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Abstract

We briefly review some recent work on hypercircle inequality for partially corrupted data when the data error is
measured with 1” norm. The aim of this paper is to present the method for approximate missing data in the use of midpoint
algorithm and discuss some numerical experiments in the hardy space which is well known in a reproducing kernel Hilbert space
(RKHS).

Keywords: hypercircle inequality, convex optimization, reproducing kernel Hilbert space

1. Introduction

The extension of hypercircle inequality to partially corrupted data was proposed by Khompurngson and Novaprateep
(2015). That is, the data set contains both accurate and inaccurate data. Specifically, the material on this subject has been applied
to kernel-based machine learning problem when data set contains both accurate and inaccurate data, see e.g. Khompurngson and
Suantai (2016). The aim of this paper is to present the method to approximate missing data in the use of midpoint algorithm and
discuss some numerical experiments in hardy space Hardy space of square integrable function on unit circle. Specifically, we

consider the data error is measured with | norm. In this section, we describe hypercircle inequality and its potential relevance
to kernel-based learning.
Let X ={x, :i e N,} denote the set of linearly independent vectors in Hilbert space H over the real numbers with

inner product **) and norm Il where we use the notation N, ={L2,..,n}. The operator O:77 - R" is defined by for
xeH

Qx:(<x,xj>:jeNn).

Recalling that the adjoint map is O :R" — H defined by the property that forall € K" and xeH

(Q"(a), ) =(a,Qx).
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Therefore, it follows that Q" is given at a = (aj :jeN,)eR”

O (a)= Z ax,.

JjelN,

Definition 1.1 For d ={d.:ieN} the set of x e H such that Qx = dand || X ||31 is called a hypercircle, H(d). That is, we
have
H(d) ={x:[| x|l<1Qx=d}
see Khompurngson and Micchelli (2011).
Moreover, it is well-known that there is a unique vector x(d) € M such that

x(d) =argmin{]| x||: xe H,Qx=d} (1.1

where M is the n-dimensional subspace of H spanned by the vectors in X, see Davis (1975). Moreover, the vector

x(d)=Q'G™d and |x(d)|I=(d,G™d).
where the gram matrix G is defined by

() (Ruxe) o (%0%)
G= <X2IX1> <X2,.X2> <x2,.xn>.

<xn:x1> <xn:x2> <xn:xn>

Therefore, the hypercircle inequality states the following way:

Theorem 1.2 If xeH(d) and X, €H then

(x(0). %) = (%, %, )| < dist(x, M)I= [ () IF
where dist(x,,M):=min{|| x, —y||: y € M}. Moreover, there are elements x,(d) e H(d) for which equality above
holds and the vector X, (d) are given by the formula
k(@)= 0728 ¢ m G T TR M) )
% -Q'c. 1| (@)
The detailed proofs appear in Khompurnson and Micchelli (2011). Moreover, let us point that the best value to estimate <x, x0>
is the midpoint, (x(d),x, ), of this interval I (x,) ={(X,%,) : x € H(d)}-

Next let us specialize the material above to the problem of learning the value of a function in  hardy space Hardy
space of square integrable function on unit circle. Let H? (2)be the set of all functions analytic in the unit disc & with norm

Il fll= Sup(iTI f(re?) da)% . The reproducing kernel for H? (2) is given by
ocr<t 277 %

K(S,t):lilst,s,teA

see Duren (2000). Let T ={t,,t,,...,t.} be points of increasing order in (-1,1). Consequently, we have a finite set of linearly
independent elements {K, :i e N_} inH where

n

1.
K (t)=——ieN
WO -t

and teA. Thus, the vectors {X; :i e N, }are identified with the function {K :i e N_} Therefore, the Gram matrix of the
{K, :ieN,} isgiven by
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G(t,t,,... 1) =(K(,t;):i, jeN,)
According to Cauchy determinant, see Davis (1975), which state that for any {t, :i € N, }.{S, :i € N, } , we obtain that

H (7, =1)(s; —s,)

1 1<j<i<n
det(——), o, =— :
1-sg, 5 TTa us)
B ©)

From this formula we have

IT -1
det G(t,,...t )=
IT @)

i,jeN, (10)

In our case, let us recall the function B, which is called a Blashke product of degree n with zeros in the set T, see Duren (2000).
Forany t,e(—11) and t, ¢ T ={t,,t,,...,t,} we obtain that

. . | B(t,)|
dist(K, ,span{K, : je N }) = ,
o ' Nz

where B is the rational function defined at 7 € C\{#,": j € N, } by

—1
o117

jeN, j
and the vector X, appearing previously is identified with the function K, see Khompurnson and Micchelli (2011). These

formulas allow us to give explicit hypercircle bounds for <Kt0' f>: f(to)'

Proposition 1.3 If f cH?(a) with f(t)=d,ieN, thenforany te(-11) we have that

fy (t)—\/g\/l—eﬁ f)< fd(t)+?£t:2\/1__¢9 , where

B(nhd d.d
fi =Y —— g = -
O ™ O R BB

see Khompurnson and Micchelli (2011).
The organization of this paper is presented as follows. In the next section, we review a basic fact about hypercircle

inequality for partially corrupted data with 1 norm. The material of this is described in the generality of an arbitrary Hilbert
space (not just a reproducing kernel Hilbert space). In section 3, we discuss some numerical experiments of learning the value
of a function from data error measured with 1 norm Hardy space of square integrable function on unit circle.

2. Hypercircle inequality for data error measured with 1” norm

In this section, we briefly review Hypercircle inequality for partially corrupted data (Hipcd) measured with I norm
and refer the paper of Khompurnson and Novaprateep (2015) for the proof of (Hipdc).

Definition 2.1 Let £, ={e:ecR", ¢, =0,|¢, |} and & is some positive number. For each d = (dj :jeN,)e R" the

set of X € H such that Qx—d e E, and || X |[<1 is called a partial hyperellipse H(d | E, ). Thatis,

H(d|E,)={x:Qx—d €E_,|| x|<1}.
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Given X, € H we want to estimate (X,X;) knowing that || x||<1 and (X,x)=d; forall i€l and the data error
I (d—Qx), |||,< & That is, the exact data becomes <x, xi>: d, forall i €l and the data error, which means data that

have the error from a variety of reason in practice, becomes e=<x, xj>—dj which has absolute value< g and £>0 is

prescribed. Moreover, let us point out the relation between the definition of hypercircle and hyperellipse as follows.

H(|E,)= | JH(d +e)
eekE,

In our case, we also see that

H(d|E,)=H(d,)n ﬂH(di +6)

lej|<e
el

In the same manner, we can see that the best estimator is the midpoint of the uncertainty interval

1(%,d|E,)={(x,%):xeH(d|E,)}

According to our previous work, let us point out that the uncertainty interval

1(X,,d |E,)=[m_(X,,d | E,)),m,(X,,d | E,)] isclosed and bounded interval on X where
m, (%,d | E,) = max{(x,%,): xe H(d | E,)}
and m_(x,,d |E )= min{<x, x0> :xeH(d|E,)} respectively. Consequently, the midpoint is given by

m, (%,d|E,)—m.(%,-d|E,)
2

m(x,d|E,)=

which follows from m_(X,,d | E,) =—m, (X,,—d | E,,). The proposition below is important to determine the best estimator

inthe partial hyperellipse H(d | E,) for estimating <X, X0> when x e H(d | E,).
Theorem 2.2 If H(d |E,) # ¢ then there exist X, (d | E_) e H(d | E,) such that

m.(%,d|E,)=(x.(d|E,).%,).

Moreover, we know that there are the vectors €, € EoO such that

m, (%, d | E,) =(x(d +e.), %) £dist(x,, M)y1-[| x(d +e,) I

and the best estimator can be chosen on the line segment joining €_ and €, .
That is, there is e, = A.e, + (1—4,)e_ such that

X(d+6,)=Q'G'(d+6)eM and m(x,d|E,)=(x(d+€), %)
where the value 4, [0,1]. |

Proof. See Khompurnson and Novaprateep (2015).
Therefore, hypercircle inequality for partially-corrupted data error state below.
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Theorem 2.3 Ifx, e H and H(d |E,)=¢ thenthereisan e, € E_ suchthatforany xeH(d |E,)

<X,Xo>‘ < m, (%,d[E,) —2m+(x0,—d |E,) ’

(x(d+6,), %) -

Proof. See Khompurnson and Novaprateep (2015).
For this purpose, let us recall the duality formula for the right hand end point

m, (%, d| E,) =max{(x,%,): xeH(d | E,)}

of the uncertainty interval. To this end, we define the function V" :R" = E" as for each c € R” by
V(e) | %, —Q'cll+¢lllc, lIl, +(c,d)-
Theorem 2.4 If H(d | E,) contain more than one element then

ﬂ1+(x0,d‘E3:)=H1in{V(C-)ZC ERH}. (21)
Moreover, ¢ =argmin{V(c):c€R"} isunique solution of (2.1).

Proof. See Khompurnson and Novaprateep (2015).
Our task is now to compute the solution of (2.1) explicit. For a fix e e H(d | E, ), we define the following notation
Z@e)={j:jede, =0} and U(e) :=J\Z(e) . Consequently, we use that notation |z(€)| denoted the number element in

Z(e)-

Theorem 2.5 If X, ¢ M and H(d | E) contain more than one element then we have that the following:

1 ” 2 i eH(d |E,) ifandonlyif m, (X),d|E,) =Xl

2.x.(d,)eH(d|E,) ifandonlyif [Z(c")|HJ| and m, (%, d|E,)=(x(d,), %) + dist(x,M,)y/1-[|x(d,) |’
where the vector X, (d, ) =argmax{(x,x,):x e H(d,)}.

3.0f x,(d, ,)eH(d|E,) forsome J,J thenthere exists unique ¢ € R” with | Z(c")|<]J| such that the vector

_ %-Q'c _ . ‘
X+(d|E°°)'_||x0—QTC*||_arg max{(x,xo>.XEH(d,)mlFQgH(dﬁei)}

iedg

Moreover, we have the following M, (X,,d | E.) = min{]| X, —Q,TUJOC I +&lllcy, Il +(c.d,_,,):C eRIVhlY,

4.If i,&(dm Y¢H(|E,) foreach J; < J then there exists unique
1% ‘
* . . Xo —QTC* _
C € R” with|Z(c")|=0 such that the vector X, (d|E,)=—"—"——€eH(d| E,)

1% -Q"c||
Moreover, the vector X, (d | E,):=arg max{(x,%,):xeH(d|E,)}andE, ={e:ecE, |¢ =&, Viel}

Proof. See Khompurnson and Novaprateep (2015), Khompurngson and Nammanee (2019).

Theorem 2.6 If x, :=Q'c® e M and H(d | E,,) contain more than one element then
c® =argmin{V(c):ceR” }ifand onlyif H(d | E (X,)) # ¢

Proof. We first assume that ¢, =argmin{\V/(c):c e|R” }. Consequently, we obtain that m, (%,d|E,)=¢]ll cg Il +(c°, d) .
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That is, there exist X € H(d | E, ) such that <QT ), )z> =e||[c Il +(c°,d)
It implies (co,Qy(_d) = /|| c3 ||}, which means that X € H(d | E,, (%))
Conversely, we assume that H(d | E_ (X,)) # ¢and then obtain that

m, (%, d| E,) =min{l| x, ~Q"cl+£lllc, I, +(c.d):ce r" }
<ellcd ll, +(c,d)

Let xe H(d|E, (X)) c H(d | E, ) and we see that

m, (%, d|E,)>=(Q"c’,x)
=(c®,Qx—d)+(c°.d)
=g/l c5 Il +(c”,d)

Therefore, we obtain that

m, (x,,d|E,)=¢lllc5 I, +(c,d).

3. Application

In this section, we continue to report further a computational experiment in the use of midpoint algorithm. Specifically,

2z 1
we let H? (2) be the set of all functions analytic in the unit disc A with norm || || sup(i‘“ f(re®) | do)? -
27

O<r<1

The reproducing kernel for H2(4) is given by
K(s,1) =i,s,t eA
1-st

We choose a finite set of linear independent elements {K, 1jeN3} in H2 (&) where t, =-0.6,t, =-0.4,t, =—0.2,
t,=0.2,t;=0.4 and t, =0.6. We choose the exact function is g(t) =—-0.15K(t) +0.05K, & (t) —0.25K_,(t) and compute
the vector d = (g(tj); j €Ny) . Inour computation, we choose J ={k,I}< N, and then E, ={e:ecRe =0,|e,|l.<&}
Given 0 =t, we wish to estimate f (0) :< f Kto> when our data is given by || f ||<& , f(tj) = dj forall i € | and the data

error t,)— <g an t,)—d |[<&. Using material form eorem 2.4. we approximate the missing data which is
f(t,)—d, d |f(t)—d |<e. Usi ial form Th 2.4 imate the missing data which i

defined as the value of data that is not stored for a variable.

In our computation, we extend partially hyperellipse to the case that the unit ball B is replaced by 6B where & is
positive numbers. The computational steps for all the examples are organized in the following way. Within this propose, let us
provide the important cases of the existence of the minimum of the convex function of SV . To this end, let us recall the
following vector

¢ =argmin{oV(c):cer” }
Where the function §V defined for C €R” as

e,

5V=\/I—ZZCE+ Z 1 +elle, ||, + Z cd,

ieN, ijelN, 1T bty ijeN,

Proposition 3.1 If KT(J ¢ M and H(|E,) contain more than one element then we have that the following:

1.V achieve its minimum with | Z(c") |= 3 If 5/1-t K, €H(d|E,) then
o

m,(K,.d|E,) ==
t0
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2.V achieve its minimum with | Z(c") |= 2 If fi= 5&07? cH(d|E,) then
K, Qe |

5,00, B 5
2B gV’

B(t)d, At dist(K,,M,) d;d,
B th %:B(t)(t ) 5 =0Tk 52| f, I )= %:B(t )B(t)(l tt)

m+(K101d | Eoo) =

T *
3.V achieve its minimum with | Z(c") |=1 If O, /1—t§ Ky fdJl' ¢H(d|E,) and 5M€Hm |E,) forsome
1Ky, =Qicgpb |
jed={k,I} then we have that

*

Ktc _QTlu{j} b

5
s Y LD i3
I K%—Qru(j}b [ ‘> \/1 i z bib, il A}

m+(K%,d|Ew)=5<

-2 ) b+

oty aparogp 1t

dist(K, ,\M, )
-1 to 1A}
1A} (Qlu{'}Kto -

SN N

where fdlEj =argmin{f || f [l<o, f(t)=d;,Viel,| f(;)-d;[<e}-

and b’r = G

4.V achieve its minimum with | Z(c") =0 If §./1— t2 Ky fo 5%Q—'U{J} H(d |E,)foreach jeJ={k,I} then
1K, = Qiepb I

K, -Q'c” S
m (K, ,d|E)=6(—>——— K 1-S'¢"
(K dIE.) <|| K, Q"¢ ‘°> \/1 cic’, [ Z J

2 ¢+ —
DL Vs
dist(K, ,M)

52_ ” fd|E |

where f - =argmin{f ;|| f [|<J, f(t)=d,, Viel.f(t;)=d;t&Vjed}.
For our computation, we consider the partially hyperelllpse in the different way as follows. In the first case, we choose
the data error | f(t,)—d, [<e for t =-02,02,|f(t,)—-d |<e for t =-04,04 and ,|f(t,)—d |[<e for
=-0.6,0.6 in the second and third case, respectively. The results of this computation are shown in Table 1 and the exact

value of g(0)=2.Our computation indicates that the midpoint algorithm on the learning tasks provided, at least in this
numerical experiment is close to the exact value of g(0) =2.

and ¢" = G’l(QKtO —

|2

Table1.  Optimal value, m(t,,d | E_), for different of data error

‘J {tu J} m(tOId | Ew)
-0.2,0.2 2.0106
-0.4,0.4 2.0034

-0.6, 0.6 2.0053
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4, Conclusions

In this paper, we have provide some basic fact about
hypercircle inequality for partially corrupted data when data

error is measured with 1 norm. We provided some results
of numerical experiments of learning the missing data in
Hardy space. To obtain the best estimator in the general case,
we continue in the same method as in proposition 3.1 to obtain
the solution of V.
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