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Abstract

This work extends the results for the Diophantine equation x2 + 16 - 77 = y™ for n = 2r, where x, y, b,r € Z*. Earlier
results classified the generators of solutions, which are the pair of integers (x, y™), into several categories and presented the general
formula that determines the values of x and y™ for the respective category. The lower bound for the number of non-negative integral
solutions associated with each b is also provided. We now extend the results and prove the necessary and sufficient conditions
required to obtain integral solutions x and y to the equation, by considering various scenarios based on the parity of b. We also

determine the values of n for which integral solutions exist.
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1. Introduction

Diophantine equations have been studied extensively
over the years, from linear (Cohn, 1993; Ko, 1965; Lebesgue,
1850) to exponential Diophantine equations (Arif & Abu
Muriefah, 1997; Ismail, Atan, Sejas Viscarra, & Yow, 2023;
Ismail, Atan, Yow, & Sejas Viscarra, 2021; Sapar & Yow,
2021; Yow, Sapar, & Atan, 2013). One of the most well-
studied problems, namely Fermat’s Last Theorem, has been
investigated since 1637, and the problem was eventually
solved by Wiles (1995) after more than three centuries.
Diophantine equations can be applied in various areas, such as
cryptography (Gao & Heindl, 2013), control systems (Kucera,
1993) and even chemistry (Crocker, 1968).
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On solving problems in Diophantine equations, the
goal is to determine if there exist integral solutions that satisfy
the equations. Logically, the complexity of this problem is
directly proportional to the number of variables that are used in
the problem. There are, however, some other factors that will
affect the output of the problems, which include the parity and
value of each variable. For instance, for the equation x2 + 2% =
y™, Cohn (1992) proved that there exist three families of
solutions when k is odd and n > 3. Nonetheless, Arif and Abu
Muriefah (1997) showed that for the case when k is even, extra
conditions need to be imposed to solve the same equation. This
implies that different techniques may be required to solve a
Diophantine equation, particularly to solve those involving
multiple variables.

Note that Diophantine equations that were studied are
mostly derived from the equation x? + C = y™ (Abu Muriefah
& Bugeaud, 2006), by manipulating the value of C using
constants or prime numbers with exponents. The condition
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ged(x,y) = 1 is also imposed at times so that valid solutions can be found. For Diophantine equations with infinitely many
solutions (with certain relaxation for some complicated cases), some generalizations of the solutions may also be given (Sapar &
Yow, 2021).

In this article, we provide additional results for the Diophantine x? + 1672 = y™ when n is even, following the
generators of solutions to the equations proven in Yow, Sapar, and Low (2022). We show the necessary and sufficient conditions
required for the equation to have integral solutions based on the parity of b under various scenarios. We also prove that integral
solutions of the equation can only be obtained for some n.

We first give the definition and list the relevant result that will be used in our proofs. For the Diophantine equation x?2 +
16 - 77 = y™ where n = 2r and b,r € Z™, the pair of integers (x, y™) is a generator of solutions to the equation.

Theorem 1. (Yow et al., 2022) Let b,7,i € Z*. The generators (x;; ,¥b,;) Of solutions to the equation x% +16- 7" = y?" have
the following forms:

Xp; = 73 (22 bRt _ 1), 1)
1. 1 2. 2
Vhi = Ti(2277 40), @)
when i = 2 (mod 3),
1, 2 2. 4
Xpy = 7375 (z L 7hgits _ z), (3)
1. 2 2. 4
Yhi = 7E(2:742), ()
when i = 0 (mod 3),
o Li—1 (ob-2i+2 2
X = TTN(7PTE - 22), (5)
yl";_i — 7 i—1 (7b— i+2 + 22)’ (6)

where i represents the i*” set of non-negative integral solutions associated with each b, arranged in ascending order.
2. Solutions Whenn = 4

In this section, we focus on the Diophantine equation x2 + 16 - 72 = y* by considering various scenarios based on the
parity of b.

We first consider the scenario when b is an odd number. The following theorem gives the necessary and sufficient
conditions to obtain integral solutions to the equation x? + 16 - 72 = y* in such a scenario.

Theorem 2. Let i,t € Z* and b be an odd positive integer. Then, x,; = 12+ 72¢=1 and y,,; = 4 - 751 are the integral solutions
to the equation x2 + 16 - 7> = y*ifand only if b = 4t — 3 and i = 6t — 4.

Proof. Let ¢ € Z*. For the forward implication, suppose x;,; = 12 72(t=1) and Ypi =471 are the integral solutions to the
equation x? + 16 - 7% = y*. Then, we have

(12-72¢D) 416-70 = (477D 7)

By simplifying Equation (7), we obtain 72 = 74¢=3, which implies that b = 4t — 3.

Note that the set {6t — 4|t € Z*} is a subset of {3t — 1|t € Z*}. By Theorem 1, when i = 3¢ — 1, we have Equation
(3) as the generator of solutions to the equation x2 + 16 - 72 = y2". By comparing the value of x;, ; in Equation (3) to x,; = 12
72(t=1 e have

1, 2 2, 4
7373 (2 7Pt 2) = 12730,
Since b = 4t — 3, we have
L7 1,2 _ 2(t-1)
2_74t313_2_7313 = 127
1. 7 1, 2 -
74t-3iv3 _ g3y = 67772 (8)
1. 7
Multiplying Equation (8) by 7 **3'*3, we obtain
1. 5 1. 1
1— 72(§L—2t)+§ = .73 24 9)
1.
Let x = 75" %, By rearranging Equation (9), we obtain the following quadratic equation:
5 1
73x2 +6-73x — 1 = 0

By solving the equation, we obtain,
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= 6754 (6-7%)2—4(72)(_1)

2-72 '
. _t _1
thatis,x =7 30rx = =7 3.
By considering these two possible values of x, we have

Case 1:
1.
7§L—Zt = 7—§
1, ot = 4
3! 3
i = 6t—4.
Case 2:
1. 1
7§l—2t = _7—§
7%i—2t+% = -1,

which is a contradiction since the term on the left-hand side of the equation is positive. Hence, Case 2 needs not be considered.
Therefore, we have b = 4t — 3 and i = 6t — 4 when x;,; = 12+ 72" and y,,; = 4 - 7671 as the integral solutions to
the equation x2 + 167 = y*.
Conversely, let b = 4t — 3 and i = 6¢ — 4. Since the set {6t — 4|t € Z*} is a subset of {3t — 1|t € Z*}, by Theorem 1,
the generators (xb_i,y;_l—) of solutions to the equation x? + 16 - 7% = y?" are given by

Xpi = 7§i-§ (2 ] 7b—§i+§ _ 2)1
Ybi = 73 (2 L 7b3 4 2),
Since r = 2, by substituting b = 4t — 3 and i = 6t — 4, the generators of solutions for x,; and yZ ; are
Xpi =  Xat-3,6t-4
_ 7%(6t—4)—§ (2 . 7(4—t—3)—§(6t—4)+% _ 2)
= 7%72(2:7-2)
= 12.72@t-1
and
yg,i = J’ft—3,6t—4
_ 7%(&—4)—% (2 . 7(4t—3)—§(6t—4)+§ n 2)
= 7H72(2-7+2)
= 42. 72(t—1).
Consequently, we obtain
Va-zet-a = 477N
Therefore, we conclude that x;,; = 12 - 72¢=1 and y,,; = 4 - 7¢1 are the integral solutions to the equation x2 + 16 -
7P = y*whenb = 4t — 3 and i = 6t — 4. o

The following result shows that when b is an odd number of a fixed form, integral solutions exist for the Diophantine
equation x? + 16 - 7% = y2" only when r = 2.

Theorem 3. Lett € Z*, b = 4t —3 and i = 6t — 4. Then, x,,; = 12+ 72¢=D and y,; = 4 - 7¢~1 are the integral solutions to the
equation x2 + 16 - 7% = y27 ifand only if r = 2.

Proof. We first prove the forward implication. Let x;; = 12 - 72(=1) and Ypi = 4+ 71 be the integral solutions to the equation
x% + 1677 = y?. Then,

(12-72¢-D)2 4 167473 = (4-70°1)77, (10)
By simplifying Equation (10), we have
(4 . 7t—1)4— — (4 . 7t—1)2‘r
2r = 4
r = 2
The backward implication follows immediately from Theorem 2. This completes the proof. mi

For t € Z*, we show that when b = 4t — 3 and i = 6t — 4, the equation x? + 16 - 7° = y?" has no integral solutions
when r # 2,4. We first state the following fact.
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Fact 1. Let n be a positive integer and pflpfz p,’c"‘ represent its prime factorisation. Then, gcd(xq, x5, ..., x;) = s if and only if
n is a perfect sth power.

Theorem4. Lett € Z*,b = 4t —3andi = 6t — 4. Ifr = 3 and r # 4, the equation x2 + 16 - 7° = y?" has no integral solutions.

Proof. Let t, b and i be as stated. Given r = 3 and r # 4, the possible values of r are listed in Table 1.

Tablel. Valuesofrforb=4t—3andr >3 andr + 4

Case 1 r = 0 (mod 2), r=2s,s>1

Case 2 r =1 (mod 2), r=1+4+2s,s>1

Since the set {6t — 4| t € Z*} c {3t — 1|t € Z*}, by Theorem 1, we know that the pair of Equations (3) and (4) generate the
integral solutions to the equation x2? + 16 - 77 = y2". By substituting the values of b and i into Equation (4), we have

Yoi = 756t-9-5 (2 7H-3-5(6t-0)45 | 2)
= 42.7@t-2)
Yoi = (4 7(t_1))§‘
= (22 . 7(t—1))§‘ "

We now consider the following two cases by substituting the two different forms of values of r into Equation (11):
Case 1: Whenr = 2s and s = 3, we have

1
yb,i = (22 . 7(t—1))§.
Since ged(2,t — 1) < 2, y,,; is not a perfect sth power for s > 3 as indicated by Fact 1. Consequently, it follows that y,, ; is not
an integer, leading us to a contradiction. Thus, there exists no integral solution to the equation in this scenario.
Case 2: Whenr =1+ 2sand s = 1, we have
2
Ypi = (22 . 7(t—1))ﬁ‘
Since ged(2,t — 1) < 2, by Fact 1, y,; cannot be a perfect s' power for s = 1. This further implies that y,,; is not an
integer. This is also a contradiction and hence there is no integral solution to the equation when r = 1 + 2s.

Combining the above two cases, we conclude that the equation x + 16 - 72 = y2" has no integral solutions if r > 3 and
r#4,b=4t—3andi =6t — 4. O

Secondly, we give the form of integral solutions to the equation x? + 16 - 72 = y* when b is an even number.

Theorem 5. Let i, t € Z* and b be an even number. Then, x, ; = 96 - 72¢=D and y, ; = 10 - 7¢~1 are the integral solutions to the
equation x2 + 16 - 7> = y*ifand only if b = 4t — 2 and i = 6t — 4.

Proof. Let t be as stated. We first prove the forward implication. Suppose x,; = 96 - 72¢=1 and y,,; = 10 - 7t~ are the integral
solutions to the equation x2 + 16 - 72 = y*. Then, we have

(96-72¢ )" +16-7 = (10 7¢°1)%, (12)

By simplifying Equation (12), we obtain 72 = 74¢=2 which implies that b = 4t — 2.

Note that the set {6t — 4| ¢ € Z*} < {3t — 1|t € Z*}. By Theorem 1, when i = 3t — 1, we have Equation (3) as the
generator of solutions to the equation x2 + 16 - 7> = y2". By comparing the value of x;; in Equation (3) to x,; = 96 - 721,
we have

1, 2 2. 4

7375 (2 L 7b=5itg _ 2) = 967201

Since b = 4t — 2, we have

5. 7MFF _ o o35 =  96-72¢D
735 755 = 48732 (13)
Multiplying Equation (13) by 77445143 we obtain
1— 72(%i—2t)+§ = 43. 7%1‘—21:—%. (14)
Let x = 7§i-2t and by rearranging Equation (14), we have
75x?+48-73x -1 = O

By applying the quadratic formula, we obtain,
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2 _2y\? 2
x —48-7 3+ (48-7 3) —4(73)(—1)

275
S _t 2
which implies that x = 773 or x = —75.
By testing the two possible values of x, we first obtain
1. 4
Si—2t

73 = 773
1, 2 = 4
3! 3
i = 6t—4
In the second scenario, we have
Liae — 2
73 = _73
7%i—2t—§ = —1.

This is a contradiction since the term on the left-hand side of the equation is positive. Hence, this case needs not be considered.

Hence, we have b = 4t — 2 and i = 6t — 4 when x,; = 96 - 72" and y,,; = 10 - 7t~ are the integral solutions to
the equation x2 + 167 = y*.

Conversely, let b =4t —2 and i = 6t — 4. Since the set {6t — 4|t € Z*} c {3t — 1|t € Z*}, by Theorem 1, the
generators of solutions (xb,i,yg_l—) to the equation x2 + 16- 72 = y?" are given by Equations (3) and (4). Since r = 2, the
generators of solutions for x,, ; and y,f,i inwhichb =4t—2andi = 6t—4are

Xpi =  Xat-2,6t-4
_ 7%(6t—4)—§ (2 . 7(4—t—2)—§(6t—4)+% _ 2)

= 7%72(2-72-2)

= 9g-72(t-1)
and
yg,i = y42-t—2,6t—4
_ 7%(6t—4)—§ (2 . 7(4t—2)—§(6t—4)+§ " 2)
= 7%722-7242)
= 102721,
As a result, we obtain
Vat-26t-4 = 10-7771
Therefore, we conclude that x;,; = 96 - 72(=1 and y;,; = 10 - 7t~ are the integral solutions to the equation x2 + 16 -
7P = y*whenb = 4t — 2 and i = 6t — 4. O

We next prove that when b is an even number of a fixed form, there exist integral solutions to the equation x2 + 16 -
7Y = y2" whenr = 2.

Theorem 6. Let t € Z*, b = 4t — 2 and i = 6t — 4. Then, x;,; = 96 - 72~V and y,,; = 10 - 7¢1 are the integral solutions to
the equation x2 + 16 - 72 = y?" ifand only if r = 2.

Proof. To prove the forward implication, let x; ; = 96 - 72(=1 and y,, ; = 10 - 751 be the integral solutions to the equation x? +
16 - 7% = y?". Then,

(96 - 72t-1)2 4 16- 7472 = (107712, (15)
By simplifying Equation (15), we have
(10 . 7t—1)4— — (10 . 7t—1)2r
2r = 4
r = 2
The backward implication follows according to Theorem 5. This completes the proof. i

For t € Z*, we next show that when b = 4t — 2 and i = 6t — 4, the equation x? + 16 - 7° = y?" has no integral
solutions except when r = 2.

Theorem 7. Lett € Z*, b = 4t — 2 and i = 6t — 4. If r > 3, the equation x? + 16 - 7° = y?7 has no integral solutions.

Proof. Let t, b and i be as stated. Given r > 3, the possible values of r are listed in Table 2.
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Table 2. Valuesof rwhen b =4t —2andr > 3

Case 1 r = 0 (mod 2), r=2s,s>1

Case 2 r =1 (mod 2), r=1+4+2s,s>1

Since the set {6t — 4|t € Z*} c {3t — 1|t € Z*}, by Theorem 1, we know that the pair of Equations (3) and (4)
generate the integral solutions to the equation x? + 16 - 72 = ¥ when i = 3¢t — 1. By substituting the values of b and i into
Equation (4), we have

1 2 2 4
Vi = 736t=0)-5 (5 . 7at-2-5(6t-4)+3 | 2)
— 102 . 7(2t—2)
2
Ybi = 10 - 7¢-DY)r
(10769
= (2-5-7¢D) (16)

By substituting the two different forms of values of r into Equation (16), we have the following two cases:
Case 1: Whenr = 2s and s > 1, we have

1
Ypi = (2 .5 7(t—1))§.
Since ged(1,1,t — 1) < 1, as per Fact 1, yj,; is not a perfect sth power for s > 1. Consequently, it follows that y,; is not an
integer, leading us to a contradiction. Thus, there is no integral solution to the equation r = 2s.
Case 2: Whenr =1+ 2s and s = 1, we obtain

2
Yoi = (2-5-7¢-D)ies
Based on the similar argument as in Case 1, we conclude that there exists no integral solution to the equation when r = 1 + 2s and
s=1.
Therefore, the desired results are obtained based on the two cases.

3. Solutions Whenn = 8

In this section, we focus on the Diophantine equation x? + 16 - 7% = y8, and give the forms of integral solutions to the
equation when b is an odd number.

t—1
Theorem 8. Let t be a positive odd integer, b = 4t — 3 and i = 6t — 4. Then, x,; = 12 - 72(t=1) and Ypi =272 are the
integral solutions to the equation x? + 16 - 72 = y27 if and only if r = 4.

t—-1
Proof. Let ¢, b and i be as stated. For the forward implication, we have x,; = 12 - 72~V and y,; =272 be the integral
solutions to the equation x% + 16 - 7% = y2". Then,

—1. 2T
(12 77ED) 416747 = (2.77) . (17)
By simplifying Equation (17), we have
(4 . 7t—1)4 — (4 . 7t—1)‘r
r = 4

Conversely, suppose r = 4, we then have x? + 16 - 72 = y® = (y?)*. Based on Theorem 2 and since t is a positive odd
t—1
integer, it follows that y, ; = 2 - 72 is also an integer.

t—1
Therefore, x,; = 12 - 72t~V and y,,; = 2- 7z are the integral solutions to the Diophantine equation x2 + 16 - 7% =
y® when t is a positive odd integer, b = 4t —3 and i = 6t — 4. O

In the following theorem, we demonstrate that the equation x2 + 16 - 72 = y2" has integral solutions only when r = 4
for specific values of b and i. We disregard the scenario when r = 2, as there exist integral solutions to the equation x2 + 16 -
7b = 27 as shown in Theorem 4.

Theorem 9. Let ¢ be a positive odd integer, b = 4t — 3 and i = 6t — 4. If r > 3 and r # 4, the equation x? + 16 - 7° = y2" has
no integral solutions.

Proof. Let t, b and i be as stated. Given r = 3 and r # 4, the possible values of r are shown in Table 3.
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Table 3. Valuesofrwhenb =4t —3andr >3 andr + 4
Case 1 r =0 (mod 4), r=2s,s>1
Case 2 r =1 (mod 4), r=1+4+4s,s>1
Case 3 r = 2 (mod 4), r=2+4s,s>1
Case 4 r = 3 (mod 4), r=3+4+4s,5=>0

Since the set {6t — 4|t € Z*} € {3t — 1|t € Z*}, by Theorem 1, we know that the pair of Equations (3) and (4)
generate the integral solutions to the equation x? + 16 - 7° = ¥ when i = 3t — 1. By substituting the values of b and i into

Equation (4), we have
v = 7%(&—4)—% (2 . 74t—3—§(6t—4)+% " 2)
42 . 7(2t—2)
2
(4 . 7(t—1))r
2
= (22 . 7(1,‘—1));.

Ybi =

(18)

By substituting the four different forms of values of r into Equation (18), we have the following four cases:

Case 1: Whenr = 4s and s = 2, we obtain
1
Yb,i = (22 . 7(t—1))£~

Since ged(2,t — 1) < 2, as per Fact 1, y,; is not a perfect sth power for s = 2. Consequently, it follows that y,, ; is not an integer,
leading us to a contradiction. Thus, no integral solution can be obtained in this case.

Case 2: Whenr =1+ 4s and s = 1, we have
2
Yoi = (227 D)ms,

Since ged(2,t — 1) < 2, by Fact 1, y;,; is not a perfect sth power for s > 1. As a result, it follows that y,,; is not an integer and
this is a contradiction. Hence, no integral solution to the equation exists when r = 1 + 4s.

Case 3: Whenr = 2 + 4s and s > 1, we obtain
1
Ypi = (22 . 7(t—1))m_

Based on a similar approach as in Case 2, we can see that there exists no integral solution to the equation when r = 2 + 4s and

s> 1.
Case 4: Whenr = 3 + 4s and s = 0, we have

Vi = (22_7(t—1))ﬁ.

We encounter another contradiction, leveraging the observation that ged(2,t — 1) < 2 implies that y,; cannot be a perfect sth
power for s = 0, as indicated by Fact 1. Thus, there is no integral solution to the equation when r = 3 + 4s.
Combining all the four cases as discussed above, we conclude that the Diophantine equation x? + 16 - 7% = y?" has no

integral solution if r > 3 and r # 4 when b = 4t — 3,i = 6t — 4.

4. Conclusions

In this article, we proved necessary and sufficient
conditions that are required for the Diophantine equation x? +
1677 = y2" to possess integral solutions, by using the
generators of solutions (x, y™) given in Yow et al. (2022). We
considered various scenarios where b is either odd or even. We
also determined the values of n for which integral solutions
exist. We found that for n = 4, integral solutions exist to the
equation regardless of the parity of b. For the case whenn = 8,
we concluded that integral solutions can be obtained only when
b is odd, in which these solutions are more restricted, and they
can be derived based on the results proven for n = 4.

Given the inherent difficulty in determining and
formulating general integral solutions to the Diophantine
equation x2 +2%-72 = y™ especially when n is odd, for
future investigation, we suggest decomposing the problem into
smaller, more manageable subproblems. For subproblems with
integral solutions of similar trends, we can consolidate and

0O

generalise these findings to establish a comprehensive solution.
Alternatively, some learning approaches (Yow, Liao, Luo, &
Cheng, 2023) may also be employed in addressing the problem,
leveraging their demonstrated success in resolving tasks across
various domains.
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