently,

. 1
hmww—»mmHm =u,n=vk=w:1—P(Bpu(f,x) —flx)|<r+e) =6} =

0,

and we write By (f,x) =5 f(x). The class of all r — statistically convergent triple squences of Bernstein polynomials of
random variables in probability will be simply denoted by r5*.

2.4 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
(B ke (£, x)) of real numbers and if B (f, %) =2 £(x) and Bz (f,3) =5 £(3) then P{If(x) —f(»)| =1} = 0.

Proof: Let & & be any two positive real numbers and let

(wvw) € {(mnk) € N*:P (1Bpnie (F, ) — fOI 2 7+ ) < 3} {(mnk) €
N P (1Bpnic (F,3) = fO) | 27 +5) < 3}

(existence of (uvw) is guaranteed since asymptotic density of both the sets is equal to 1). Then

PUFC) = fO1 2 7+ 8) < P (1Byue (£, ) = FCON 274+ 5) + P (1B (£,3) —
fMlzr+3) <é.

This implies P(|f(x) —f{y)| z+) = 0.
So, we have

2.5 Remark. (i) Buk (F, %) =% £(x) and B (f, %) =% F(¥)then P{f(x) = f(3)} = 1 (here r = 0).
(i) I B (F,2) =% F(x) and B (F, ) =2 F(3) then {PIF() — F)}<r} =1

2.6 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B,m,;,{f,x)} of real numbers and a discrete random variable (B,m,;,{f,x)} is said to be one-point distribution at the point ¢ if
the spectrum consists of a single point ¢ and P{X = c) = 1. Here ¢ is a parameter of the one point distribution.

2.7 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
('Bimik{flx)} _":; f‘:x) then Bmuh(fJx) _’?:P )ﬂ:x)
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Proof: Here for every (umr)J'[B,m,k(f,x)} can be regarded as a random variable with one element {B,m,k('f, x}} in the
corresponding spectrum. Let £ be a positive real number. Since Bp (. x) =3 f(x) then

1
ﬁmww—»mm Hm=un=vk =w:Bpu(f,x)— fl)|l =7 +¢e}| =0,

1
= fimww—»mmHm =un=vk <w: By, (f,x) - fx)| <r+e}|=1

Now the event {w:weW and |Buulfix,w) —flxw)l<r+e} is the same as the event
| Byt (f ) — F(x)| < r+ & which is here the certain event W for all (uvw) € {(mnk) € N%:| B, (f, x) — fFlx)| <7 + &l
So,

Plw:w e W and |Bu(fox,w)—flxwll <r+e)) =P(Bu(fx) —fx)l <r+e)=PW)=1 for all
(uvw) € {(mnk) € N?:|B i (f, x) — f(x)| < v+ &}. Thus for any & = 0,

{(wvw) € N3:1 — P(|Bppe (f,x) —f)| < 7T+ e)}cN\im=un=vk=
w: B (Fox)— fl <r+el=imsun<vk=w: B (f,x)—f)] =7+
3

In general, the converse is not true, i.e., if a triple sequence of Bernstein polynomials of random variables {Bmk('f, x)}
is a rough statistical convergence in probability to a real number f{x) then each of (Bm,;k{'f, x)} may nhot have one point
distribution so each (B, (f.x)) cannot be treated as a constant which is rough statistical convergence to f(x), i.e., rough
statistical convergence in probability is the more generalized concept than usual rough statistical convergence.

Example: Let a triple sequence of Bernstein polynomials of random variables {Bmk('f, x)} be defined by,
Bk (f, %) €
{—10,10} with probability P(Bpuu(f.x) = —10) = P(Bpu(f.x) = 10),
if (m, n, k) = (u,v,w)? for some (u, v, w) € N3
{0,1} with probability P(Bpu(f,x) = 0) = P(Bpu (f,x) = 1),
if (m,n, k) # (w,v,w)? for any (u,v,w) € N3.

Let 0 < £ < 1 be given. Then

1 if{m,n k) = (u,v,w)? for same (, v, w) € N°
P(1Bpyi(f,x) =1 =2+ =40  if(m,nk) = (u,v,w)? forany (u, v,w) € N°.

This implies B,z (f,x) —>§P f(x). But it is not an ordinary rough statistical convergence of a triple sequence of
Bernstein polynomials of numbers to 1.

2.8 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
(B i (f, x)) of real numbers.

0) Binnk (f; x) _’TS:P f(x) < Bk (f; x) — f(x) _)gP 0,
(i) B (F, ) =5 F(X) = €Boic (f, %) —>|SCTT ¢ f(x),wherec € R,
(ii)Byic (F, %) =57 F() a0 B (F, 3) =5 £ 3) = Bonie (F, %) + B (£, ) =§ £ () + £ (),

(V)Bpie (F, X) = F() ad By (F,3) =5 ) = Bane (F, ) — B (F, ) =5 £ — £ (),
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v) ank(fjx) _"}S“'P 0= ank(f x) -2, 2 0,
(vi) B‘m‘n.k(f x) _’S f(x) =B n.f(,(f )_’ 72 42|Byni (F) |7 f (x0),

(vii) ank(f x) _)S f(x) and Bm‘nk,(f y) _’ f(}) = Bm‘nk(f x) - Bm‘nk(f }) _’r r(lf(xl+f(} |+|f(_xl—f(} ] f(x) f(})

(VIII) Ifo < ank,(f x) = ank,(f }’) and ank(f }’) _’ 0 = ank(f x) _) ,

(i) By (F, ) =" f (), then for each & > 0 there exists (wvw) € N3 such thatany § > 0

. 1
EEm’uUw—»mm im=un<vk= W:PUank(f:x) - fuvw(x)| =2r+e)=6} =

0.
which is called rough statistical Cauchy condition in probability.

Proof: Let &, & be any positive real numbers. Then for (i), the proof is straightforward, hence omitted.

(ii) If ¢ = 0 then the claim is obvious. So assuming ¢ # 0, then

{(111,11, K eNLP(lc Bpn(fox) —c Flx)| = lclr+8) = o} {(‘m n,k) € N° P(|B;m,k(f N)—-fx)|=r +I I) 6}.

P
Hence’ Cank(f: x) _)Tr;;h- Cank (}c;x)-
(iii)

P(|(ank(fﬁx) + ank(ﬁ}")} - {f(x) + f(})}l Zr+ ‘E} = P(|(ank(f: x) _f(x)} + {ank(}c: y) _f(})}l =zr+ ‘E} =
P(lB:m:k(fJ x) _f(x” =r +§) + P(|Bm,!k(f,}-‘) —f(}ﬂ =r+ %)

This implies

{(ﬂl,?l, rct) € KE:P{l{ank(}c x) + ank(}c })} - (f(x) +f(})}| zr+ E} = 6} < {(’J‘J‘l 7‘1 h) < \ P (l{Bm”k(}c x)
= ?‘+§) zg}u {(‘m n, k) €N P(|(Bm:l:k(f N-r»)zr 5 2? '

Hence B:n:zk(}c;x) + ank(f:}") _"?:P f(x) +f(})
(iv) Similar to the proof of (iii) and therefore omitted.
v)

{ :ln:l:k(fJx)l =T 2 + 6}} { m:l:k(f! x)| = T: + 21'7} + n:)}
(where n=—r+VrZ+38 = 0)={(m,n, k) € N° P(|Bm,!k(}‘,x)| =r+n)} Hence, B2, (f,x) =%

W) B (£ = (B (F, ) — F)) 4+ 27 () (B (F12) — F)) + £, 50 B (F, ) =50 oy, FO)1

(V”) (B:'m:k(f x) + Bm:lzk(f }}} 2 +“;|f|_r)+;’|))| (f(x) +f(}):} and
(ank(f; x) mnk(}c })} , +ﬂ;. | Flad—fFladl (f(x) f(})}
= B:lm:k(fJx) : B:lm:k(fJ}") = ;{{{B:mzk(ﬁ x) + B:lmzk(fl }"):} - {B:mzk(flx) -

B (7))} % rwor-son @ + 1) = (76 - @)} = 16 - 16,
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(viii) The proof is straightforward, hence omitted.
(ix) Now choose (u, v, w) € N? such that P (IBHW('}‘, *¥) — B Fox)| =7 + E) < ;

Then the claim is obvious from the inequality

P(|ank(f;x)_8uvw(f;x)| =2r4¢)
= P(|ank(f:x) — By (f,X)| =7 +§)

+P (|Buvw(f:x) - Bm‘nk(f: Dlzr +;)

o) £
= E+P(|ank(f:x) _ank(f:x)| =271 +E)

573

2.9 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of random variables of
Bernstein polynomials of ( By (f,x)) of real numbers with the property that Bz (f, ) — £() =2 0. If m( B, (f, %)) is a

median of Bk (f, %) then B 1. (f, x) — m(B i (f.x)) =5 0 and f(x) — m(B,,.i (f.x)) =5 0.

Proof: The proof is straightforward, hence omitted.

2.10 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B.,,.,k{f,x)} of real numbers and > 0. Then B, (F.x) =5 Flx) < there exists a triple sequence of random variables of
Bernstein  polynomials  of (Bme(f.x)) such that Buux(f3) =% () and S —limypeeP(B i (f, ) —

Blmik{ij)l =7r)=0.
Proof: Let B:'mzk‘:fjx) _’E'EP f'[x) and
A ={(mnk) € N%P(|Bpuic(f,x) — F(x)| = r + £) = 8}. Then d(4) = 0.

Now we define

Flx) if (m,n, k) € N3\4
VYmnk = § Bpnz(fox) + £ otherwise.

(Where  Bpni(f,x) is a random variable of Bernstein polynomials and Z € (-r,r)
P(Bpui(f.x) = =1) = P(Bypui (£, x) =1).) Then it is very obvious that

d({tm,n, k) € N*: P(|B i (f.¥) = F)| = £) = 8}) = 0 and

d({(m,n, k) € N*: P(|Bpic (F, ) = B (F.3) | 27+ €) 2 6}) =
d ({(}m, n k) EN:P (IB,m,k{f, —Fflx)zr+ ;) = 5}) +

~

d ({(ﬁm, n,k) € ‘NE:P(IBmk{ﬁ v -l = 5) = 3}) =0.

with

probability

ConVerseW, Iet ank(f:}") _"?:P f‘:.}) and S- ”nlrn:zk—mp{:|amnk‘:fJx) - ank{fJ })l = ?') =0. Then for eaCh

lim — )|{m =un=vk=w:P (IB,m!k(f, yvi—fi = g) = %} =

urw—re Lurw,

lim — )|{m =un=vk=wp (IB,H,!k(f, x) = B V)| =71 +§) = ;}

urw—ao (urw

=0

We have the following inequality

P{:le:zk‘:fJ le - f{x)l =r+ 5) = P(lsmnk{fJ}") _f{})l = g) + P(|Bm:zk‘:f1x]l - ank{fJ}")l =r+ g)
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= {mn, k) EN*:P(Bpu (LX) —fx)|=r+e) =6} C {(m,n, k)E
8

NP (B (F,9) — FO)1 2 2) 22U {Om,m, k) € N2: P (1B (F, ) —
B (£, )| 27 +5) = 2}

Hence By (£,%) =% £(x). In view of Theorem 2.4 of Debnath, Sarma, and Das (2015), we formulate the following
result without proof.

2.11 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B ke (F,x)) Of real numbers. If B (f.2) =2 £(x) and g: 2* = 2% is a continuous function on 22, then there exists a
triple sequence of Bernstein polynomials of random variables (Bue(f,¥)) such that (B (F.¥)) =5 f(y) and
G(P(1B (. x) — B (F, )1 > 1)) =% 0.

3. Strong Cesaro Summable of a Triple Sequence of Bernstein Polynomials of Real Numbers

3.1 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B (f,x)) of real numbers is said to be strong Cesaro summable to f(x) if

l u v w ) )
T —(:m,w)ZmzlzuzlzkﬂIank(ﬁx) —fl =o.

In this case we write B (f, %) =I5 £(x). The set of all strong Cesaro summable triple squences of Bernstein
polynomials is denoted by [€,1,1].

3.2 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of random variables of (B,,,,,k{f,x)} of real numbers and r be a non-negative real number is said to be rough strong Cesaro
summable in probability to a random variable B (Ff.x): W —= R? with respect to the roughness of degree = (or shortly: r —
strong Cesaro summable in probability to f{x)) of for each £ > 0,

1 u v w ) ) )
[ — WZ:J’FlZn:le:lP{.'an;{tf!x} - f{x)l =r+ 5) =0

[c.111”
"

Flx).

In this case we write By (f,x) —

The class of all r — strong Cesaro summable triple sequences of Bernstein polynomials of random variables in
probability will be simply denoted by r[c, 1,1]7.

3.3 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
(B i (f, ) of real numbers. The followings are equivalent: (i) Bumic(f %) =5 £(x) (i) Byt (f, %) = fl20).

Proof: (i)= (ii): First suppose that Bz (f,%) =2 £(x). Then we can write

__ YU XY W P(I Bk (%) — FO 27 4 ) =

(uvw)
1 u v w _ =
Cwow) &m=1 Yn=1 Ek=1,P(|ank(f,x}—f(x}|2r+s}=_>g P(| By (f, ) — f)| 27 +2) +
1 g v w — =y
(uvw) Zm:l En:l Ek=1,P(|ank(f,x)—f(x)|2‘r+s}<g P(|Bm‘nk (f: x) f(x)| =1+ 5)
1 & &8
=S - {m <un = v,k Ew:P( By (fLx)— f(x)| =7 +2) >E}‘ +

(if)= (i) Next suppose that condition (ii) holds. then
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w=1 2=t 2he1 PUBmni(f,x) — f)| =27 +2) =

%:1 Z'}i:l Z;(V=1,P[|ank[f,x]—f(x}|2‘r+s}28 P(|Bmma _f(x)| =r+e)=l{m=
u,n <v,k<w: P(|Bpx (f.x) — fG)| =7+ £) =6}
Therefore

1
urw) %:1 Z-}i:l }?‘:1 P(lgmnk(fr x) _f(x)| =r+e)=

w: P(|Bnie (f, %) — f)| = 7 + ) > 83.

1

(urw)

Im=un=vk=

Hence B (f,x) =% £(x).
4. Triple Bernstein Polynomials of Rough Lacunary Statistical Convergence in Probability

4.1 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
Of (Bymuic(f.x)) of real numbers, 8 p; = {(my,ng,k;)} is called triple Bemnstein polynomials of lacunary if there exist three
increasing sequences of integers such that

my=0h;=m;—m,_y = ooasi— wand
ng=0h;=ny—ns_y > cwasf = oo,
ko=0,hj=k;—k;_y > oasj > .

Letm;s; = myngk; b,z ; = hihghy and 6; 4 5 is determine by

i m; . ny _ kj
Lig;= {(,m,n, Eime_,<m<m; and ny_,<n=n; and kg <k = k}-},qi = L= NTE P
Mi—q Mgy -1

4.2 Definition. Let F be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B i (f,x)) of real numbers and @ = {m.n.k)snemy o 1S Said to be triple Bernstein polynomials of lacunary statistically
convergent to a real number f{x) (or shortly: Sa- convergent to f{x)) if for any £ > 0,

1 ) ) )
Iz’m,.ﬂ_,mh—l{(_?n,n, k) € 1| B (Fax) — fx)| = €} =0,

rsr
and it is denoted by B, (f.x) =% f(x), where

m, __ n, __ iy
m,._l’qs T ney’ = ke y

Lee={mmnikm._y<m<m, and n,_y<n<n, and k., <k=kJq,=

4.3 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of {B,m,;,('f,x}} of real numbers and & = {m,n;k.} be the triple Bernstein polynomials of lacunary is said to be Ng —
convergent to a real number f{x]) if forany £ > 0,

1 i i
”'J'J'lrsr—om h_Z Z Z |ank{fJ x) - f‘:x)| =0
rst mel nel kel

In this case we write B, (f,x) =% fF{x).

4.4 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of random variables {B,m,;,('f,x}} of real numbers and 7 be a non-negative real number is said to be rough lacunary statistically
convergent in probability to B (f.x): W —= E2 with respect to the roughness of degree 7 (or shortly: T — lacunary statistically
convergent in probability to f{x)) if for any £,6 > 0
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1 ) ) ) )
Iz’m,.ﬂ_,mh—l{(_?n,n, k) € 1o P(| B (fux) — Flx) | = r+2) 28} =0,

st

.
and we write By (F,x) —>i" f{x). The class of all r— triple Bernstein polynomials of lacunary statistically convergent
sequences of random variables in probability will be denoted simply by r55.

4.5 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of random variables of (B,,,,,;,{f,x)} of real numbers and 7 be a non-negative real number is said to be rough Ng — convergent

in probability to By (f, x): W —= R?* with respect to the roughness of degree  (or shortly: ¥ — Ng — convergent in probability
to f{x)) if for any £ = 0,

1 ) ) )
TR —Z Z Z P(IB s (f,x) — FO)| 2 7+ ) = 0,
h:-sr mel- nel, kEL

P
and we write B, (f,x) —>':.’" F(x). The class of all ¥ — Ng — convergent triple sequence of Bernstein polynomials of random
variables in probability will be denoted simply by N3

4.6 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
(B,,,,,k(f,x)} of real numbers and 8 = {m,.,n, k.} be a triple Bernstein polynomials of lacunary sequence. Then the followings
are equivalent:

0] {B,mk('f, x}} is ar — triple Bernstein polynomials of lacunary statistically convergent in probability to £ {xJ.
(ii) (B (f, x) ) is ¥ — Na — convergent in probability to f(x).

Proof: (i)= (ii) : First suppose that B, (£, x) _}in £0x). Then we can write
1
Ezmefr Znet, Zket, PUBmne (f, x) —f)| =27 +2) =

izmar ZnEISE 6P(|ank(f,x)—f(x)| ET-I—E)-I—

iZmEIr Znefg z s P(|Bp (f,x)—fx)|=r+e) =
1

kel P{Bpnik(f.X)—F(x)|zr+e)=

kel P(IBmnik(Fx) —F( Jlzr+e)<

{1, 1) € Lses P By (F, ) = f| 2 7+ 2) 2 3|

Ryrst
(if)= (i): Next suppose that condition (ii) holds. Then

Ymely Xmety Zkety PUBmne (f,2) — f)| =27 + ) =
Eme!r Enefs Eke!;,P{lenk(ﬁx}—f{x}|:_rr+s)28 P(IBpni(f, x) = f) 271+ ) =
§ {m,nk) € Lg: P(Bpp (f,x) — f ()] =7 +£) = 8}

Therefore

5 Zmet, Znet, Zker, PUBni(f, ) = fRO 2 7+ ) 2 7= [{Gm,m k) €

Lisgz P(| By (f,x) — f(x)| =27 + &) = 6}
Hence By (fx) —}iﬁ Fix).

We formulate the following result in the light of Theorem 2.4.

4.7 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
(B yanie (F, ) OF real numbers. If Bz (£,2) =+ £(x) and B i (f,¥) =27 £(¥) then P(f(x) — F(»)| = ) = 0.
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5. Triple Bernstein Poloynomials of Rough-A-Statistical Convergence in Probability

Let 2 = {A,.n) be a non-decreasing triple sequence of Bernstein polynomials of positive numbers tending to ee such
that Aysme+1 = Aume T 1, 4111 = 1. The collection of all such triple sequence of Bernstein polynomials of 4 is denoted by ID.
The generalized Delavalee’ — Pousin mean, f be a continuous function defined on the closed interval [0,1]. A triple

sequence of Bernstein polynomials of (B (f,x)) of real numbers is defined by t,,,, (x) = %E':m,n,k:‘EQuuu- B (f %),

where Quue = [luvw) — A, + 1, (uvw)]. A triple sequence of Bernstein poloynomials of (E,m,{'{'f, x)) of real numbers is
said to be [V, 2] — summable to f{(x), if limt,,..(f,.x) = f(x).

5.1 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B, (f.x)) of real numbers is said to be strong [V, 1 — summable (or shortly: [V, 21 — convergent) to f(x), if

. 1 : .
lim s A_uu,..E':”"’”J")E@w-'-' | B (f x) — flx)| = 0.

In this case we write B, (F,x) =4 £(x).

5.2 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of (B,,..,k{f,x)} of real numbers is said to be & — statistically convergent (or shortly: 5; — convergent) to f{x) if for any £ > 0,

1 ) ) )
lim e —— LM, k) € Qupnet | By (Fr ) — Fx)| = £} = 0.

AHL‘\!\'
In this case we write 53 — limByu (f.x) = F{x) or by B (F, %) =5 £(x).

5.3 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of random variables of (B,m,;,{f,x)} of real numbers and 7 be a non-negative real number is said to be rough [V, 4] — summable
in probability t0 B.x(f.x): W = RE?* with respect to the roughness of degree = (or shortly: = — [V,4] — summable in
probability to f{x)) if for any £ > 0,

1 ) ) )
T —Z oo PUBm (0 = FI 2740 =0
L KV E Qe

‘H' urw

. . . P
In this case we write B, (f.x) —}E,V”ﬂ

probability will be denoted simply by »[V, AJ*.

F(x). The class all rough [V, 2] — summable sequences of random variables in

5.4 Definition. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials
of {B,m,;,('f,x)} of real numbers and = be a non-negative real number is said to be rough 4 — statistically convergent in
probability to B (f.2): W = R?* with respect to the roughness of degree 1 (or shortly: — A — statistically convergent in
probability to f{x)) if for any £,8 > 0,

1 : i ) )
”nluvw—om J-'|._ |{‘:.”1:?1: 'E‘-) € Quz.'w: P(.l-ank{fJ x) - f{x)l =r+ E) = 6}' =0.

UTW

- s -
In this case we write B (f,x) —>i* fix). The class of all » —4 — statistically convergent triple sequence of
Bernstein polynomials of random variables in probability will be denoted simply by rS7.

5.5 Theorem. If f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
(B,m,;,'[f,x)} of real numbers then the following are equivalent:

(i) (Byaie (f, ) ) is 7 — [V, 2] — summable in probability to f (x).
(ii) (B (f, X)) is 7 — 4 — statistically convergent in probability to £(x).

Proof: Similar to the proof of the Theorem 4.6, so omitted.



578 N. Subramanian et al. / Songklanakarin J. Sci. Technol. 41 (3), 567-579, 2019

5.6 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
(B i (F, ) Of real numbers. If Bz (F,2) =3 f(x) and B i (f,¥) —=>* F(y) then P(f(x) — £¥)| = ) = 0.

Proof: Similar to the proof of the Theorem 2.4 and therefore omitted.

5.7 Theorem. Let f be a continuous function defined on the closed interval [0, 1]. A triple sequence of Bernstein polynomials of
(B,m,;,{f,x)} of real numbers. If 4 € I is such that lim (’:‘;’:) =1, then rsf crst,

Proof: Let 0<#n <1 be given. Since Ia‘m(%): 1, we can choose (r,s,t) € M® such that

u=r,v=s5w=t. Nowobserve that for s, = 0

1

(urw)

A
e 1l <2 for all

UL &

1

fm<un< v,k =w:P(|Bp(F,x) —f(x)| =271+ e) =6} = &L—I{m =

vw)

u,n < v,k =W — Ayt P(I B (f, 2) = fOOl 2 7 + £) = 6} +ﬁl{(m,n,k) €

Quow: P(IBmni (f, x) — f(X)| =27 + £) = 6}

(uvw)— Ay

(urw)

+ o (1K) € Quunyt P(Bpi (f,2) = (O 2 7+ ) 28} <

1—(1-2) + 2 HOmn, k) € Quow: PUBpue () = f)| 27 +2) 2 8} = 1+

Ay ) 1
(urw)  Aypw

1{0m, 7, 6) € Quiny: P(Bynnic (F, ) = FO) 27+ 8) 2 8} <3 +

ﬁ“(m,n,k) € Quow: PUBmnk (f,x) — f(x)| =7+ £) = 6}

hold forallu =z r,v = s, w = t.
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