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Abstract

A concept of g-generalization of normal distribution arises in the context of statistical mechanics. In this article, we
introduce a g-generalization of normal approximation. By using Stein's method, zero and square bias approaches are applied to
derive the bound in g-normal approximation. Our results also cover the bound of normal approximation for Student’s t-
distribution.
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1. Introduction

A g-generalization of normal distribution was proposed by Tsallis (1988), who opened the door to nonextensive
statistical mechanics. The Tsallis' distribution is now known as the g-normal distribution, and arises from the Boltzmann-Gibbs'
theory which plays a fundamental law in thermodynamic systems. However, the classical thermo dynamic law breaks down in
the systems with long-range interactions. During the last two decades, a g-generalization of central limit theorem was established
by Umarov, Tsallis, and Steinberg (2008), and Hilhorst (2010). It turns out that the g-normal distribution can be applied to the
sum of g-independent random variables, which is a kind of strong correlation. (The definition of g-independent random variables
was introduced by Umarov, Tsallis, & Steinberg, 2008. In this context, the values of q are real numbers.) Over the years, the g-
normal distribution has appeared in several fields of applications, including statistical mechanics, machine learning, economics
and finance. The interested reader can refer to Borland (2002), Juniper (2007), Stavroyiannis, Makris, and Nikolaidis (2009),
Tsallis (2009), Tsallis (2011), Katz, and Tian (2013), Domingo, Onofrio, and Flandoli (2017).

With three parameters —00 < & < 00, ¢ > (), ¢ < 3but7 7 1, a g-normal density function is given by
(w — p)? 1/(1-q)
(3—q)o 2) ’

where ¢ is a normalization factor. A random variable W with g-normal density function is called a g-normal random variable and
denoted by W ~ Normaly(1,7), |t is straightforward to verify that
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and that E[W] =y for ¢ < 2, Var(W) = (3 - f;)02{(5 —34)fora < 5/3. In the special case of parameters #* = Uand o2 = 1, the
standard g-normal random variable denoted by W ~ Normaly(0. 1) has probability density function

o _q \MO-a)
Oglw) := pglw; 0,1) = ! (1 + 1 'wz) ,

3—4q 3—q

and distribution function

() = [ 6, (w) duv.

o0

Observe that the classical normal distribution can be recovered by %7 in the limit of ¢ — 1. When ¢ < 1, the density CDq is

defined for || < /3 — q/+/1 — 1, so that W is a bounded random variable. When 1 < ¢ < 3, the distributions ®4 cover the
Student's t-distributions. For further properties of these distributions, the reader can refer to Hilhorst, and Schehr (2007), Diaz,
and Pariguan (2009).

Our attention in the g-normal distribution was captured by the fact that

1/(1-q)
qg—1 . ’ 20
lim (1 + f’ wz) — o2
3—q

g—1

In this article, we concentrate on the case of ¢ — 1" our main result gives an absolute error bound between normal distribution
and its g-generalization with speed of convergence V¢ — 1.

Theorem 1.1. For 1 < ¢ < 5/3 we have

=1 2
/ e dw — @, (z)

o V2T

SAqVq_l‘

sup
zER

where

4 - Mla=DA1-5g) 2V2(5 -39 | Vg DE-29) = 2
T3 =) (5-3¢g) VT3 —a)? 2C4(3—q) 3—qf’

It is recognized that for large i/ degree of freedom, the Student’s t-distribution is so close to the standard normal distribution.

Also, notice that the distribution Dy is equal to Student’s t-distribution with ¢/ degree of freedom where 4 = (v +3)/(v+1),
From these facts, we can apply Theorem 1.1 to derive the bound of normal approximation for Student’s t-distributions with the

speed of order /v,

Our result can be extended to the g-normal approximation for any random variables with zero mean and variance

(3 - q)/(S - 3‘1) forl <q < 5/3. We are going to derive the bound of g-normal approximation by using zero and square
bias approaches which were introduced by Goldstein and Rinott (1996).

Theorem 1.2. For 1 ; q<5/3 1t = (a—1)/(3 =) and 7e = (4 = 2¢)/(3 — @), 1 X is a random variable with zero
mean and variance? — 1/ (v — %), then

sup [P(X < z) — @4(2)| < (\/(3 — )10/ 2C, + (74 — 20,,) /@) {EIX = X*| + a,0’E| X" - X*|},

zER

where X *and X — have the X-zero bias and X-square bias distribution, respectively.

The behavior of X can be described by g-normal distribution, if two of these differences |X - X" ‘ \X - XD| and

O * ) - o
|- X — X™| are close to zero. Note that ¥a — 0% — Land Cy — /7 in the limit of  — L. Also we note that there
are four expressions in the bound of Theorem 1.2,

V(3= a)%/2C; - E|X — X*| = V7 E|X — X7
(Vg20) /g - E|X — X*| — (1/0) - E|X — X7
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V(3= q)7,/20, - a0 E| X" — X*| =0
(Yg20r4) /+/Cq - g0’ E| X" — X*| — 0

the first and second expressions are close to zero if EIX = X' < Aay 50 we can apply Theorem 1.2 when
E|X — X[ < Aay for some constant A. In view of the above statement, our result can compare with the bound of normal
approximation for Student’s t-distribution in Shao (2005), Ley, Reinert, and Swan (2017). Shao (2015) obtained a non-uniform
Berry-Esseen bound for the t-statistic with order 1/, Ley, Reinert, and Swan (2017) obtained the bounds in total variation

7 W 4
distance drv(2, W) < v —2 where Z is a standard normal, and W, is a Student’s t-random variable with ¢ > 2 degrees of

freedom. In this work, we can apply Theorem 1.1 to derive the bound of order 1/ V(v + 1),

In the next section, we will introduce the Stein's equation for standard g-normal distribution. In order to apply Stein's
technique, we need to estimate the bounds of solution to the Stein's equation, and its derivatives. These results can be easily
obtained by density identities, Mills' ratio inequalities, and L'Hopital's rule. The proof of Theorem 1.1 and 1.2 will be shown in
the last section. A crucial step is zero and square bias approaches.

2. Stein's Method

An effective method for establishing the bound of normal approximation in some weak dependent conditions was
introduced by Stein (1972). The basic idea of this method is based on a characterization of normal distribution. A random

variable X has normal distribution with zero mean and variance ()’2 if and only if

B f'(X)] = E[Xf(X)].

for all absolutely continuous functions )[ such that £ [/'(Z) exists, where Z is a normal random variable with zero mean and

variance (72. This characterization leads to a first order linear differential equation called the Stein's equation for normal
distribution,

o f(x) —af(x) = L) — P(Z < 2).

It is known that for a fixed real number Z, there exists a unique absolutely continuous function fz solving the Stein's
equation and satisfying that

CE[fI(X)] - EX[(X)] = P(X < 2) - P(Z < 2),

for any random variable X with zero mean and variance O’Z. This equation may be a subtle way in the context of normal
approximation, since the bound of left-hand side of the above equation can be easily obtained by using the following three
approaches: the concentration inequality presented in the original paper of Stein (1972), the inductive approach discussed in the
works of Barbour and Hall (1984), and the coupling approach introduced by Goldstein and Rinott (1996).

Over the years, Stein's method has been applied to a wide range of applications, including random graph theory,
random matrix theory, and statistical physics. The interested reader can refer to Pekoz, and Ross (2013), Mackey, Jordan, Chen,
Farrell, and Tropp (2014), Eichelsbacher, and Martschink (2014). In addition, Stein's method has recently been developed to
several approximations by non-normal distributions, such as the exponential, gamma, beta, and Laplace distributions. For an
overview of literature, the reader can refer to Chatterjee, Fulman, and Réllin (2011), Chatterjee, and Shao (2011), Gaunt (2014),
Pike, and Ren (2014), Dobler (2015), Gaunt, Pickett, and Reinert (2017), Ley et al. (2017). In this section, we will develop the
Stein’s method to the g-normal distributions. We begin by introducing a characterization of the g-normal distribution.

2.1. A characterization of g-normal distribution

For a parameter 1 < ¢ < 5/3, e denote

qg—1 4 —2q
g = _qand“/q: 3¢

Let W ~ Normal,(0,1) e first observe that the density function

‘ C —
Pg(w) = 5 q_( (1+ r.rqu,z2)1/(l 2

=

satisfies the identities
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{(1+ aqu@)@q(w)}' = —ywo,(w), and @.1)
{(1 + quz)g@q(w)}l = — (g — 2a)w (1 + agw?) gy (w). (2.2)
The g-normal distribution satisfies the symmetric property around its mean, which implies that

. 1
min {1 — ®,(z), P,(z)} < P,(0) = 3 23)

and it also satisfies the Mills' ratio inequality that for 1 > (),

c, [~ .
1= Q(w) < —= f (14 az)Y e = ——(1 4+ aw?) g, (w).
Q( ) \/ﬁ w ’!U( ! ) FYq"U,’( 4 ) !]'( ) (24)

From the identity (2.1) and Fubini's theorem, it is easy to verify that

o0

EWfW)] = f w f (w) o, (w) dw

e w
:f wf [(x) deoy(w) dw
o~

= ] /OC wf'(x)py(w) dw dz
1
L7 (1t 0@ @)a(a) do

~
a'flj —0

- %E[(l a2 [ (W)
So, we have that .
E (14 a,W) f/(W)] = v, BW f(W)], (2.5)

for every absolutely continuous function / such that Z|/(w)|and E[f'(W)|exist.

We now introduce a first order linear differential equation called the Stein's equation for g-normal distribution, for a
fixed real number 2,

(1 + agu?) f(w) — 3 f () = 1ooz)(w) — Ry(2). 26)
Multiplying both sides of (2.6) with the integrating factor (1+ quwg)ml_q) yields the solution fz given by

fo(w) = (lJraqtuQ)(“’_?)/(l_‘I) / {1(,%‘z](?1,!) - ‘I)q(z)} (1+qu2)1/(l_“') dx

—0a
w

— {0+ )o@} [ {1ma(w) - 2,2} o) do
or equivalently
f(w)={(1+ aqwz)(bq(w)}_l /ﬂm {1 (w) — Dy(2) } dy(x) da.

Therefore, the solution to Stein's equation (2.6) is given by

1w = JLO+ 0?0} {1 = @2} @y(w), forw <,
z {(1+ Cli.;»-l,UQ)@q'(lL’)}71 D, (2) {1 —D,(w)}, forw> z, on

which is absolutely continuous and infinitely differentiable at %’ #z
By the identity (2.5) and the solution given by (2.7), we obtain a characterization of g-normal distributions on the class

of absolutely continuous functions ./ z.
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Lemma 2.1. A random variable X satisfies the equation

E[(1+4a,X?) f(X)] = 1B [X[(X)],
for every absolutely continuous function [ such that £17/(X0)] exists, if and only if X ~ Normaly(0,1),

2.2. Properties of the solution to Stein's equation

We derive some properties of the solution to Stein's equation (2.6). From the density identity (2.1), the first derivative
of solution (2.7) is given by

Fw) = {{(1 + a,w?) 2o, (w)} {1 — @,(2)} Glw), for w < z,

o —{(1+ ()z,.‘.w'z)%bq(w)}_l Qy(z)H(w), for w > z,

where
G(w) = (1 + aqu?)pg(w) + ygwdy(w), (2.8)
H(w) = (1 + aquw?) g, (w) — yyw {1 — &, (w)}. (2.9)

It is known that G and H are positive, since

Glw) =~ [ woyfa)de+ gt w) =, [ o)

Hw) = [ o) de g (1= @)} =, [ {1- @)} o

Thus /- is increasing on (—o©; z]and decreasing on (z; 20). Bg/| the continuity of /=, we can conclude that 2 is the extreme point, so

that 1/l = f:(2), where we use the notation 171 = o [

V34
ac, (2.10)

. By the symmetry and (2.3), we obtain the bound

1£:1l = f2(2) < fo(0) =

To obtain the bound of [/
fiw) = (1 + aguw?)™! {1(,%&](1141) — Py(w) + ’qufz(-u,!)} .

Applying the Mills' ratio inequality (2.4) gives

, we have to rearrange the Stein's equation (2.6) as

0] < {01+ o))} min {1 = @), @, (w)} <
filw)] < 2/(1+ agw?) Thys

which implies that
11

The second derivative of the solution (2.7) is given by

<2 (2.11)

f.'f(w) _ {{(1 + aqw2)35¢q(w)}_1 {J_ — @q(g)} Gl(IU), for w < 2,
—{(1+ au?P,(w)} " Dy(z) Hy(w), for w > z,
where

Gi(w) = (1 + aw®)7,@,(w) + (7, — 20,)wG(w),
Hy(w) = (1+ aqwz)%' {1 = @y(w)} — (74 — 209 )wH (w).

For 1 << (), we define a function G2 from the first term of G1 by

Go(w) = {(1 + O‘qwz)zéq('w)}il Yq@q(w).
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By L'Hopital's rule and identity (2.2), it is easy to see that

_ ) — g Pq(w0)
lim Gs(w)= lim k| =0,
om 2(w) w00 (7, — 2ar,)w (1 + agw?)dy(w)

which implies that G2 possess the limit of w — —oc. Its derivative is given by
Gh(w) = {(1+ agu?*d,(w)} " 7 {G(w) — 2aguwpy(w)},
where G given by (2.8), is positive on (—o. 0],
Thus Ga(w) < Ga(0) = /3 —7,/2C,,
For the second term of Gy, by (2.11), we note that
{1+ aqw?)é,(w) } 7 {1 — Ba(2)} (4 — 20)wG(w)

T (T ogu?) 2 2, /Ty NG»
So, we obtain the bound of |2 ()| for w < =,
|£2(w)| < V3= q7/2C, + (7, — 204)/ /0. (212)

1"y
Similar to the bound of | /% () |when z < w < 0.

For w > (), we also obtain the bound of |/ ()| by the symmetry of Go.

The next statement shows some properties of the Stein's solution given by (2.7), and the bounds of its derivatives given by (2.10),
(2.11), (2.12).

Proposition 2.2. For a real number Z, the solution J2 given by (2.7) is absolutely continuous and infinitely differentiable at
W # 2 with the bounds

£l < V3 —=q/4C,, |Ifil <2, and [[f] < /3 —a7/2C, + (v, — 204)/ /0y
3. Proof of Results

In this section, we are going to derive the bounds of g-normal approximation by using the zero bias and square bias
approaches which were introduced by Goldstein and Rinott (1996), Chen et al. (2010). Let X be a random variable with zero
mean and finite variance; recall that a random variable X* has the X -zero bias distribution if

EXPE[f'(X7)] = EIX f(X)].

for all absolutely continuous functions 7( for which these expectations exist, and recall that a random variable X* has the X-square
bias distribution if

E[X?|E[f(X"7)] = BIX*[(X)),
for all functions )[forwhlch EIXf(X)| <o, _
Proof of Theorem 1.1. Let X have the classical normal distribution with zero mean and variance @ 2= 1/ (v = U’q), where “¥g
and Ve are given in Section 2.1. For each real number Z, let fz be the solution to Stein's equation (2.6). Then

POXCS ) =)= BLEQO] + cFXCAOO] - 0 BIXE(X)
= BUECOL O~ a0) EIXLO] + 0 {BIXCL0] = BIXL(X)T}
= ag { BIX*f1(X)] — E[X f.(X)]}
where we used a characterization of X having the classical normal distribution. Let X* have the X-square bias distribution, and U

have the uniform distribution on (-1,1) which is independent of X*. By Proposition 2.3 of Chen et al. (2010), the random variable
X* = UX* has the X-zero bias distribution. Thus

P(X < 2) = ®y(2) = ag { E[X*f1(X)] — EIXf.(X)]}


https://www.codecogs.com/eqnedit.php?latex=%5Clim_%7Bw%5Cto%20-%5Cinfty%7DG_2(w)%3D%20%5Clim_%7Bw%5Cto%20-%5Cinfty%7D%5Cfrac%7B-%5Cgamma_q%5Cphi_q(w)%7D%7B(%5Cgamma_q-2%5Calpha_q)w(1%2B%5Calpha_qw%5E2)%5Cphi_q(w)%7D%3D0%2C%251
https://www.codecogs.com/eqnedit.php?latex=G_2%251
https://www.codecogs.com/eqnedit.php?latex=w%5Cto%20-%5Cinfty%251
https://www.codecogs.com/eqnedit.php?latex=G_2'(w)%3D%5Cleft%5C%7B(1%2B%5Calpha_qw%5E2)%5E3%5Cphi_q(w)%5Cright%5C%7D%5E%7B-1%7D%5Cgamma_q%5Cleft%5C%7BG(w)-2%5Calpha_qw%5Cphi_q(w)%5Cright%5C%7D%2C%251
https://www.codecogs.com/eqnedit.php?latex=(-%5Cinfty%2C0%5D%251
https://www.codecogs.com/eqnedit.php?latex=G_2(w)%5Cle%20G_2(0)%3D%5Csqrt%7B3-q%7D%5C%2C%5Cgamma_q%2F2C_q%251
https://www.codecogs.com/eqnedit.php?latex=G_1%251
https://www.codecogs.com/eqnedit.php?latex=%20%5Cleft%5C%7B(1%2B%5Calpha_qw%5E2)%5E3%5Cphi_q(w)%5Cright%5C%7D%5E%7B-1%7D%20%5Cleft%5C%7B1-%5CPhi_q(z)%5Cright%5C%7D(%5Cgamma_q-2%5Calpha_q)wG(w)%251
https://www.codecogs.com/eqnedit.php?latex=%3D%5Cfrac%7B(%5Cgamma_q-2%5Calpha_q)w%7D%7B(1%2B%5Calpha_qw%5E2)%7Df_z'(w)%5Cle%5Cfrac%7B(%5Cgamma_q-2%5Calpha_q)%7D%7B2%5Csqrt%7B%5Calpha_q%7D%7D%5C%7Cf_z'%5C%7C%5Cle%5Cfrac%7B(%5Cgamma_q-2%5Calpha_q)%7D%7B%5Csqrt%7B%5Calpha_q%7D%7D.%251
https://www.codecogs.com/eqnedit.php?latex=%7Cf_z''(w)%7C%251
https://www.codecogs.com/eqnedit.php?latex=w%3Cz%251
https://www.codecogs.com/eqnedit.php?latex=%7Cf_z''(w)%7C%251
https://www.codecogs.com/eqnedit.php?latex=z%3Cw%3C0%251
https://www.codecogs.com/eqnedit.php?latex=w%3E0%251
https://www.codecogs.com/eqnedit.php?latex=%7Cf_z''(w)%7C%251
https://www.codecogs.com/eqnedit.php?latex=z%251
https://www.codecogs.com/eqnedit.php?latex=f_z%251
https://www.codecogs.com/eqnedit.php?latex=w%5Cne%20z%251
https://www.codecogs.com/eqnedit.php?latex=%5C%7Cf_z%5C%7C%5Cle%5Csqrt%7B3-q%7D%2F4C_q%2C%20%5Cquad%20%5C%7Cf_z'%5C%7C%5Cle2%2C%20%5Cquad%20%5Ctextnormal%7B%20and%20%7D%251
https://www.codecogs.com/eqnedit.php?latex=%5C%7Cf_z''%5C%7C%5Cle%5Csqrt%7B3-q%7D%5C%2C%5Cgamma_q%2F2C_q%2B(%5Cgamma_q-2%5Calpha_q)%2F%5Csqrt%7B%5Calpha_q%7D.%251
https://www.codecogs.com/eqnedit.php?latex=X%251
https://www.codecogs.com/eqnedit.php?latex=E%5BX%5E2%5DE%5Bf'(X%5E%5Cast)%5D%3DE%5BXf(X)%5D%2C%251
https://www.codecogs.com/eqnedit.php?latex=f%251
https://www.codecogs.com/eqnedit.php?latex=E%5BX%5E2%5DE%5Bf(X%5E%5Csquare)%5D%3DE%5BX%5E2f(X)%5D%2C%251
https://www.codecogs.com/eqnedit.php?latex=f%251
https://www.codecogs.com/eqnedit.php?latex=E%7CXf(X)%7C%3C%5Cinfty%251
https://www.codecogs.com/eqnedit.php?latex=X%251
https://www.codecogs.com/eqnedit.php?latex=%5Csigma%5E2%3D1%2F%5Cleft(%5Cgamma_q-%5Calpha_q%5Cright)%251
https://www.codecogs.com/eqnedit.php?latex=%5Calpha_q%251
https://www.codecogs.com/eqnedit.php?latex=%5Cgamma_q%251
https://www.codecogs.com/eqnedit.php?latex=z%251
https://www.codecogs.com/eqnedit.php?latex=f_z%251
https://www.codecogs.com/eqnedit.php?latex=P(X%5Cle%20z)-%5CPhi_q(z)%251
https://www.codecogs.com/eqnedit.php?latex=%3DE%5Bf'_z(X)%5D%2B%5Calpha_qE%5BX%5E2f_z'(X)%5D-%5Cgamma_qE%5BXf_z(X)%5D%251
https://www.codecogs.com/eqnedit.php?latex=%3DE%5Bf_z'(X)%5D-%5Cleft(%5Cgamma_q-%5Calpha_q%5Cright)E%5BXf_z(X)%5D%2B%5Calpha_q%5Cleft%5C%7BE%5BX%5E2f_z'(X)%5D-E%5BXf_z(X)%5D%5Cright%5C%7D%251
https://www.codecogs.com/eqnedit.php?latex=%3D%5Calpha_q%5Cleft%5C%7BE%5BX%5E2f_z'(X)%5D-E%5BXf_z(X)%5D%5Cright%5C%7D%2C%251

M. Tuntapthai / Songklanakarin J. Sci. Technol. 43 (4), 1169-1176, 2021 1175
=, j{E XDD)} - E[J‘,';(X*)D]}
= a0 {E[f((X")] = B[f,(UX)]}
< aqa?nf;'nmﬂ UX"]
AT a
= au0” || £ E1X-] e
— a B 721 O s (VO 0200 (o =20 )
24/2 3,2
=a;,—= (v V(3= @)7/2C; + (v — 204) [/ )
Qﬁ(q q ”( q q (m q \/_q) 3.1)
where we used the bound of ||fz H in Proposition 2.2.
Let @ be the standard normal distribution. Next, we claim that
(20% + 1) 0249y —ay)
sup |[P(2) — P(X <2)| <« = .
z [®(2) ) T Vor V2T (7, — o) (3.2)

By symmetry of the normal distribution, we need only to show the claim in the case of z > (). Observe that o =(3-q)/
(5-3q) > 1 whenl < <5/3 For0 < z < 1 by the mean value theorem, we have

/ w2
\/271' 0 o

—w2/2

O(z) - P(X < =

= e

1 2940
Zew /202 dw

( 1 F‘—i(%/zdz)
2 o '

where 0 < wp < z < 1 By using the facts that 1 — ¢ < wandwe ™ < Lforall w > 0, we obtain that for 0 < z < 1,

o, . 2 [a%
B(z)— P(X < 2) < —L 2(3’2+—)< g
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For z > 1, it is straightforward to check that
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<

1
oz 2m

The proof is completed by combining (3.1) and (3.2).
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Proof of Theorem 1.2. For each real number 2, let fz be the Stein's solution given by (2.7). Then

P(X

ay) E[sz( +aq {EIX
]+ (lqu {E X -

Elf2(X)] = (
= E[fI(X)] — E[f(X
< I EIX = X7 + ago® ] X

<z) =
—F[f((X)Haq XX )]—/qF[Xf (X))

- X*|}.

LX) = EIX £.(X)]}

E[f2(X")]}

The proof is complete by using Proposition 2.2, the bound of £

4. Conclusions

We have characterized the g-normal distribution W
with density_@q via Stein's method as the following identity
E[(1+ a,W*) ['(W)] = % E[W f(W)] This identity is given
by a nonhomogeneous linear differential equation which is
called Stein’s equation (2.6). The equation leads us to other
possible methods for deriving the bound of a g-generalization
of normal approximation. We have derived the bound of g-
normal approximation for a standard normal distribution in

Theorem 1.1. Our results can be applied to the Student’s t-
distribution, and also extended to the distribution of any
random variable in Theorem 1.2.
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